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a b s t r a c t

The application of the sampling surfaces (SaS) method to laminated composite plates is presented in a
companion paper (Kulikov GM, Plotnikova SV. Exact 3D stress analysis of laminated composite plates
by sampling surfaces method. Compos Struct 2012;94:3654–3663). In this paper, we extend the SaS
method to shells to solve the 3D elasticity problems for cylindrical and spherical laminated composite
shells. For this purpose, we introduce inside the nth layer In not equally spaced SaS parallel to the middle
surface of the shell and choose displacements of these surfaces as basic kinematic variables. Such choice
of displacements allows the derivation of strain–displacement equations, which are invariant under all
rigid-body shell motions in any convected curvilinear coordinate system. This gives in turn the opportu-
nity to find the 3D elasticity solutions for laminated composite shells with a prescribed accuracy utilizing
a sufficiently large number of SaS, which are located at Chebyshev polynomial nodes and layer interfaces
as well.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

A conventional way for developing the higher order shell for-
mulation consists in the expansion of displacements into power
series with respect to the transverse coordinate, which is referred
to the direction normal to the middle surface of the shell. For the
approximate representation of the displacement field, it is possible
to use finite segments of power series because the principal pur-
pose of the shell theory consists in the derivation of approximate
solutions of elasticity. The idea of this approach can be traced back
to Cauchy [1]. Such a way has been extensively utilized for devel-
opment of layer-wise shell formulations accounting for thickness
stretching.

The most general form of layer-wise shell kinematics presented
in Carrera’s unified formulation [2] is written as

uðnÞi ¼ F0u½n�1�
i þ F1u½n�i þ

X
r

uðnÞir ; h½n�1�
3 6 h3 6 h½n�3 ;

F0ðh3Þ ¼
h½n�3 � h3

hn
; F1ðh3Þ ¼

h3 � h½n�1�
3

hn
; Fr h½n�1�

3

� �
¼ Fr h½n�3

� �
¼ 0;

ð1Þ

where uðnÞi ðh1; h2; h3Þ are the displacements of the nth layer
(i = 1,2,3); u½n�1�

i ðh1; h2Þ and u½n�i ðh1; h2Þ are the displacements of bot-
tom and top surfaces of the nth layer (interfaces); uðnÞir ðh1; h2Þ are the
ll rights reserved.
modal displacements of the nth layer (r = 2,3, . . . ,R); Fr(h3) are the
prescribed polynomials of degree r; h½n�1�

3 and h½n�3 are the transverse
coordinates of layer interfaces X[n � 1] and X[n] (Fig. 1);
hn ¼ h½n�3 � h½n�1�

3 is the thickness of the nth layer; h1 and h2 are the
orthogonal curvilinear coordinates, which are referred to the lines
of principal curvatures of the middle surface X, whereas the coordi-
nate h3 is oriented along the unit vector a3 = e3 normal to the mid-
dle surface. The index n identifies the belonging of any quantity to
the nth layer and runs from 1 to N, where N is the number of layers.
Historically, the first order layer-wise models [3–7] were first. Then,
the second order (R = 2), third order (R = 3) and fourth order (R = 4)
layer-wise models were developed (see e.g. [2,8–11]). For a com-
plete review, the reader is referred to survey articles [8,12–16].

In the present paper, we consider a new efficient method of SaS
proposed recently by the authors for laminated composite plates
[17]. As SaS denoted herein by XðnÞ1;XðnÞ2; . . . ;XðnÞIn , we choose out-
er surfaces and any inner surfaces inside the nth layer and intro-
duce displacement vectors uðnÞ1;uðnÞ2; . . . ;uðnÞIn of these surfaces
as shell unknowns, where In is the total number of SaS chosen
for each layer (In P 3). Such choice of displacements with the con-
sequent use of Lagrange polynomials of degree In � 1 in the thick-
ness direction for each layer permits the representation of
governing equations of the laminated shell theory in a very com-
pact form. An idea of this approach can be found in [18,19], where
the equivalent single-layer theories with three [18], four and five
[19] equally spaced SaS inside the shell body are considered. Here,
a general case with In not equally spaced SaS inside the nth layer is
studied. Note also that the term SaS should not be confused with
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Fig. 1. Geometry of the thick laminated shell.
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such terms as fictitious interfaces or virtual interfaces, which are
extensively used in layer-wise theories. The main difference con-
sists in the lack of possibility to employ the polynomials Fr of high
degree in Eq. (1) because in conventional layer-wise descriptions
only the third and fourth order through-the-thickness polynomial
interpolations are admissible (see e.g. [2,15]). This restricts the use
of the fictitious/virtual interfaces technique for derivation of the
exact 3D elasticity solutions. On the contrary, the SaS method per-
mits the use of polynomials of high degree. This fact gives in turn
the opportunity to derive the exact 3D solutions for laminated
composite shells with a prescribed accuracy utilizing a sufficiently
large number of not equally spaced SaS. Furthermore, a choice of
displacements of SaS as basic shell variables yields the strain–dis-
placement equations, which exactly represent all rigid-body mo-
tions of the shell in any convected curvilinear coordinate system.
The latter is straightforward for development of the exact geome-
try solid-shell element formulation [20–22]. The term ‘‘exact
geometry’’ reflects the fact that the parametrization of the middle
surface is known and, therefore, coefficients of the first and second
fundamental forms of its surface can be taken exactly at each ele-
ment node.

