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Abstract: A hybrid-mixed functionally graded material
(FGM) piezoelectric four-node solid-shell element through
the sampling surfaces (SaS) method is proposed. The SaS
formulation is based on choosing inside the shell N SaS
parallel to the middle surface in order to introduce the
displacements and electric potentials of these surfaces as
fundamental shell unknowns. Such choice of unknowns
with the use of Lagrange polynomials of degree N–1 in
through-thickness interpolations of the displacements,
strains, electric potential, electric field and material prop-
erties leads to a robust FGM piezoelectric shell formula-
tion. The inner SaS are located at Chebyshev polynomial
nodes that make it possible to minimize uniformly the er-
ror due to Lagrange interpolation. To implement the ef-
fective analytical integration throughout the element, the
extended assumed natural strain (ANS) method is em-
ployed. As a result, the piezoelectric four-node solid-shell
element exhibits a superior performance in the case of
coarse meshes. To circumvent shear and membrane lock-
ing, the hybrid stress-strain solid-shell formulation via the
Hu-Washizu variational principle is employed. The devel-
oped solid-shell element could be useful for the 3D stress
analysis of FGM structures because the SaSmethod allows
obtaining the solutions with a prescribed accuracy, which
asymptotically approach the exact solutions of electroe-
lasticity as the number of SaS tends to infinity.
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1 Introduction
In recent years, a considerable work has been carried out
on continuum-based finite elements [1–5] that can han-
dle the analysis of shells satisfactorily. These elements
are defined by two layers of nodes at the bottom and
top surfaces with three translational degrees of freedom
(DOF) per node and known as 6-parameter solid-shell el-
ements. They were applied effectively for the analysis of
coupled electro-mechanical systems [6–14]. However, the
6-parameter solid-shell element formulation based on the
complete constitutive equations of piezoelectricity is de-
ficient because thickness locking occurs. This is due to
the fact that the linear displacement field in the thickness
direction results in a constant transverse normal strain,
which causes artificial stiffening of the shell element in the
case of non-vanishing Poisson’s ratios. To prevent thick-
ness locking, the 3D constitutive equations can be modi-
fied using the generalized plane stress conditions [7, 12].
The hybrid stress method [6, 14] in which the transverse
normal stress is assumed to be constant through the shell
thickness and the most popular enhanced assumed strain
(EAS) method in which the transverse normal strain is en-
riched in the thickness direction by a linear term [2] are
also utilized [8–11, 13].

An effectiveway of using the 3D constitutive equations
is to employ the solid-shell model with seven translational
DOF [15–21]. The 7-parameter shell formulation is based
on choosing six displacements of the bottom and top sur-
faces and the transverse displacement of the middle sur-
face as basic shell unknowns. Such formulation is optimal
with respect to the number of DOF. To circumvent locking
phenomena, theANSmethod [15–19], EASmethod [17] and
hybrid-mixed method [20, 21] were employed.

The more general 9-parameter solid-shell formulation
utilizes nine displacements of external and middle sur-
faces as shell unknowns [22]. Such choice of unknowns
with the consequent use of Lagrange polynomials of the
second order in through-thickness approximations of the
displacements and strains leads to a robust higher-order
shell formulation. Moreover, this model allows the deriva-
tion of objective strain-displacement equations, which ex-
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actly represent rigid-body motions of the shell in any con-
vected curvilinear coordinate system. Taking into account
that the displacement vectors of reference surfaces are re-
solved in the middle surface frame, the higher-order shell
formulation with nine translational DOF is very promis-
ing for developing the exact geometry or geometrically ex-
act (GeX) solid-shell elements. The term GeX means that
the parametrization of the middle surface is known a pri-
ori and, therefore, the coefficients of the first and second
fundamental forms and Christoffel symbols are taken ex-
actly at element nodes. The 9-parameter solid-shell ele-
ment has been developed in contributions [23, 24] to solve
the coupled problem of electroelasticity for piezoelectric
structures.

It is well known that aforementioned isoparametric
and GeX piezoelectric solid-shell elements [6–14, 20, 21,
23, 24] do not describe properly transverse components of
the stress tensor and electric displacement. To calculate
them, the higher-order shell models have to be employed.
The robust GeX higher-order piezoelectric shell elements
with the various number of DOF per node are proposed by
Carrera and his coauthors [25–27] through Carrera’s uni-
fied formulation. These finite elements are applied to the
3D electro-mechanical analysis of piezoelectric plates and
cylindrical shells. However, the authors [26] report that the
piezoelectric nine-node element based on the fourth-order
shell theory accounting for thickness stretching does not
provide fulfilling the boundary conditions for the trans-
verse normal stress and electric displacement on the bot-
tom and top surfaces especially in the case of thin shells.

Recently, this problem has been solved by means of
the GeX four-node piezoelectric solid-shell element [28]
using a SaS method. The SaS piezoelectric shell formula-
tion [29, 30] is based on choosing inside the shell N not
equally spaced SaS Ω1, Ω2,. . . , ΩN parallel to the middle
surface and located at Chebyshev polynomial nodes [31]
in order to introduce the displacements and electric po-
tentials of these surfaces as fundamental shell unknowns,
where N ≥ 3. Such choice of unknowns with the use of La-
grange polynomials of degree N − 1 in assumed distribu-
tions of the displacements, strains, electric potential and
electric field through the thickness yields a very compact
piezoelectric shell formulation.

