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This paper presents the three‐dimensional analysis of laminated composite rectangular plates with general
boundary and loading conditions using the strong sampling surfaces (SaS) formulation and the extended dif-
ferential quadrature (EDQ) method proposed by the first author. The strong SaS formulation is based on the
choice of SaS parallel to the middle surface and located at Chebyshev polynomial nodes to introduce the dis-
placements of these surfaces as plate unknowns. This choice of unknowns with the use of Lagrange polynomials
in the through‐thickness approximations of displacements, strains and stresses leads to an efficient laminated
plate formulation. The outer surfaces and interfaces are not included into a set of SaS that makes it possible to
minimize uniformly the error due to Lagrange interpolation. Therefore, the strong SaS formulation based on
direct integration of the equilibrium equations of elasticity in the transverse direction in conjunction with
the EDQ method can be applied effectively to high‐precision calculations for the composite rectangular plates
with different boundary conditions. This due to the fact that in the SaS/EDQ formulation the displacements,
strains and stresses of SaS are interpolated in a rectangular domain using the Chebyshev‐Gauss‐Lobatto grid
and Lagrange polynomials are also utilized as basis functions. Such a technique allows the use of only first
order derivatives in the equilibrium equations that simplifies the implementation of the EDQ method.
1. Introduction

Three‐dimensional exact solutions for composite plates are of great
importance, since the validity of approximate plate theories and plate
finiteelements canbeassessedbycomparing theirpredictionswithexact
results. In the literature, there are at least five approaches to exact solu-
tionsforplates,namely, thedisplacement‐basedapproach[1,2], thestate
space approach [3], the power series expansion approach (Frobenius
method) [4], the asymptotic approach [5] and the sampling surfaces
(SaS) approach [6]. The closed‐form solutions for simply supported rect-
angular plates using the displacement‐based approachwere obtained in
contributions [7–13]. Themost popular state space approachwas imple-
mented for thebendingandvibrationanalysis of simply supportedplates
in many papers (see, e.g. [14–17]). The Frobenius method was applied
efficiently to analytical solutions for functionally graded rectangular
plates byVel andBatra [18–20]. The exact solutions basedon the asymp-
totic approach for simply supported laminated anisotropic and function-
ally graded plates were obtained in papers [21–25]. Recently, the SaS
approachhasbeenutilizedtoexact solutions for staticanddynamicprob-
lems for laminated composite plates and cylindrical panels with simply
supported edges [26–29].

As for rectangular plates with different boundary conditions, there
is a very limited number of articles devoted to the three‐dimensional
static and dynamic analysis. The analytical solutions for rectangular
plates with free and clamped edges using the displacement‐based
approach were obtained in [30,31]. The three‐dimensional analysis
of Levy‐type laminated rectangular plates is presented in papers
[32,33]. The state space approach was used to evaluate the three‐
dimensional dynamic response of a clamped laminated plate [34].
The benchmark solutions for isotropic and composite rectangular
plates with different boundary conditions using the Ritz method were
found in [35–38]. The SaS approach was applied to the three‐
dimensional vibration analysis of laminated composite plates with
free, clamped and simply supported edges [39,40].

The SaS formulation with three SaS has been proposed by the first
author [41] and extended to shells with an arbitrary number of equally
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Fig. 1. Geometry of the laminated rectangular plate.
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spaced SaS by Kulikov and Plotnikova [42]. The variational formula-
tion with SaS located at the Chebyshev polynomial nodes was devel-
oped later [43–45], since the SaS formulation with equispaced SaS
does not work properly with the higher order Lagrange interpolation.
The use of only Chebyshev polynomial nodes significantly improves
the behavior of higher order Lagrange polynomials because such
choice makes it possible to minimize uniformly the error caused by
Lagrange interpolation [26,46]. This fact allows us to obtain the dis-
placements and stresses with a prescribed accuracy using a sufficient
number of SaS. In other words, SaS‐based solutions asymptotically
approach three‐dimensional exact solutions of elasticity if the number
of SaS tends to infinity. Note that the implementation of the SaS vari-
ational formulation for laminated plates [6,44,45] is impossible with-
out the use of interfaces. On the contrary, the strong SaS formulation
[26–29] based on the direct integration of the equilibrium equations of
elasticity and the satisfaction of the continuity conditions at the inter-
faces is free of this restriction. Therefore, the use of interfaces is
avoided that allows one to get all the benefits of the higher order
Lagrange interpolation with Chebyshev polynomial nodes.