In a companion paper [17], it is mentioned that the above poly-
nomial interpolation in the thickness direction implemented for
equally spaced SaS [23,24] does not work properly with Lagrange
polynomials of high degree because of Runge’s phenomenon. How-
ever, the use of Chebyshev polynomial nodes [25] can help to im-
prove significantly the behavior of Lagrange polynomials of high
degree for which the error will go to zero as In ?1. This fact gives
an opportunity to derive the 3D solutions for thick laminated shells
with a prescribed accuracy employing a sufficiently large number
of SaS located at Chebyshev polynomial nodes.

The exact 3D solutions of elasticity for simply supported cross-
ply laminated composite plates were derived by Pagano [26] and
Srinivas and Rao [27,28]. Pagano presented the exact solution for
the cylindrical bending of composite plates with general layups
[29]. The developments for laminated orthotropic cylindrical shells
in the framework of 3D elasticity were carried out by Varadan and
Bhaskar [30]. Bhaskar and Varadan [31] extended the Pagano’s
work [29] to laminated anisotropic cylindrical shells in cylindrical
bending. The present paper is intended to show that the SaS meth-
od can be applied efficiently to the solution of aforementioned
problems for laminated composite cylindrical shells and spherical
shells as well. It is necessary to note that the authors restrict them-
selves to finding five right digits in all examples presented. The bet-
ter accuracy is possible of course but requires more SaS inside each
layer to be taken.
2. Kinematic description of undeformed shell

Consider a thick laminated shell of the thickness h. Introduce
the following notations: r = r(h1,h2) is the position vector of any
point of the middle surface; aa are the base vectors of the middle
surface given by

aa ¼ r;a ¼ Aaea; ð2Þ

where ea are the orthonormal base vectors; Aa are the coefficients
of the first fundamental form; hðnÞin3 are the transverse coordinates
of SaS of the nth layer expressed as

hðnÞ13 ¼ h½n�1�
3 ; hðnÞIn

3 ¼ h½n�3 ;

hðnÞmn
3 ¼ 1

2
h½n�1�

3 þ h½n�3

� �
� 1

2
hn cos p 2mn � 3

2ðIn � 2Þ

� �
;

ð3Þ

R = r + h3e3 is the position vector of any point in the shell body;
RðnÞin ¼ rþ hðnÞin3 e3 are the position vectors of SaS of the nth layer;
gi are the base vectors in the shell body defined as

ga ¼ R;a ¼ Aacaea; g3 ¼ R;3 ¼ e3; ð4Þ

where ca = 1 + kah3 are the components of the shifter tensor; ka are
the principal curvatures of the middle surface; gðnÞini are the base
vectors of SaS of the nth layer given by

gðnÞina ¼ RðnÞin;a ¼ AacðnÞina ea; gðnÞin3 ¼ e3; ð5Þ

where cðnÞina ¼ 1þ kah
ðnÞin
3 are the components of the shifter tensor at

SaS.
Here and in the following developments, (� � �),i stands for the

partial derivatives with respect to coordinates hi; the index mn

identifies the belonging of any quantity to the inner SaS of the
nth layer and runs from 2 to In � 1, whereas the indices in, jn, kn de-
scribe all SaS of the nth layer and run from 1 to In; Greek indices a,b
range from 1 to 2; Latin indices i, j, k, l range from 1 to 3.

Remark 1. As follows from Eq. (3), the transverse coordinates of
inner SaS coincide with the nodes of Chebyshev polynomials [25].
This fact has a great meaning for a convergence of the SaS method
[17].
3. Kinematic description of deformed shell

A position vector of the deformed shell is written as

R ¼ R þ u; ð6Þ

where u is the displacement vector, which is always measured in
accordance with the total Lagrangian formulation from the initial
configuration to the current configuration directly. In particular,
the position vectors of SaS of the nth layer are

RðnÞin ¼ RðnÞin þ uðnÞin ; ð7Þ

uðnÞin ¼ u hðnÞin3

� �
; ð8Þ

where uðnÞin ðh1; h2Þ are the displacement vectors of SaS of the nth
layer.

The base vectors in the current shell configuration are defined
as

�gi ¼ R;i ¼ gi þ u;i: ð9Þ

In particular, the base vectors of deformed SaS of the nth layer
(Fig. 2) are

�gðnÞina ¼ RðnÞin;a ¼ gðnÞina þ uðnÞin;a ; �gðnÞin3 ¼ �g3 hðnÞin3

� �
¼ e3 þ bðnÞin ; ð10Þ



Fig. 2. Initial and current configurations of the shell.
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bðnÞin ¼ u;3 hðnÞin3

� �
; ð11Þ

where bðnÞin ðh1; h2Þ are the values of the derivative of the 3D dis-
placement vector with respect to coordinate h3 at SaS.