The functionally graded materials (FGMs) are a new
class of advanced materials in which the material prop-
erties vary continuously from point to point. This prop-
erty is achieved by varying the volume fraction of con-
stituents. One of the advantages of the monotonic varia-
tion of the volume fraction of constituent phases is the
elimination of stress discontinuity that is often encoun-
tered in laminated composites. Nowadays, the solid-shell

elements are widely used in bending, buckling and vi-
bration analyses of FGM shell structures because of their
advantages compared with other numerical techniques.
The first contribution to this area is an isoparametric FGM
four-node solid-shell element proposed by El-Abbasi and
Meguid [32] that generalizes the ANS solid-shell element
with seven translational DOF per node [18]. Arciniega and
Reddy [33] developed the GeX FGM solid-shell element
based on the 7-parameter shell formulation accounting
for thickness stretching. By increasing the p-level of the
finite element approximation within each element, they
eliminate shear and membrane locking. This technique
was utilized by Payette and Reddy [34] in a 7-parameter
spectral/hp solid-shell element formulation. The efficient
GeX nine-node FGM shell elements based on the second-,
third- and fourth-ordermodels via Carrera’s unified formu-
lationhavebeendeveloped in [35, 36]. To circumvent shear
andmembrane locking, the ANS concept is employed. The
most general finite element on the basis of the fourth-
order theory [35] exhibits a high accuracy for transverse
stresses except for the transverse normal stress especially
in thin shell limits. To solve a problem, the FGM quadrilat-
eral solid-shell element through the SaS concept has been
developed [37]. This finite element extends authors’ SaS
solid-shell elements [38, 39] to FGMs.

The purpose of this paper is to combine the FGM
quadrilateral element [37]with theGeXpiezoelectric solid-
shell element [28]. Thus, we deal with a general GeX
four-node solid-shell element with the inner SaS located
at Chebyshev polynomial nodes for the coupled electro-
mechanical analysis of FGM piezoelectric doubly-curved
shells. To overcome shear and membrane locking, the
assumed interpolations of stresses and displacement-
independent strains are utilized through the Hu-Washizu
variational principle. Such approach exhibits an excellent
performance in the case of coarse mesh configurations
and has computational advantages compared to conven-
tional isoparametric hybrid-mixed solid-shell element for-
mulationsbecause it reduces the computational cost of nu-
merical integration in the evaluation of the element stiff-
ness matrix. This is due to the fact that all element ma-
trices require only direct substitutions, i.e., no expensive
numerical matrix inversion is needed. It is impossible in
the framework of the isoparametric hybrid-mixed piezo-
electric shell element formulation [6, 7, 10, 11, 14]. Second,
theGeXpiezoelectric four-node solid-shell element formu-
lation is based on efficient analytical integration through-
out the element using the extended ANS method [22, 24].
The latter has a greatmeaning for the numericalmodelling
of doubly-curved shells.
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2 SAS formulation for piezoelectric
shell

Consider a piezoelectric shell of the thickness h. Let the
middle surface Ω be described by orthogonal curvilinear
coordinates θ1 and θ2, which are referred to the lines of
principal curvatures of its surface. The coordinate θ3 is ori-
ented along the unit vector e3(θ1, θ2) normal to the mid-
dle surface (see Figure 1). Introduce the following nota-
tions: eα(θ1, θ2) are the orthonormal base vectors of the
middle surface; Aα(θ1, θ2) are the coefficients of the first
fundamental form; kα(θ1, θ2) are the principal curvatures
of the middle surface; cα = 1 + kαθ3 are the components
of the shifter tensor; cIα(θ1, θ2) are the components of the
shifter tensor at SaS ΩI given by

cIα = cα(θI3) = 1 + kαθI3, (1)

where θI3 are the transverse coordinates of SaS defined as

θ13 = −h/2, θN3 = h/2, (2)

θn3 = −
h
2 cos

(︂
π 2n − 3
2(N − 2)

)︂
, n = 2, . . . , N − 1,

where N is the number of SaS. Here and in the following
developments, the indices I, J, K identify the belonging of
any quantity to the SaS and run from 1 to N; Latin indices
i, j, k, l range from 1 to 3; Greek indices α, β range from 1
to 2. It is worth noting that the inner SaS are located at the
roots of the Chebyshev polynomial of degree N − 2 [40].

Figure 1: Geometry of a piezoelectric shell.

The through-thickness SaS approximations [29] canbe
written in a compact form as[︁
ui εij σij ϕ Ei

]︁
=
∑︁
I
LI

[︁
uIi εIij σIij ϕI EIi

]︁
,

(3)

where ui, εij, σij, ϕ, Ei are the displacements, strains,
stresses, electric potential and electric field; uIi (θ1, θ2),
εIij(θ1, θ2), σIij(θ1, θ2), ϕI(θ1, θ2), EIi (θ1, θ2) are the dis-
placements, strains, stresses, electric potential and elec-
tric field of SaS ΩI; LI(θ3) are the Lagrange basis polyno-
mials of degree N − 1 defined as

uIi = ui(θI3), εIij = εij(θI3), σIij = σij(θI3), (4)

ϕI = ϕ(θI3), EIi = Ei(θI3),

LI =
∏︁
J= ̸I

θ3 − θJ3
θI3 − θ

J
3
. (5)

In the orthonormal basis ei, the relations between
strains and displacements of SaS [31] are expressed as

2εIαβ =
1
cIβ
λIαβ +

1
cIα
λIβα , (6)

2εIα3 = βIα +
1
cIα
λI3α , εI33 = βI3,

where λIiα (θ1, θ2) are the strain parameters of SaS;
βIi (θ1, θ2)are the values of thederivative of displacements
with respect to thickness coordinate on SaS:

λIαα =
1
Aα

uIα,α + BαuIβ + kαu
I
3, (7)

λIβα =
1
Aα

uIβ,α − Bαu
I
α for β ≠ α,

λI3α =
1
Aα
uI3,α − kαuIα , Bα =

1
AαAβ

Aα,β for β = ̸ α,

βIi = ui,3(θI3) =
∑︁
J
MJ(θI3)uJi , (8)

where the symbol (. . .),i stands for the partial derivatives
with respect to coordinates θi; MJ = LJ,3 are the polyno-
mials of degree N − 2; their values on SaS are calculated
as

MJ
(︁
θI3
)︁
= 1
θJ3 − θI3

∏︁
K= ̸I, J

θI3 − θK3
θJ3 − θK3

for J = ̸ I, (9)

MI
(︁
θI3
)︁
= −

∑︁
J= ̸I

MJ
(︁
θI3
)︁
.

It is seen from (8) that the key functions βIi of the SaSpiezo-
electric shell formulation are represented as a linear com-
bination of displacements of SaS uJi .

In the orthonormal basis ei, the relations between the
electric field and electric potentials of SaS [29] are written
as

EIα = −
1

AαcIα
ϕI,α , EI3 = −

∑︁
J
MJ(θI3)ϕJ . (10)

One can see that the normal component of the electric field
EI3 is represented as a linear combination of electric poten-
tials of SaS ϕJ that is similar to (8).
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3 Hu-Washizu variational principle
for FGM piezoelectric shell

The proposed hybrid-mixed FGM piezoelectric solid-shell
element is based on the modified Hu-Washizu varia-
tional principle of piezoelectricity in which displace-
ments, strains, stresses and electric potential are utilized
as independent variables [28]:

δJHW = 0, (11)

JHW =
∫︁∫︁

Ω

h/2∫︁
−h/2

[︂
1
2ηijCijklηkl − Ekekijηij (12)

−12Ei ∈ij Ej − σij(ηij − εij)
]︂
dV −W ,

where dV = A1A2c1c2dθ1dθ2dθ3 is the infinitesimal vol-
ume element; εij and ηij are the displacement-dependent
and displacement-independent strains; Cijkl, ekij and ∈ij
are the elastic, piezoelectric and dielectric constants; W
is the work done by external electro-mechanical loads. As
usual, the summation on repeatedLatin indices is implied.

Following the SaS technique (3), we introduce the
next assumption of the hybrid-mixed solid-shell element
formulation. Assume that the displacement-independent
strains are distributed through the thickness of the shell
by

ηij =
∑︁
I
LIηIij , ηIij = ηij(θI3), (13)

where ηIij(θ1, θ2) are the displacement-independent
strains of SaS.

Finally,we accept the last assumptions of the SaS FGM
piezoelectric shell formulation. Let the material constants
be distributed through the shell thickness as follows:

Cijkl =
∑︁
I
LICIijkl , CIijkl = Cijkl(θ

I
3), (14)

ekij =
∑︁
I
LIeIkij , eIkij = ekij(θ

I
3), (15)

∈ij=
∑︁
I
LI ∈Iij , ∈Iij=∈ij (θI3), (16)

where CIijkl(θ1, θ2), e
I
kij(θ1, θ2) and ∈Iij (θ1, θ2) are the

values of elastic, piezoelectric and dielectric constants on
SaS.

Substituting the through-thickness distributions (3),
(13)-(16) in (12) and introducing the weighted coefficients

ΛIJK =
h/2∫︁

−h/2

LILJLKc1c2dθ3, Γ IJ =
h/2∫︁

−h/2

LILJc1c2dθ3,

(17)

one can write the Hu-Washizu functional in terms of only
SaS variables as

JHW =
∫︁∫︁

Ω

∑︁
I

∑︁
J

{︃∑︁
K
ΛIJK

[︂
1
2(η

I)TCJηK (18)

−(EI)TeJηK − 1
2(E

I)T∈∈∈JEK
]︂

−Γ IJ(σI)T(ηJ − εJ)
}︁
A1A2dθ1dθ2 −W ,

where

εI =
[︁
εI11 εI22 εI33 2εI12 2εI13 2εI23

]︁T
, (19)

ηI =
[︁
ηI11 ηI22 ηI33 2ηI12 2ηI13 2ηI23

]︁T
,

σI =
[︁
σI11 σI22 σI33 σI12 σI13 σI23

]︁T
,

EI =
[︁
EI1 EI2 EI3

]︁T
,

CJ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

CJ1111 CJ1122 CJ1133 CJ1112 0 0
CJ2211 CJ2222 CJ2233 CJ2212 0 0
CJ3311 CJ3322 CJ3333 CJ3312 0 0
CJ1211 CJ1222 CJ1233 CJ1212 0 0
0 0 0 0 CJ1313 CJ1323
0 0 0 0 CJ2313 CJ2323

⎤⎥⎥⎥⎥⎥⎥⎥⎦

eJ =

⎡⎢⎣ 0 0 0 0 eJ113 eJ123
0 0 0 0 eJ213 eJ223
eJ311 eJ322 eJ333 eJ312 0 0

⎤⎥⎦ ,

∈∈∈J =

⎡⎢⎣∈
J
11 ∈J12 0

∈J21 ∈J22 0
0 0 ∈J33

⎤⎥⎦ .