The present paper focuses on the implementation of the strong SaS
formulation for the three‐dimensional analysis of laminated rectangu-
lar plates with free and clamped edges. To solve this problem, the dif-
ferential quadrature (DQ) method can be used. The DQ method is a
numerical technique developed by Bellman and his co‐authors
[47,48] for solving the boundary value problem for partial differential
equations. The original DQ method was applied to problems in struc-
tural mechanics by Bert and his co‐authors [49,50]. The shortcoming
of the DQ method is that the weighting coefficients depend on the grid
points and the order of the derivatives in the differential equations. To
overcome this shortcoming, Shu and Richards [51] developed the gen-
eralized differential quadrature (GDQ) method by introducing recur-
sive relationships for calculating higher order derivatives. The
advantage of the GDQ method is that the weighting coefficients are
no longer dependent on the grid points and the order of the derivatives
when Lagrange polynomials are utilized as basis functions [52]. The
GDQ method has been effectively applied to three‐dimensional bend-
ing, buckling and vibration problems for isotropic and orthotropic
rectangular plates with different boundary conditions [53–55]. A his-
torical overview of the DQ and GDQ methods can be found in papers
[56,57].

To improve the computational efficiency of the GDQ method, the
extended differential quadrature (EDQ) method [58] is employed. A
feature of the EDQ method is that not only displacements are interpo-
lated in a rectangular domain using the Chebyshev‐Gauss‐Lobatto grid
and Lagrange polynomials as basis functions. The same technique is
applied to the strains and stresses, which are also interpolated by using
the Chebyshev‐Gauss‐Lobatto grid and Lagrange polynomials as basis
functions. This, in turn, leads to the use of only first order derivatives
in the equilibrium equations (second order derivatives are not
required) that greatly simplifies the implementation of the EDQ
method. Thus, the strong SaS formulation can be effectively applied
to high‐precision calculations of laminated composite plates with gen-
eral boundary and loading conditions.

2. Three-dimensional formulation for laminated rectangular plate

Consider a composite rectangular plate of the thickness h consisting
of N elastic layers of the thickness hn, where n ¼ 1; 2; :::; N. Let the
middle surface Ω be described by Cartesian coordinates x and y,
whereas the coordinate z is oriented in the thickness direction (see
Fig. 1). Due to the choice of coordinates, the strains of the nth layer

ɛðnÞij are expressed as

2ɛðnÞαβ ¼ uðnÞα;β þ uðnÞβ;α;

2ɛðnÞα3 ¼ βðnÞα þ uðnÞ3;α; ɛðnÞ33 ¼ βðnÞ3 ;
ð1Þ
2

where uðnÞi are the displacements of the nth layer; βðnÞi are the derivatives
of displacements with respect to the transverse coordinate:

βðnÞi ¼ uðnÞi;3 : ð2Þ
The constitutive equations in the case of linear elastic materials are

defined as

σ nð Þ
ij ¼ C nð Þ

ijklɛ
nð Þ
kl ð3Þ

where σðnÞ
ij are the stresses of the nth layer; CðnÞ

ijkl are the elastic constants
of the nth layer. Here and throughout the paper, Latin indices i; j; k; l
range from 1 to 3, whereas Greek indices α; β range from 1 to 2 and, as
usual, summation on repeated tensorial indices is implied.

The equilibrium equations are written as

σðnÞij;j ¼ 0; ð4Þ
where . . .ð Þ;i stands for the partial derivatives with respect to Cartesian
coordinates.