The Green–Lagrange strain tensor in an orthogonal curvilinear
coordinate system [22] can be written as

2eij ¼
1

AiAjcicj
ð�gi � �gj � gi � gjÞ; ð12Þ

where A3 = 1 and c3 = 1. In particular, the Green–Lagrange strains at
SaS are

2eðnÞinij ¼ 2eij hðnÞin3

� �
¼ 1

AiAjc
ðnÞin
i cðnÞinj

�gðnÞini � �gðnÞinj � gðnÞini � gðnÞinj

� �
: ð13Þ

Substituting (5) and (10) into the strain–displacement relation-
ships (13) and discarding the non-linear terms, one derives

2eðnÞinab ¼ 1

AacðnÞina
uðnÞin;a � eb þ

1

AbcðnÞinb

uðnÞin;b � ea;

2eðnÞina3 ¼ bðnÞin � ea þ
1

AacðnÞina
uðnÞin;a � e3; eðnÞin33 ¼ bðnÞin � e3:

ð14Þ

Next, we represent the displacement vectors uðnÞin and bðnÞin in
the reference surface frame ei as follows:

uðnÞin ¼
X

i

uðnÞini ei; ð15Þ

bðnÞin ¼
X

i

bðnÞini ei: ð16Þ

Using (15) and well-known formulas [1] for the derivatives of
unit vectors ei with respect to orthogonal curvilinear coordinates

1
Aa

ea;a ¼ �Baeb � kae3;
1
Aa

eb;a ¼ Baea;

1
Aa

e3;a ¼ kaea; Ba ¼
1

AaAb
Aa;b for b – a;

ð17Þ

we have

1
Aa

uðnÞin;a ¼
X

i

kðnÞinia ei; ð18Þ

where
kðnÞinaa ¼ 1
Aa

uðnÞina;a þ BauðnÞinb þ kauðnÞin3 ;

kðnÞinba ¼ 1
Aa

uðnÞinb;a � BauðnÞina for b – a;

kðnÞin3a ¼ 1
Aa

uðnÞin3;a � kauðnÞina :

ð19Þ

Substitution of presentations (16) and (18) into the strain–displace-
ment relationships (14) yields the component form of these
relationships

2eðnÞinab ¼ 1

cðnÞinb

kðnÞinab þ
1

cðnÞina
kðnÞinba ;

2eðnÞina3 ¼ bðnÞina þ 1

cðnÞina
kðnÞin3a ; eðnÞin33 ¼ bðnÞin3 :

ð20Þ
4. Displacement and strain distributions in thickness direction

Up to this moment, no assumptions concerning displacement
and strain fields have been made. We start now with the first fun-
damental assumption of the proposed higher order layer-wise shell
theory. Let us assume that the displacements are distributed
through the thickness of the nth layer as follows:

uðnÞi ¼
X

in

LðnÞin uðnÞini ; h½n�1�
3 6 h3 6 h½n�3 ; ð21Þ

where LðnÞin ðh3Þ are the Lagrange polynomials of degree In � 1 ex-
pressed as

LðnÞin ¼
Y

jn–in

h3 � hðnÞjn3

hðnÞin3 � hðnÞjn3

: ð22Þ

The use of Eqs. (11), (16) and (21) yields

bðnÞini ¼
X

jn

MðnÞjn hðnÞin3

� �
uðnÞjni ; ð23Þ

where MðnÞjn ¼ LðnÞjn;3 are the derivatives of Lagrange polynomials. The
values of these derivatives at SaS are calculated as

MðnÞjn hðnÞin3

� �
¼ 1

hðnÞjn3 � hðnÞin3

Y
kn–in ;jn

hðnÞin3 � hðnÞkn
3

hðnÞjn3 � hðnÞkn
3

for jn – in;

MðnÞin hðnÞin3

� �
¼ �

X
jn–in

MðnÞjn hðnÞin3

� �
:

ð24Þ

Thus, the key functions bðnÞini of the proposed layer-wise shell theory
are represented according to (23) as a linear combination of dis-
placements of SaS of the nth layer uðnÞjni .

The following step consists in a choice of the correct approxi-
mation of strains through the thickness of the nth layer. It is appar-
ent that the strain distribution should be chosen similar to the
displacement distribution (21), that is,

eðnÞij ¼
X

in

LðnÞineðnÞinij ; h½n�1�
3 6 h3 6 h½n�3 : ð25Þ

Now, we formulate a fundamental statement concerning the strain–
displacement relationships of the higher order layer-wise shell the-
ory developed.