4 Hybrid stress-strain FGM
piezoelectric solid-shell element
formulation

The finite element formulation is based on a simple inter-
polation of the shell via GeX four-node piezoelectric solid-
shell elements

uIi =
∑︁
r
NruIir , (20)
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ϕI =
∑︁
r
NrϕIr , (21)

where Nr (ξ1, ξ2) are the bilinear shape functions of the
element; uIir and ϕIr are the displacements and electric po-
tentials of SaS ΩI at element nodes; ξ1, ξ2 are the normal-
ized curvilinear coordinates θ1, θ2 (Figure 2); the nodal in-
dex r runs from 1 to 4.

To implement the efficient analytical integra-
tion throughout the finite element, the extended ANS
method [22, 24] can be adopted to interpolate the
displacement-dependent strains

εI =
∑︁
r
NrεIr , (22)

εIr =
[︁
εI11r εI22r εI33r 2εI12r 2εI13r 2εI23r

]︁T
,

and the electric field

EI =
∑︁
r
NrEIr , EIr =

[︁
EI1r EI2r EI3r

]︁T
, (23)

where εIijr and EIir are the strains and electric field of SaS
at element nodes.

Figure 2: Biunit square in (ξ1 , ξ2 )-space mapped into the middle
surface of the GeX four-node solid-shell element in (x1 , x2 , x3)-
space.

Remark 1. The main idea of such approach can be traced
back to theANSmethod developed bymany scientists [41–
44] to cure the isoparametric finite elements from shear

and membrane locking. In contrast to the conventional
formulation, we treat the term ANS in a broader sense.
In the GeX four-node solid-shell element formulation, the
displacement-dependent strains of SaS are assumed to
vary bilinearly throughout the biunit square in (ξ1, ξ2)-
space. The extended ANS method (22) and (23) makes it
possible to utilize the element nodes as sampling points
that helps to avoid the use of Gauss numerical integration.

Remark 2. In order to circumvent curvature thickness
locking for the isoparametric four-node solid-shell ele-
ment, Betsch and Stein [45] proposed to utilize the bilinear
interpolation (22) for the transverse normal strain. It is ap-
parent that curvature thickness locking is not related to the
GeX four-node solid-shell element because it can handle
the arbitrary geometry of surfaces properly. We advocate
the use of the extended ANSmethod for all components of
the strain tensor to implement the effective analytical in-
tegration throughout the element.

The strain vectors of SaS at element nodes can be ex-
pressed as

εIr = BIurU , (24)

where BIu r are the constant inside the element matrices of
order 6 × 12N; U is the element displacement vector given
by

U =
[︁
UT
1 UT

2 UT
3 UT

4

]︁T
, (25)

Ur =
[︁
u11r u12r u13r u21r u22r u23r . . . uN1r uN2r uN3r

]︁T
.

The electric field vectors of SaS at element nodes are

EIr = −BIϕ rΦ, (26)

where BIϕ r are the constant inside the element matrices of
order 3 ×4N;Φ is the element electric potential vector de-
fined as

Φ =
[︁
ΦT

1 ΦT
2 ΦT

3 ΦT
4

]︁T
, (27)

Φr =
[︁
ϕ1
r ϕ2

r . . . ϕNr
]︁T

.

For further developments, it is convenient to write the
ANS interpolation (22) in the following form:

εI =
∑︁
r1 , r2

(ξ1)r1 (ξ2)r2 εIr1r2 , εIr1r2 = BIur1r2U, (28)

where

εIr1r2 =
[︁
εI11r1r2 εI22r1r2 εI33r1r2 (29)
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2εI12r1r2 2 εI13r1r2 2εI23r1r2
]︁T

,

BIu00 =
1
4

(︁
BIu1 + BIu2 + BIu3 + BIu4

)︁
,

BIu01 =
1
4

(︁
BIu1 + BIu2 − BIu3 − BIu4

)︁
,

BIu10 =
1
4

(︁
BIu1 − BIu2 − BIu3 + BIu4

)︁
,

BIu11 =
1
4

(︁
BIu1 − BIu2 + BIu3 − BIu4

)︁
.

Here, and below the indices r1 and r2 run from 0 to 1.
The same improvement has to be done concerning the

ANS interpolation (23), that is,

EI =
∑︁
r1 , r2

(ξ1)r1 (ξ2)r2 EIr1r2 , EIr1r2 = −B
I
ϕr1r2Φ, (30)

where

EIr1r2 =
[︁
EI1r1r2 EI2r1r2 EI3r1r2

]︁T
, (31)

BIϕ00 =
1
4

(︁
BIϕ1 + B

I
ϕ2 + B

I
ϕ3 + B

I
ϕ4

)︁
,

BIϕ01 =
1
4

(︁
BIϕ1 + B

I
ϕ2 − B

I
ϕ3 − B

I
ϕ4

)︁
,

BIϕ10 =
1
4

(︁
BIϕ1 − B

I
ϕ2 − B

I
ϕ3 + B

I
ϕ4

)︁
,

BIϕ11 =
1
4

(︁
BIϕ1 − B

I
ϕ2 + B

I
ϕ3 − B

I
ϕ4

)︁
.

To overcome shear and membrane locking and obtain
no spurious zero energy modes, the robust 12-parameter
stress interpolation [28] is utilized

σI =
∑︁

r1+r2<2
(ξ1)r1 (ξ2)r2 Qr1r2σIr1r2 , (32)

σI00 =
[︁
µI1 µI2 µI3 µI4 µI5 µI6

]︁T
,

σI01 =
[︁
µI7 µI9 µI11

]︁T
, σI10 =

[︁
µI8 µI10 µI12

]︁T
.