The boundary conditions on the edge surfaces x ¼ 0 and x ¼ a are
defined as

uðnÞi ð0; y; zÞ ¼ vðnÞ�1i ðy; zÞ or σðnÞ1i ð0; y; zÞ ¼ pðnÞ�1i ðy; zÞ;
uðnÞi ða; y; zÞ ¼ vðnÞþ1i ðy; zÞ or σðnÞ1i ða; y; zÞ ¼ pðnÞþ1i ðy; zÞ;

ð5Þ

where vðnÞ�1i , vðnÞþ1i and pðnÞ�1i , pðnÞþ1i are the prescribed displacements and
mechanical loads acting on the nth layer.

The boundary conditions on the edge surfaces y ¼ 0 and y ¼ b are
written as

uðnÞi ðx; 0; zÞ ¼ vðnÞ�2i ðx; zÞ or σðnÞ2i ðx; 0; zÞ ¼ pðnÞ�2i ðx; zÞ;
uðnÞi ðx; b; zÞ ¼ vðnÞþ2i ðx; zÞ or σðnÞ2i ðx; b; zÞ ¼ pðnÞþ2i ðx; zÞ;

ð6Þ

where vðnÞ�2i , vðnÞþ2i and pðnÞ�2i , pðnÞþ2i are the prescribed displacements and
mechanical loads acting on the nth layer.

The boundary conditions on the bottom and top surfaces are given
by

uð1Þi ðx; y; �h=2Þ ¼ v�3iðx; yÞ or σð1Þ
3i ðx; y; �h=2Þ ¼ p�3iðx; yÞ;

uðNÞ
i ðx; y; h=2Þ ¼ vþ3iðx; yÞ or σðNÞ

3i ðx; y; h=2Þ ¼ pþ3iðx; yÞ;
ð7Þ

where v�3i, v
þ
3i and p�3i, p

þ
3i are the prescribed displacements and mechan-

ical loads acting on the outer surfaces Ω� and Ωþ.
The continuity conditions at interfaces Ω½m� are

uðmÞ
i ðz½m�Þ ¼ uðmþ1Þ

i ðz½m�Þ; ð8Þ
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σðmÞ
i3 ðz½m�Þ ¼ σðmþ1Þ

i3 ðz½m�Þ; ð9Þ
where the index m identifies the belonging of any quantity to the inter-
face and runs from 1 to N � 1.

3. Strong SaS formulation for laminated rectangular plate

According to the SaS concept [26], within the nth layer, we choose
In SaS ΩðnÞ1; ΩðnÞ2; :::; ΩðnÞIn parallel to the middle surface and located
at the Chebyshev polynomial nodes (see Fig. 1). The coordinates of SaS
of the nth layer are written as

zðnÞin ¼ 1
2 ðz½n�1� þ z½n�Þ � 1

2 hncos π 2in�1
2In

� �
;

hn ¼ z½n� � z½n�1�;
ð10Þ

where z½n�1� and z½n� are the coordinates of interfaces Ω½n�1� and Ω½n�; the
indices in and jn, kn used later identify the belonging of any quantity to
the SaS of the nth layer and run from 1 to In. So, in the strong SaS for-
mulation the total number of SaS is NSaS ¼ ∑nIn.

Introduce displacements uðnÞini x; yð Þ, strains ɛðnÞinij x; yð Þ and stresses

σðnÞin
ij x; yð Þ of SaS of the nth layer as follows:

uðnÞini ¼ uðnÞi ðzðnÞin Þ; ð11Þ

ɛðnÞinij ¼ ɛðnÞij ðzðnÞin Þ; ð12Þ

σðnÞinij ¼ σðnÞ
ij ðzðnÞin Þ: ð13Þ

Using Eqs. (1), (2), (11) and (12) leads to strain–displacement rela-
tions in terms of the SaS variables

2ɛðnÞinαβ ¼ uðnÞinα;β þ uðnÞinβ;α ;

2ɛðnÞinα3 ¼ βðnÞinα þ uðnÞin3;α ; ɛðnÞin33 ¼ βðnÞin3 ;
ð14Þ

where βðnÞini x; yð Þ are the values of derivatives of the displacements of
the nth layer with respect to the thickness coordinate at SaS:

βðnÞini ¼ βðnÞi ðzðnÞin Þ: ð15Þ
From Eqs. (3), (12) and (13) follow constitutive equations in terms

of the SaS variables

σ nð Þin
ij ¼ C nð Þ

ijklɛ
nð Þin
kl ð16Þ

The fundamental assumption of the strong SaS formulation [26] is
that the displacements are distributed through the thickness of the nth
layer by

uðnÞi ¼ ∑
in
LðnÞin uðnÞini ; ð17Þ

where LðnÞin ðzÞ are the Lagrange basis polynomials of degree In � 1
related to the nth layer:

LðnÞin ¼
Y
jn–in

z � zðnÞjn

zðnÞin � zðnÞjn
: ð18Þ

Substituting the displacement distribution (17) in Eqs. (2) and (15),
we obtain

βðnÞini ¼ ∑
jn

MðnÞjn ðzðnÞin ÞuðnÞjni ; ð19Þ

where MðnÞjn ¼ LðnÞjn;3 are the derivatives of the Lagrange basis polynomi-
als; their values on SaS are calculated as follows:

MðnÞjn xðnÞin
3

� �
¼ 1

xðnÞjn3 �xðnÞin3

Q
kn–in ; jn

zðnÞin�zðnÞkn
zðnÞjn�zðnÞkn for jn–in;

MðnÞin zðnÞin
� � ¼ �∑jn–inM

ðnÞjn zðnÞin
� �

:

ð20Þ
3

Proposition 1.. The strains are distributed through the thickness of
the nth layer by

ɛðnÞij ¼ ∑
in
LðnÞin ɛðnÞinij : ð21Þ

The proof of the proposition can be found in paper [26].
Proposition 2. The stresses are distributed through the thickness of
the nth layer by

σðnÞij ¼ ∑
in
LðnÞinσðnÞin

ij : ð22Þ

This proposition can be proved using constitutive equations (3) and
(16), and strain distribution (21).

Satisfying equilibrium equations (4) at the inner SaS of each layer,
we arrive at 3ðNSaS � 2NÞ differential equations
σðnÞi1;1ðzðnÞrn Þ þ σðnÞ

i2;2ðzðnÞrn Þ þ σðnÞ
i3;3ðzðnÞrn Þ ¼ 0; ð23Þ

which can be expressed using Eqs. (13) and (22) in the following form:

σðnÞrni1;1 þ σðnÞrn
i2;2 þ∑

in
MðnÞin ðzðnÞrn ÞσðnÞin

i3 ¼ 0; ð24Þ

where the index rn identifies the belonging of any quantity to the inner
SaS of the nth layer and runs from 2 to In � 1.

Next, we satisfy boundary conditions (7) that results in

∑
i1
Lð1Þi1 ð�h=2Þuð1Þi1i ¼ v�3iðx; yÞ or ∑

i1
Lð1Þi1 ð�h=2Þσð1Þi1

3i ¼ p�3iðx; yÞ; ð25Þ

∑
iN
LðNÞiN ðh=2ÞuðNÞiN

i ¼ vþ3iðx; yÞ or ∑
iN
LðNÞiN ðh=2ÞσðNÞiN

3i ¼ pþ3iðx; yÞ; ð26Þ

and continuity conditions (8) and (9) at interfaces Ω½m�:

∑
im
LðmÞim ðz½m�ÞuðmÞim

i ¼ ∑
imþ1

Lðmþ1Þimþ1 ðz½m�Þuðmþ1Þimþ1
i ; ð27Þ

∑
im
LðmÞim ðz½m�ÞσðmÞim

i3 ¼ ∑
imþ1

Lðmþ1Þimþ1 ðz½m�Þσðmþ1Þimþ1
i3 : ð28Þ

The boundary conditions (5) and (6) on the edge surfaces are satis-
fied at points zðnÞin , that is, for all SaS:

uðnÞini ð0; yÞ ¼ vðnÞ�1i ðy; zðnÞin Þ or σðnÞin
1i ð0; yÞ ¼ pðnÞ�1i ðy; zðnÞin Þ;

uðnÞini ða; yÞ ¼ vðnÞþ1i ðy; zðnÞin Þ or σðnÞin
1i ða; yÞ ¼ pðnÞþ1i ðy; zðnÞin Þ;