Theorem 1. Strain–displacement relationships (14) and (25) exactly
represent rigid-body motions of a laminated shell in any convected
curvilinear coordinate system.
Proof. The rigid-body motions of SaS of the nth layer can be writ-
ten as follows [20]:
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ðuðnÞinÞRigid ¼ DþU� RðnÞin ; ð26Þ
D ¼

X
i

Diei; U ¼
X

i

Uiei: ð27Þ

where D is the constant displacement (translation) vector; U is the
constant rotation vector. It is apparent that

D;a ¼ 0; U;a ¼ 0: ð28Þ
The use of Eqs. (5) and (28) in Eq. (26) leads to

ðuðnÞin;a Þ
Rigid ¼ AacðnÞina U� ea: ð29Þ

Taking into account the identitiesX
jn

MðnÞjn ðh3Þ ¼ 0;
X

jn

hðnÞjn3 MðnÞjn ðh3Þ ¼ 1; ð30Þ

which in turn follow from trivial identitiesX
jn

LðnÞjnðh3Þ ¼ 1;
X

jn

hðnÞjn3 LðnÞjn ðh3Þ ¼ h3; ð31Þ

and using Eqs. (11), (21) and (26), one obtains

ðbðnÞin ÞRigid ¼
X

jn

MðnÞjn hðnÞin3

� �
ðuðnÞjn ÞRigid ¼ U� e3: ð32Þ

Substitution of Eqs. (29) and (32) into the strain–displacement rela-
tionships (14) completes the proof

2 eðnÞinij

� �Rigid
¼ ðU� eiÞej þ ðU� ejÞei ¼ 0: ð33Þ
Remark 2. A proof of this statement for homogeneous shells with
3, 4 and 5 equally spaced SaS can be found in [18,19].
5. Total potential energy of laminated shell

Inserting strains (25) in the total potential energy of a lami-
nated shell and introducing stress resultants

HðnÞinij ¼
Z h½n�3

h½n�1�
3

rðnÞij LðnÞin c1c2dh3; ð34Þ

one derives

P ¼
Z Z

X

1
2

X
n

X
in

X
i;j

HðnÞinij eðnÞinij �
X

i

c½N�1 c½N�2 p½N�i u½N�i � c½0�1 c½0�2 p½0�i u½0�i

� �" #

� A1A2dh1dh2 �WR; ð35Þ

where c½0�a ¼ 1þ kah
½0�
3 and c½N�a ¼ 1þ kah

½N�
3 are the components of the

shifter tensor at bottom and top surfaces X[0] and X[N]; p½0�i and p½N�i

are the loads acting on the bottom and top surfaces of the shell; WR

is the work done by external loads applied to the boundary surface R.
Table 1
Results for a thick two-ply cylindrical shell (R/h = 2).

In U3(0) S11(�0.5) S11(0.5) S22(�0.5) S22(0.5)

3 1.3360 �2.5808 0.19834 �0.28358 0.75076
5 1.4026 �2.6701 0.23911 �0.30457 0.97032
7 1.4034 �2.6600 0.24961 �0.30363 0.97734
9 1.4034 �2.6596 0.25109 �0.30359 0.97754
11 1.4034 �2.6595 0.25111 �0.30359 0.97754
13 1.4034 �2.6595 0.25111 �0.30359 0.97754
Ref. [30] 1.4034 �2.660 0.2511 �0.3036 0.9775
For simplicity, we restrict ourselves to the case of linear elastic
materials. The natural choice for constitutive equations is the gen-
eralized Hooke’s law:

rðnÞij ¼
X

k;‘

CðnÞijk‘e
ðnÞ
k‘ ; h½n�1�

3 6 h3 6 h½n�3 : ð36Þ

where CðnÞijk‘ are the components of the material tensor of the nth
layer.

Substituting stresses (36) in Eq. (34) and accounting for the
strain distribution (25), we have

HðnÞinij ¼
X

jn

X
k;‘

DðnÞinjn
ijk‘ eðnÞjnk‘ ; ð37Þ

where

DðnÞinjn
ijk‘ ¼ CðnÞijk‘

Z h½n�3

h½n�1�
3

LðnÞin LðnÞjn c1c2dh3: ð38Þ
6. Exact solution for laminated orthotropic cylindrical shell

Let us consider a simply supported circular cylindrical shell of
the radius R subjected to the sinusoidally distributed transverse
load acting on the bottom surface

p½0�3 ¼ �p0 sin
ph1

L
cos 4h2; ð39Þ

where L is the length of the shell; h1 and h2 are the axial and circum-
ferential coordinates of the middle surface.

The analytical solution of the problem satisfying boundary con-
ditions is written as

uðnÞin1 ¼ uðnÞin10 cos
ph1

L
cos 4h2; uðnÞin2 ¼ uðnÞin20 sin

ph1

L
sin 4h2;

uðnÞin3 ¼ uðnÞin30 sin
ph1

L
cos 4h2:

ð40Þ

Substituting (39) and (40) in the total potential energy (35) with
WR = 0 and allowing for Eqs. (19), (20) and (37), one finds

P ¼ P uðnÞini0

� �
: ð41Þ

Invoking the principle of the minimum total potential energy, we
arrive at the system of linear algebraic equations

@P

@uðnÞini0

¼ 0; ð42Þ

of order 3
P

nIn � N þ 1
� �

. The linear system (42) can be solved by
using a method of Gaussian elimination.

The described algorithm was performed with the Symbolic
Math Toolbox, which incorporates symbolic computations into
the numeric environment of MATLAB. This gave the possibility to
derive the exact solutions of 3D elasticity for laminated orthotropic
cylindrical shells with a prescribed accuracy.