The similar interpolation is adopted for displacement-
independent strains:

ηI =
∑︁

r1+ r2<2
(ξ1)r1 (ξ2)r2 Qr1r2ηIr1r2 , (33)

ηI00 =
[︁
ψI1 ψI2 ψI3 ψI4 ψI5 ψI6

]︁T
,

ηI01 =
[︁
ψI7 ψI9 ψI11

]︁T
, ηI10 =

[︁
ψI8 ψI10 ψI12

]︁T
,

where Qr1r2 are the projective matrices given by

Q00 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (34)

Q01 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Q10 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Substituting interpolations (20), (21), (28), (30), (32)
and (33) in the Hu-Washizu variational principle (11) and
(18), replacing the metric product A1A2 in surface in-
tegrals by its value at the element center and integrat-
ing analytically throughout the finite element, the follow-
ing equilibrium equations of the GeX hybrid-mixed FGM
piezoelectric four-node solid-shell element are obtained:∑︁

J
Γ IJ

(︁
ηJr1r2 − Q

T
r1r2B

J
ur1r2U

)︁
= 0 (35)

for r1 + r2 < 2,

∑︁
J

[︃
Γ IJσJr1r2 −

∑︁
K
ΛIJKQT

r1r2 (36)

(︁
CJQr1r2ηKr1r2 + (e

J)TBKϕr1r2Φ
)︁]︁

= 0 for r1 + r2 < 2,

∑︁
I

∑︁
J
Γ IJ

∑︁
r1+r2<2

1
3r1+r2 (B

I
ur1r2 )

TQr1r2σJr1r2 = Fu , (37)

∑︁
I

∑︁
J

∑︁
K
ΛIJK

∑︁
r1+r2<2

1
3r1+r2 (B

I
ϕr1r2 )

T (38)

(︁
eJQr1r2ηKr1r2 −∈∈∈

JBKϕr1r2Φ
)︁
= Fϕ ,

where Fu and Fϕ are the mechanical and electric surface
vectors.

Eliminating vectors ηIr1r2 and σ
I
r1r2 from Eqs. (35)-(38)

and accounting for that det(Γ IJ) ≠ 0, we arrive at the sys-
tem of linear equations[︃

Kuu Kuϕ
Kϕu Kϕϕ

]︃ [︃
U
Φ

]︃
=
[︃
Fu
Fϕ

]︃
, (39)

where Kuu, Kuϕ, Kϕu = KT
uϕ and Kϕϕ are the mechanical,

piezoelectric and dielectric stiffness matrices defined as

Kuu =
∑︁
I

∑︁
J

∑︁
K
ΛIJK

∑︁
r1+r2<2

1
3r1+r2 (40)

(︁
BIur1r2

)︁ T
Qr1 r2QT

r1 r2C
JQr1 r2QT

r1 r2B
K
ur1r2 ,

Kuϕ =
∑︁
I

∑︁
J

∑︁
K
ΛIJK

∑︁
r1+r2<2

1
3r1+r2(︁

BIur1r2
)︁ T

Qr1 r2QT
r1 r2 (e

J)TBKϕ r1r2 ,

Kϕϕ = −
∑︁
I

∑︁
J

∑︁
K
ΛIJK

∑︁
r1+r2<2

1
3r1+r2

(︁
BIϕr1r2

)︁T
∈∈∈JBKϕr1r2 .
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Remark 3. Aspointed out earlier, all elementmatrices are
evaluated with no expensive numerical matrix inversion
that is impossible in conventional isoparametric hybrid-
mixed piezoelectric solid-shell element formulations.

5 Numerical examples
The performance of the proposed GeX four-node FGM
piezoelectric solid-shell element on the basis of the SaS
technique denoted by the GeXSaS4 element is assessed
through the use of exact and numerical solutions of piezo-
electricity extracted from the literature.

5.1 FGM piezoelectric rectangular plate
under sinusoidal loading

Consider a simply supported FGM piezoelectric rectangu-
lar plate subjected to mechanical loading acting on its top
surface with boundary conditions

σ+33 = −p0 sin
πθ1
a sin πθ2b , (41)

σ+13 = σ+23 = D+
3 = 0, σ−13 = σ−23 = σ−33 = D−3 = 0,

where a and b are the plate dimensions.
Let the FGM constants be distributed in the thickness

direction according to the exponential law [46]:

Cijkl = C−ijkle
α(z+0.5), ekij = e−kije

α(z+0.5), (42)

∈ij =∈−ij eα(z+0.5), z = θ3/h,

where C−ijkl, e
−
kij and ∈−ij are the values of elastic, piezoelec-

tric and dielectric constants on the bottom surface, which
are considered to be the same as those of the PZT-4 given
in [46] and Table 1; α is the material gradient index, which
can be determined as

α = ln
C+ijkl
C−ijkl

= ln
e+kij
e−kij

= ln
∈+
ij

∈−ij
, (43)

where C+ijkl, e
+
kij and ∈+

ij are the values of elastic, piezoelec-
tric and dielectric constants on the top surface.

To compare the derived results with the exact solution
[46] of piezoelectricity, we accept a = b = 1m and p0 =
1Pa, and introduce the scaled basic variables as follows:

u1(z) = 1011 × u1(P, z), (44)
u3(z) = 1013 × u3(P, z)/S3,
ϕ(z) = 103 × ϕ(P, z)/S, σ11(z) = 10σ11(P, z)/S2,
σ12(z) = σ12(P, z), σ13(z) = σ13(P, z)/S,

σ33(z) = σ33(P, z),
D1(z) = 1010 × D1(P, z),
D3(z) = 1010 × D3(P, z), z = x3/h,

where P(a/4, b/4) is the point belonging to a middle sur-
face; S = a/h is the slenderness ratio.