As a numerical example, we consider a two-ply composite
cylindrical shell with L/R = 4 and lamination scheme hn = h/2 and
S12(�0.5) S12(0.5) S13(�0.25) S23(0.25) S33(0.25)

�4.6345 2.4708 3.6626 �2.4146 �0.31793
�5.0167 2.6813 4.8218 �3.0165 �0.31763
�5.0159 2.6850 4.7854 �2.9234 �0.31236
�5.0159 2.6850 4.7858 �2.9311 �0.31296
�5.0159 2.6850 4.7858 �2.9307 �0.31292
�5.0159 2.6850 4.7858 �2.9307 �0.31292
�5.016 2.685 4.786 �2.931 �0.31



Table 2
Results for a thin two-ply cylindrical shell (R/h = 100).

In U3(0) S11(�0.5) S11(0.5) S22(�0.5) S22(0.5) S12(�0.5) S12(0.5) S13(�0.25) S23(0.25) S33(0.25)

3 0.13672 2.2993 0.18603 �0.057592 0.55582 �3.4519 �1.8186 �1.6579 �2.1290 �5.5333
5 0.13674 2.2997 0.18714 �0.057591 0.55602 �3.4522 �1.8188 �1.5123 �2.9724 �7.7074
7 0.13674 2.2997 0.18714 �0.057591 0.55602 �3.4522 �1.8188 �1.5123 �2.9724 �7.7071
9 0.13674 2.2997 0.18714 �0.057591 0.55602 �3.4522 �1.8188 �1.5123 �2.9724 �7.7071
Ref. [30] 0.1367 2.300 0.1871 �0.05759 0.5560 �3.452 �1.819 �1.512 �2.972 �7.71

Table 3
Results for a thick three-ply cylindrical shell (R/h = 2).a

In U3(0) S11(0.5) S22(�0.5) S22(0.5) S12(�0.5) S12(0.5) S�13ð�1=6Þ Sþ13ð�1=6Þ S23(0) S33(0)

3 0.7320 0.12552 �1.1701 0.47897 �1.6047 1.3855 1.9143 1.7033 �1.9574 �0.37307
5 1.0108 0.17286 �1.8191 0.71554 �2.9192 1.7959 3.0316 3.0050 �1.3782 �0.33693
7 1.0112 0.17601 �1.8190 0.71677 �2.9215 1.7968 3.0052 3.0056 �1.3793 �0.33712
9 1.0112 0.17614 �1.8187 0.71679 �2.9215 1.7968 3.0056 3.0060 �1.3793 �0.33712
11 1.0112 0.17613 �1.8186 0.71679 �2.9215 1.7968 3.0058 3.0059 �1.3793 �0.33712
13 1.0112 0.17612 �1.8186 0.71679 �2.9215 1.7968 3.0059 3.0059 �1.3793 �0.33712
Ref. [30] 1.011 0.1761 �1.819 0.7168 �2.922 1.797 3.006 3.006 �1.379 �0.34

a h½1�3 ¼ �1=6 is the first layer interface.

Fig. 3. Distribution of transverse shear stresses S13 and S23 through the thickness of the two-ply shell for I1 = I2 = 9: present analysis (—) and Ref. [30] (�).

240 G.M. Kulikov, S.V. Plotnikova / Composite Structures 95 (2013) 236–246
[0/90], and a symmetric three-ply composite shell with hn = h/3
and [90/0/90]. The mechanical parameters of a graphite/epoxy
composite are taken to be EL = 25ET, GLT = 0.5ET, GTT = 0.2ET,
ET = 106 and mLT = mTT = 0.25, where subscripts L and T refer to the
fiber and transverse directions of the ply, accepting that the L-
direction coincides with the h1-direction. To compare the results
derived with Varadan and Bhaskar’s exact solution [30], the follow-
ing dimensionless variables are introduced:

S11 ¼ 10h2r11ðL=2;0; zÞ=p0R2; S22 ¼ h2r22ðL=2;0; zÞ=p0R2;

S12 ¼ 100h2r12ð0;p=8; zÞ=p0R2; S13 ¼ 100hr13ð0; 0; zÞ=p0R;

S23 ¼ 10hr23ðL=2;p=8; zÞ=p0R; S33 ¼ r33ðL=2; 0; zÞ=p0;

U3 ¼ ELh3u3ðL=2;0; zÞ=p0R4; z ¼ h3=h:

ð43Þ

The data listed in Tables 1–3 show that the SaS method allows
the derivation of 3D exact solutions for thick and thin shells with a
prescribed accuracy using a sufficient number of SaS. Figs. 3 and 4
present the distribution of transverse shear stresses in the thick-
ness direction for different values of the slenderness ratio R/h by
choosing nine SaS for each layer. These results demonstrate con-
vincingly the high potential of the proposed layer-wise shell for-
mulation. This is due to the fact that boundary conditions on the
bottom and top surfaces and continuity conditions at layer inter-
faces for transverse shear stresses are satisfied precisely without
integration of the equilibrium equations of elasticity. Fig. 5 dis-
plays the logarithmic errors di(�h/2) and di(h/2), which help to as-
sess the accuracy of fulfilling the boundary conditions for
transverse stresses on the bottom and top surfaces of thick two-
ply and three-ply shells with R/h = 2. It is necessary to note that
the enhanced SaS method provides the monotonic convergence ex-
cept for two curves in Fig. 5a that is impossible with equally spaced
SaS [23,24].

7. Exact solution for laminated anisotropic cylindrical shell

Consider a simply supported laminated anisotropic cylindrical
shell in cylindrical bending subjected to the sinusoidal transverse
load acting on the top surface

p½N�3 ¼ p0 sin
ph2

#0
; ð44Þ

where h2 is the circumferential coordinate of the middle surface; #0

is the angular span.
To satisfy the boundary conditions, we search the analytical

solution of the problem as follows:



Fig. 5. Accuracy of satisfying the boundary conditions di (�h/2) and di(h/2) on bottom (�) and top (h) surfaces: (a) two-ply and (b) three-ply thick shells (R/h = 2), where
di ¼ lg S3D

i3 � Si3

��� ���.

Fig. 4. Distribution of transverse shear stresses S13 and S23 through the thickness of the three-ply shell for I1 = I2 = I3 = 9: present analysis (—) and Ref. [30] (�).
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uðnÞin1 ¼ uðnÞin10 cos
ph2

#0
; uðnÞin2 ¼ uðnÞin20 cos

ph2

#0
; uðnÞin3

¼ uðnÞin30 sin
ph2

#0
: ð45Þ

Substituting (44) and (45) in the total potential energy (35) and
allowing for Eqs. (19), (20) and (37), and invoking the principle of
the minimum total potential energy, one obtains the system of lin-
ear algebraic Eq. (42). This system is solved by a method of Gaussian
elimination. The described algorithm was performed with the Sym-
bolic Math Toolbox, which incorporates symbolic computations
into the numeric environment of MATLAB.

As a numerical example, we study an antisymmetric angle-ply
composite cylindrical shell with ply thicknesses h1 = h2 = h/2 and
stacking sequences [�15/15] and [�45/45]. The material proper-
ties of the unidirectional composite are presented in a previous
section. To compare the results derived with Bhaskar and
Table 4
Results for an angle-ply cylindrical shell with R/h = 4 and [�15/15].

In U3(0) S11(�0.5) S22(�0.5)

3 20.578 �0.98934 �0.92708
5 20.672 �0.98755 �0.92548
7 20.671 �0.98751 �0.92544
9 20.671 �0.98749 �0.92543
11 20.671 �0.98748 �0.92542
13 20.671 �0.98748 �0.92542
Ref. [31] 20.67 �0.9875 �0.9254
Varadan’s exact solution [31], the following dimensionless vari-
ables are introduced:

U3 ¼ 100ETh3u3ð#0=2; zÞ=p0R4;

Sab ¼ h2rabð#0=2; zÞ=p0R2; Sa3 ¼ hra3ð0; zÞ=p0R;

S33 ¼ r33ð#0=2; zÞ=p0; z ¼ h3=h; #0 ¼ 1:

ð46Þ

The data listed in Tables 4–7 show that the SaS technique per-
mits the derivation of exact solutions of plane strain elasticity for
thick angle-ply cylindrical shells with a prescribed accuracy utiliz-
ing a large number of SaS. Figs. 6–8 present the distribution of
transverse stresses in the thickness direction for different values
of the slenderness ratio R/h choosing seven SaS for each layer. As
can be seen, the boundary conditions on the bottom and top sur-
faces and continuity conditions at the layer interface for transverse
stresses are satisfied with a high accuracy applying constitutive
Eqs. (36). To confirm this statement, we represent in Figs. 9 and
S12(�0.5) S13(�0.25) S23(�0.25) S33(�0.25)

0.21824 �0.062091 0.44253 �0.20285
0.21961 �0.086363 0.51020 �0.42400
0.21960 �0.086136 0.50956 �0.42057
0.21960 �0.086130 0.50954 �0.42056
0.21960 �0.086131 0.50955 �0.42056
0.21960 �0.086131 0.50955 �0.42056
0.2196 �0.0861 0.5095 �0.4206



Fig. 6. Distribution of transverse shear stresses S13 and S23 through the thickness of the angle-ply shell [�15/15] for I1 = I2 = 7: present analysis (—) and Ref. [31] (�).

Table 6
Results for an angle-ply cylindrical shell with R/h = 4 and [�45/45].

In U3(0) S11(�0.5) S22(�0.5) S12(�0.5) S13(�0.25) S23(�0.25) S33(�0.25)

3 8.4573 �0.9919 �1.3026 0.88657 �0.24014 0.44088 �0.22463
5 8.7027 �1.0401 �1.3632 0.93992 �0.33693 0.57171 �0.44796
7 8.7013 �1.0395 �1.3625 0.93950 �0.33387 0.56828 �0.44007
9 8.7013 �1.0394 �1.3625 0.93949 �0.33389 0.56827 �0.44017
11 8.7013 �1.0394 �1.3625 0.93949 �0.33389 0.56830 �0.44017
13 8.7013 �1.0394 �1.3625 0.93949 �0.33389 0.56830 �0.44017
Ref. [31] 8.701 �1.039 �1.363 0.9395 �0.3339 0.5683 �0.4402

Table 5
Results for an angle-ply cylindrical shell with R/h = 10 and [�15/15].