Table 1: Elastic, piezoelectric and dielectric properties of materials1.

Material PZT-4 [46] PZT-4
[49, 50]

PZT-5 [48]

C1111, GPa 139.0 139.0 120.0
C2222, GPa 139.0 139.0 120.0
C3333, GPa 115.0 115.0 111.0
C1122, GPa 77.8 77.8 75.2
C1133, GPa 74.3 74.3 75.1
C2233, GPa 74.3 74.3 75.1
C2323, GPa 25.6 25.6 21.1
C1313, GPa 25.6 25.6 21.1
C1212, GPa 30.6 30.6 22.6
e311, C/m2 -5.2 -5.2 -5.35
e322, C/m2 -5.2 -5.2 -5.35
e333, C/m2 15.1 15.08 15.78
e223, C/m2 12.7 12.72 -
e113, C/m2 12.7 12.72 -
∈11/∈0 1475 1475 1730
∈22/∈0 1475 1475 1730
∈33/∈0 1300 1300 1700

1 Vacuum permittivity ∈0 = 8.854 pF/m

Figure 3: One quarter of the rectangular plate discretized by uniform
4n × 4n meshes, where the mesh parameter n = 1, 2, 4, 8, 12 and
16.

Due to symmetry of the problem, only one quarter of
the plate is modeled by uniform meshes depicted in Fig-
ure 3. The data listed in Tables 2 and 3 show that the
GeXSaS4 element makes it possible to reproduce the exact
solution of piezoelectricity [46] for the FGM piezoceramic
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Table 2: Results for a FGM piezoelectric square plate with a/h = 10 and α = 1 using a uniform 64 × 64mesh.

Formulation u1(0.5) u3(0) ϕ(0) σ11(0.5) σ12(0.5) σ13(0) σ33(0) D1(0.5) D3(0)
N = 3 1.142 −0.9177 −0.4446 −1.536 5.966 −0.0897 −0.1532 1.532 −0.2155
N = 5 1.149 −0.9216 −0.4447 −1.534 6.006 −0.1178 −0.2123 4.811 −0.2397
N = 7 1.149 −0.9216 −0.4447 −1.536 6.006 −0.1176 −0.2182 4.851 −0.2467
Exact

SaS [47]
1.149 −0.9216 −0.4447 −1.536 6.007 −0.1176 −0.2183 4.852 −0.2467

Table 3: Results for a FGM piezoelectric square plate with a/h = 10 and α = −1 using a uniform 64 × 64mesh.

Formulation u1(0.5) u3(0) ϕ(0) σ11(0.5) σ12(0.5) σ13(0) σ33(0) D1(0.5) D3(0)
N = 3 4.252 −2.474 −1.214 −0.7742 3.007 −0.0895 −0.3633 −1.4798 0.1888
N = 5 4.274 −2.486 −1.214 −0.7861 3.022 −0.1179 −0.2874 0.9153 0.2061
N = 7 4.274 −2.486 −1.214 −0.7853 3.022 −0.1176 −0.2815 0.9451 0.2133
Exact

SaS [47]
4.274 −2.486 −1.214 −0.7854 3.023 −0.1176 −0.2815 0.9450 0.2133

plate with the high accuracy by using a fine 64 × 64mesh.
A comparison with the exact SaS solution [47] by choos-
ing seven SaS inside the plate is given. As can be seen,
the GeXSaS4 element provides already four right digits for
most basic variables since seven SaS. Figure 4 displays dis-
tributions of the transverse displacement, stresses, elec-
tric potential and electric displacement (44) through the
thickness of the plate for different slenderness ratios using
seven SaS and the same fine mesh. These results demon-
strate the high potential of the GeXSaS4 element because
the boundary conditions on bottom and top surfaces for
the transverse stresses and electric displacement are sat-
isfied correctly. Figure 5 shows the results of the conver-
gence study due to mesh refinement through the trans-
verse displacement, electric potential and stresses for dif-
ferent slenderness ratios choosing seven SaS inside the
plate body. The reference values are provided by authors’
exact SaS solution [47] using the same number of SaS. It is
seen that the GeXSaS4 element behaves well in the case of
coarse mesh configurations.

5.2 FGM piezoelectric spherical shell under
electric loading

Next, we study a FGM piezoelectric spherical shell sub-
jected to a constant potential of ϕ0 = 1V applied on the
outer surface and consider the following boundary condi-
tions:

ϕ+ = ϕ0, σ+33 = 0, ϕ− = 0, u−3 = 0. (45)

This problem is a good benchmark to test the proposed an-
alytical integration schemes because in the literature there
is Heyliger-Wu’s exact solution [48] for the homogeneous
piezoceramic spherical shell.

It is supposed that the FGM constants are distributed
through the thickness according to the exponential law
(42), where C−ijkl, e

−
kij and ∈−ij are the values of elastic,

piezoelectric and dielectric constants on the inner surface,
which are taken to be the same as those of the PZT-5 given
in [48] and Table 1.