In U3(0) S11(�0.5) S22(�0.5) S12(�0.5) S13(�0.25) S23(�0.25) S33(�0.25)

3 15.757 �0.77705 �0.77266 0.16548 �0.045290 0.39010 �0.8747
5 15.768 �0.77541 �0.77136 0.16551 �0.065346 0.44343 �1.2290
7 15.768 �0.77542 �0.77137 0.16551 �0.065319 0.44336 �1.2281
9 15.768 �0.77542 �0.77137 0.16551 �0.065318 0.44336 �1.2281
11 15.768 �0.77542 �0.77137 0.16551 �0.065318 0.44336 �1.2281
Ref. [31] 15.77 �0.7754 �0.7714 0.1655 �0.0653 0.4434 �1.228

Table 7
Results for an angle-ply cylindrical shell with R/h = 10 and [�45/45].

In U3(0) S11(�0.5) S22(�0.5) S12(�0.5) S13(�0.25) S23(�0.25) S33(�0.25)

3 5.9207 �0.86180 �1.1219 0.78029 �0.20811 0.39128 �0.9328
5 5.9576 �0.86533 �1.1272 0.78578 �0.30642 0.51080 �1.3935
7 5.9575 �0.86534 �1.1272 0.78578 �0.30597 0.51032 �1.3910
9 5.9575 �0.86533 �1.1272 0.78577 �0.30597 0.51032 �1.3910
11 5.9575 �0.86533 �1.1272 0.78577 �0.30597 0.51032 �1.3910
Ref. [31] 5.958 �0.8653 �1.127 0.7858 �0.3060 0.5103 �1.391
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10 the accuracy of fulfilling the boundary conditions for transverse
stresses on the bottom and top surfaces of the cylindrical shell by
using logarithmic errors di(�h/2) and di(h/2).

8. Exact solution for laminated transversally isotropic spherical
shell

Here, we study a laminated transversally isotropic spherical
shell subjected to uniform pressure acting on inner or outer
surfaces

p½0�3 ¼ �p0 or p½N�3 ¼ �p0: ð47Þ

Due to spherical symmetry, we search a solution of the problem as
follows:
uðnÞina ¼ 0; uðnÞin3 ¼ uðnÞin30 : ð48Þ
Substituting Eqs. (47) and (48) in Eqs. (19), (20), (35) and (37) and
invoking the principle of the minimum total potential energy, we
arrive at the system of linear algebraic equations
@P

@uðnÞin30

¼ 0 ð49Þ
of order
P

nIn � N þ 1. This system is solved by a method of Gauss-
ian elimination. The described algorithm was performed with the
Symbolic Math Toolbox, which incorporates symbolic computations
into the numeric environment of MATLAB.



Fig. 8. Distribution of the transverse normal stress S33 through the thickness of the angle-ply shell for I1 = I2 = 7 with stacking sequences: (a) [�15/15] and (b) [�45/45]:
present analysis (—) and Ref. [31] (�).

Fig. 9. Accuracy of satisfying the boundary conditions di (�h/2) and di(h/2) on bottom (�) and top (h) surfaces of the angle-ply shell [�15/15]: (a) R/h = 4 and (b) R/h = 10,
where di ¼ lg S3D

i3 � Si3

��� ���.

Fig. 7. Distribution of transverse shear stresses S13 and S23 through the thickness of the angle-ply shell [�45/45] for I1 = I2 = 7: present analysis (—) and Ref. [31] (�).
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8.1. Transversally isotropic spherical shell under outer pressure

Consider first a homogeneous spherical shell consisting of
transversally isotropic material with the following mechanical
properties [32]: C1111 = C2222 = 139 GPa, C1122 = 77.8 GPa, C1133 =
C2233 = 74.3 GPa and C3333 = 115 GPa. To compare the results with
Chen, Ding and Xu’s exact 3D solution [32], we introduce the
dimensionless variables as follows:
Saa ¼ 10hraaðzÞ=p0R; S33 ¼ r33ðzÞ=p0;

U3 ¼ 10C1111hu3ðzÞ=p0R2; z ¼ h3=h;
ð50Þ

where R is the radius of the middle surface.
Tables 8 and 9 display again the high potential of the proposed

layer-wise formulation based on the SaS technique for derivation
of exact 3D elasticity solutions for very thick composite shells.
Fig. 11 shows the distribution of normal stresses (50) in the



Fig. 10. Accuracy of satisfying the boundary conditions di (�h/2) and di(h/2) on bottom (�) and top (h) surfaces of the angle-ply shell [�45/45]: (a) R/h = 4 and (b) R/h = 10,
where di ¼ lg S3D

i3 � Si3

��� ���.

Fig. 11. Distribution of stresses S11 and S33 through the thickness of the transversally isotropic spherical shell for I1 = 9: present analysis (—) and Ref. [32] (�).

Table 8
Results for a transversally isotropic spherical shell with R/h = 1.5.

In U3(�0.5) U3(0) U3(0.5) S11(�0.5) S11(0.5) S33(�0.5) S33(0) S33(0.5)

3 �8.0300 �6.0079 �6.2137 �13.315 �9.6069 �7.19E�1 �0.62541 �1.2615
5 �8.4589 �6.1258 �6.3001 �11.324 �8.5523 �7.39E�2 �0.80120 �1.0299
7 �8.4611 �6.1279 �6.3001 �11.047 �8.4239 �4.46E�3 �0.78518 �1.0023
9 �8.4611 �6.1279 �6.3006 �11.029 �8.4145 4.23E�4 �0.78618 �1.0002

11 �8.4611 �6.1279 �6.3006 �11.029 �8.4138 1.79E�4 �0.78609 �1.0001
13 �8.4611 �6.1279 �6.3006 �11.029 �8.4137 1.25E�4 �0.78612 �1.0000

Table 9
Results for a transversally isotropic spherical shell with R/h = 10.

In U3(�0.5) U3(0) U3(0.5) S11(�0.5) S11(0.5) S33(�0.5) S33(0) S33(0.5)

3 �6.3169 �5.9287 �5.6127 �5.8347 �5.3410 �8.82E�2 �0.50889 �1.0002
5 �6.3173 �5.9292 �5.6127 �5.7788 �5.2914 1.96E�4 �0.54964 �1.0002
7 �6.3173 �5.9292 �5.6127 �5.7787 �5.2913 5.98E�7 �0.54957 �1.0000
9 �6.3173 �5.9292 �5.6127 �5.7787 �5.2913 4.53E�7 �0.54957 �1.0000
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thickness direction for different slenderness ratios R/h by choosing
nine SaS. It is seen that boundary conditions on the bottom and top
surfaces are satisfied correctly in spite of applying the constitutive
Eqs. (36).

8.2. Sandwich spherical shell under inner pressure

Finally, we study a sandwich spherical shell with ply thick-
nesses [0.1h/0.8h/0.1h] subjected to inner pressure. The material
properties of the core [26] are taken to be E1 = E2 = 4 � 104,
E3 = 5 � 105, G13 = G23 = 6 � 104, G12 = 1.6 � 104, m31 = m32 = m12 =
0.25. The face sheets are assumed to be isotropic with E = 107

and m = 0.3.
As in a previous example, we introduce the dimensionless

variables

Saa ¼ 10hraaðzÞ=p0R; S33 ¼ r33ðzÞ=p0;

U3 ¼ 10Ehu3ðzÞ=p0R2; z ¼ h3=h:
ð51Þ



Table 10
Results for a sandwich spherical shell with R/h = 2.

In U3(�0.5) U3(0) U3(0.5) S11(�0.5) S11(0.5) S33(�0.5) S33(0) S33(0.5)

3 14.641 9.2660 6.0817 25.806 6.9564 �0.9715 �0.18329 2.78E�3
5 14.645 9.2508 6.0782 25.753 6.9465 �1.0000 �0.17519 1.18E�6
7 14.645 9.2507 6.0782 25.753 6.9465 �1.0000 �0.17534 �2.68E�8
9 14.645 9.2507 6.0782 25.753 6.9465 �1.0000 �0.17534 �3.14E�9

Table 11
Results for a sandwich spherical shell with R/h = 10.

In U3(�0.5) U3(0) U3(0.5) S11(�0.5) S11(0.5) S33(�0.5) S33(0) S33(0.5)

3 16.256 15.706 15.215 24.018 20.701 �0.9968 �0.44137 2.23E�3
5 16.256 15.706 15.215 24.017 20.701 �1.0000 �0.44044 5.18E�8
7 16.256 15.706 15.215 24.017 20.701 �1.0000 �0.44044 2.81E�10

Fig. 12. Distribution of stresses S11 and S33 through the thickness of the sandwich spherical shell for I1 = I2 = I3 = 7.
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Tables 10 and 11 present the results of the convergence study
using a various number of SaS for a sandwich spherical shell.
Fig. 12 displays the distribution of dimensionless stresses (51) in
the thickness direction for different slenderness ratios R/h employ-
ing seven SaS for each layer. These results demonstrate convinc-
ingly that boundary conditions on the bottom and top surfaces
and continuity conditions at layer interfaces for the transverse nor-
mal stress are fulfilled correctly.

9. Conclusions

An efficient method of solving the 3D elasticity problems for
laminated composite shells has been proposed. It is based on the
new method of SaS located at the Chebyshev polynomial nodes in-
side the layers and interfaces as well. The stress analysis of compos-
ite shells is based on the 3D constitutive equations and gives an
opportunity to obtain the 3D exact solutions of elasticity for thick
and thin laminated composite shells with a prescribed accuracy.
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