Owing to symmetry, one sixteenth of the shell is dis-
cretized by regular 4n × 1 meshes shown in Figure 6. The
coefficients of the first and second fundamental forms and
Christoffel symbols of this part of the spherical surface
with a hole at the top are defined as

A1 = R, A2 = R sin θ1, k1 = 1/R, (46)

k2 = 1/R, B1 = 0, B2 =
cos θ1
R sin θ1

,

θ1 ∈
[︀
θ0, π/2

]︀
,

where R = 0.045m and θ0 = π/18000. It is convenient
to introduce the following scaled variables as functions of
the dimensionless thickness coordinate:

u3(z) = 1012 × u3(P, z), (47)
σ11(z) = 10−2 × σ11(P, z), σ33(z) = 10−2 × σ33(P, z),
ϕ(z) = ϕ(P, z), D3(z) = 107 × D3(P, z), z = θ3/h,

whereP(π/4, 0) is the point belonging to amiddle surface.
Tables 4 and 5 list the results of the convergence study

due to increasing the number of SaS inside the shell body
by using a regular 64 × 1 mesh. A comparison with the
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Figure 4: Through-thickness distributions of the transverse displacement, stresses, electric potential and electric displacement for a FGM
piezoceramic square plate with α = 1 and N = 7 using 64 × 64mesh; GeXSaS4 element (—) and exact solution [46] for a/h = 10 (∘).
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Figure 5: Convergence study due to mesh refinement for a FGM piezoceramic square plate with α = 1 and N = 7 using uniform 4n × 4n
meshes with n = 1, 2, 4, 8, 12 and 16; reference values are provided by the exact SaS solution [47] taking seven SaS.

Figure 6: One sixteenth of the FGM piezoelectric spherical shell modeled by regular 4n × 1meshes with n = 1, 2, 4, 8, 12, 16 and 32.
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Table 4: Results for a FGM piezoelectric sphere with R/h = 1.5 and α = 0 using 64 × 1mesh.

Formulation u3(0) u3(0.5) ϕ(0) σ11(0) σ11(0.5) σ33(0) D3(0)
N = 3 −16.85 −38.59 0.6623 −3.480 −3.092 3.270 −5.180
N = 5 −16.91 −38.38 0.6729 −3.346 −3.173 2.496 −4.579
N = 7 −16.92 −38.37 0.6727 −3.353 −3.192 2.532 −4.607
N = 9 −16.93 −38.37 0.6727 −3.354 −3.189 2.529 −4.606
N = 11 −16.93 −38.37 0.6727 −3.354 −3.189 2.529 −4.606

Exact [48] −16.93 −38.37 0.673 − − − −

Table 5: Results for a FGM piezoelectric sphere with R/h = 10 and α = 0 using 64 × 1mesh.

Formulation u3(0) u3(0.5) ϕ(0) σ11(0) σ11(0.5) σ33(0) D3(0)
N = 3 −61.33 −119.4 0.5252 −34.47 −34.44 3.577 −37.49
N = 5 −61.34 −119.4 0.5253 −34.41 −34.55 3.534 −37.40
N = 7 −61.34 −119.4 0.5253 −34.41 −34.55 3.534 −37.40

Figure 7: Through-thickness distributions of the displacement, stress, electric potential and electric displacement for a FGM piezoceramic
sphere with R/h = 1.5 and N = 9 using 64 × 1mesh; GeXSaS4 element (—) and Heyliger-Wu’s exact solution [48] for α = 0 (∘).
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Figure 8: Through-thickness distributions of the displacement, stress, electric potential and electric displacement for a FGM piezoceramic
sphere with R/h = 10 and N = 9 using 64 × 1mesh.

Heyliger-Wu’s solution [48] is also given. As it turned out,
the GeXSaS4 element provides already four right digits for
all basic variables starting respectively from nine and five
SaS for thick and moderately thick spherical shells. Fig-
ures 7-9 show the through-thickness distributions of the
displacement, stress, electric potential and electric dis-
placement for different values of the slenderness ratio R/h
andmaterial gradient index α choosingnine SaS and64×1
mesh. One can see that boundary conditions for the trans-
verse normal stress are satisfied again properly with a
high accuracy. The results of the convergence study due
tomesh refinement through the normalized displacement,
stress, electric potential and electric displacement for the
same number of SaS are presented in Figure 10. The ref-
erence values have been obtained taking nine SaS and a

fine 128 × 1mesh. It is seen that the GeXSaS4 element be-
haves practically insensitivewith respect to coarsemeshes
in thick and thin shell limits.

5.3 FGM piezoelectric cylindrical shell under
opposite line loads

Finally, we study a FGM piezoelectric cylindrical shell
subjected to the uniformly distributed line load p+3 =
656.17N/m acting on the top surface Ω+ along two di-
ametrically opposite lines as depicted in Figure 11. The
piezoelectric is polarized in the thicknessdirectionand the
electrodes on bottom and top surfaces are grounded.

It is assumed that the FGM constants are distributed
through the shell thickness according to the exponential



128 | G. M. Kulikov and S. V. Plotnikova

Figure 9: Through-thickness distributions of the displacement, stress, electric potential and electric displacement for a FGM piezoceramic
sphere with R/h = 100 and N = 9 using 64 × 1mesh.

law (42), where C−ijkl, e
−
kij and ∈−ij are the material con-

stants on the bottom surface, which are considered to be
the same as those of the PZT-4 given in [49, 50] and Ta-
ble 1. The geometric parameters of the shell are taken to
be R− = 0.289m, L = 0.3048m and h = 0.004m or
h = 0.04m.

Due to symmetry of the problem, only one octant of
the shell is modeled by fine regular meshes of 16 × 64 and
32 × 128 respectively for thick and thin cylindrical shells
to describe correctly the through-thickness distributions
of transverse stresses. Figures 12 and 13 present distribu-
tions of the transverse displacement of the bottom surface
(z = −0.5) in section AB (θ1 = 0) and the electric poten-
tial of the middle surface (z = 0) and the surface located
close to the middle surface with z = −0.0555 in the same
section, where z = θ3/h is the dimensionless thickness co-

ordinate. A comparison with the isoparametric layer-wise
piezoelectric shell element with linear interpolations of
the displacements and electric potential in the thickness
direction [50] is also given.

For the further analysis, we introduce the scaled basic
variables at point P(0, π/4) belonging to the middle sur-
face as functions of the thickness coordinate z:

u2(z) = 106 × u2(P, z), u3(z) = 106 × u3(P, z), (48)
σ11(z) = 10−4 × σ11(P, z), σ22(z) = 10−4 × σ22(P, z),
σ23(z) = 10−4 × σ23(P, z), σ33(z) = 10−3 × σ33(P, z),

ϕ(z) = ϕ(P, z), D2(z) = 106 × D2(P, z),

D3(z) = 106 × D3(P, z).

Tables 6 and 7 list the results of the convergence study
due to increasing the number of SaS for thick and thin
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Figure 10: Convergence study due to mesh refinement for a FGM piezoceramic sphere with α = 1 and N = 9 using regular 4n × 1meshes
with n = 1, 2, 4, 8, 12 and 16; reference solution is provided by using 128 × 1mesh.

Figure 11: FGM piezoelectric cylindrical shell.

piezoceramic cylindrical shells. Figures 14 and 15 show
distributions of the transverse displacement, stresses,
electric potential and electric displacement (48) through
the thickness of the shell for different values of the mate-
rial gradient index. These results demonstrate again the
high potential of theGeXSaS4 element because the bound-
ary conditions on bottom and top surfaces for the trans-
verse stresses are satisfied properly. Figure 16 displays
the results of the convergence study for a thin shell ow-
ing tomesh refinement through the normalized transverse
displacement, electric potential, stresses and electric dis-
placement for different material gradient indices. The ref-
erence valueshavebeenobtained takingfiveSaSanda reg-
ular 64 × 128mesh. As can be seen, the GeXSaS4 element
behaveswell for thin shells in the case of coarsemesh con-
figurations.
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Table 6: Results for a FGM piezoelectric thick cylindrical shell with R/h = 7.725 and α = 1 using 16 × 64mesh.

Formulation u2(−0.5) u3(0) ϕ(0) σ11(−0.5) σ22(−0.5) σ23(0) σ33(0) D2(0) D3(0)
N = 3 2.049 −0.1018 −2.642 1.557 4.854 1.278 0.246 3.425 −2.894
N = 5 2.059 −0.1031 −2.688 1.454 4.779 1.671 1.664 5.326 −2.837
N = 7 2.059 −0.1030 −2.689 1.449 4.774 1.660 1.614 5.269 −2.840
N = 9 2.059 −0.1030 −2.689 1.449 4.774 1.659 1.614 5.266 −2.840
N = 11 2.059 −0.1030 −2.689 1.449 4.774 1.659 1.614 5.266 −2.840

Table 7: Results for a FGM piezoelectric thin cylindrical shell with R/h = 72.75 and α = 1 using 32 × 128mesh.

Formulation u2(−0.5) u3(0) ϕ(0) σ11(−0.5) σ22(−0.5) σ23(0) σ33(0) D2(0) D3(0)
N = 3 1312 −97.60 −29.78 163.4 384.3 13.60 1.923 34.27 −173.7
N = 5 1308 −97.35 −29.75 160.4 380.3 17.86 17.82 55.49 −164.5
N = 7 1308 −97.35 −29.75 160.4 380.3 17.83 17.76 55.30 −164.6
N = 9 1308 −97.35 −29.75 160.4 380.3 17.82 17.76 55.30 −164.6

Figure 12: Distribution of the transverse displacement of the bottom surface u3(0, θ2 , −0.5) and the electric potential of the middle surface
ϕ(0, θ2 , 0) in section AB for a thin cylindrical shell along coordinate θ2; GeXSaS4 element (—) using five SaS and isoparametric layer-wise
shell element [50] for α = 0 (∘).

Figure 13: Distribution of the transverse displacement of the bottom surface u3(0, θ2 , −0.5) and the electric potential of the surface lo-
cated close to the middle surface ϕ(0, θ2 , −0.0555) in section AB for a thick cylindrical shell along coordinate θ2; GeXSaS4 element (—)
using nine SaS and isoparametric layer-wise shell element [50] for α = 0 (∘).
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Figure 14: Through-thickness distributions of the transverse displacement, stresses, electric potential and electric displacement for a thick
cylindrical shell using nine SaS.
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Figure 15: Through-thickness distributions of the transverse displacement, stresses, electric potential and electric displacement for a thin
cylindrical shell using five SaS.
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Figure 16: Convergence study due to mesh refinement for a thin cylindrical shell using five SaS and regular 2n × 8n meshes with n =
1, 2, 4, 8, 12 and 16; reference solution is provided by a regular 64 × 128mesh.
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6 Conclusions
The paper presents a GeX hybrid-mixed FGM piezoelec-
tric four-node solid-shell element based on the SaS for-
mulation in which displacements and electric potentials
of SaS are utilized as fundamental shell unknowns. The
SaS are located at Chebyshev polynomial nodes inside the
shell that improves the behavior of the higher-order La-
grange interpolations. To implement the efficient analyti-
cal integration throughout the element, the extended ANS
method is employed to interpolate all components of the
strain tensor and electric field vector. The element stiff-
ness matrix of the proposed GeX piezoelectric solid-shell
element has a correct rank and is evaluated without using
the expensive numerical matrix inversion. The developed
solid-shell element exhibits an excellent performance in
the case of coarse meshes and can be recommended for
the 3D coupled electro-mechanical analysis of thick and
thin FGM piezoelectric doubly-curved shells.
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