ð29Þ

uðnÞini ðx; 0Þ ¼ vðnÞ�2i ðx; zðnÞin Þ or σðnÞin2i ðx; 0Þ ¼ pðnÞ�2i ðx; zðnÞin Þ;
uðnÞini ðx; bÞ ¼ vðnÞþ2i ðx; zðnÞin Þ or σðnÞin

2i ðx; bÞ ¼ pðnÞþ2i ðx; zðnÞin Þ:
ð30Þ

Thus, the proposed strong SaS formulation deals with 3NSaS govern-
ing equations (24) to (28) for finding the same number of SaS displace-

ments uðnÞini . These equations should be solved to describe the response
of the laminated composite plate with boundary conditions (29) and
(30). For this purpose, the extended DQ method [58] can be effectively
applied.

4. Extended DQ method for laminated rectangular plate

To solve the boundary value problem (24)‐(30), the EDQ method
can be employed using the Chebyshev‐Gauss‐Lobatto grid (Fig. 2):

xn1 ¼
1
2
a 1� cos π

n1 � 1
N1 � 1

� �� 	
; yn2 ¼

1
2
b 1� cos π

n2 � 1
N2 � 1

� �� 	
; ð31Þ

where n1 ¼ 1; 2; :::; N1 ; n2 ¼ 1; 2; :::; N2 ; N1 is the number of points
in x‐axis; N2 is the number of points in y‐axis.

To implement the EDQ method, we introduce the nodal displace-
ments, strains and stresses of SaS of the nth layer by

uðnÞinin1n2 ¼ uðnÞini ðxn1 ; yn2 Þ; ð32Þ



Fig. 2. Chebyshev-Gauss-Lobatto grid for the rectangular domain.
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ɛðnÞinijn1n2 ¼ ɛðnÞinij ðxn1 ; yn2 Þ; ð33Þ

σðnÞinijn1n2 ¼ σðnÞinij ðxn1 ; yn2 Þ: ð34Þ
The in‐plane distributions of displacements, strains and stresses of

SaS can be written as

uðnÞini ¼ ∑
n1

∑
n2
Ln1 ðxÞLn2 ðyÞuðnÞinin1n2 ; ð35Þ

ɛðnÞinij ¼ ∑
n1

∑
n2
Ln1 ðxÞLn2 ðyÞɛðnÞinijn1n2 ; ð36Þ

σðnÞinij ¼ ∑
n1

∑
n2
Ln1 ðxÞLn2 ðyÞσðnÞinijn1n2 ; ð37Þ

where Ln1 ðxÞ, Ln2 ðyÞ are the Lagrange basis polynomials defined as

Ln1 ðxÞ ¼
Y
k1–n1

x � xk1

xn1 � xk1
; ð38Þ

Ln2 ðyÞ ¼
Y
k2–n2

y � yk2

yn2 � yk2

; ð39Þ

where k1 ¼ 1; 2; :::; N1; k2 ¼ 1; 2; :::; N2.
Using Eqs. (14), (19), (33) and (35) leads to strain–displacement

relations in terms of the nodal SaS variables

2ɛðnÞinαβ n1n2 ¼ ωðnÞin
αβ n1n2 þ ωðnÞin

βα n1n2 ;

2ɛðnÞinα3n1n2 ¼ βðnÞinα n1n2 þ ωðnÞin
3α n1n2 ; ɛðnÞin33n1n2 ¼ βðnÞin3n1n2 ;

ð40Þ

where

ωðnÞin
i1n1n2 ¼ ∑k1Mk1 ðxn1 ÞuðnÞinik1n2

; ωðnÞin
i2n1n2 ¼ ∑k2Mk2 ðyn2 Þu

ðnÞin
in1k2

;

βðnÞinin1n2 ¼ ∑jn
MðnÞjn ðzðnÞin ÞuðnÞjnin1n2 ;

ð41Þ

whereMk1 ðxÞ andMk2 ðyÞ are the derivatives of the Lagrange basis poly-
nomials (38) and (39) whose values at the grid points are calculated as

Mk1 ðxn1 Þ ¼ 1
xk1�xn1

Q
l1–k1 ; n1

xn1�xl1
xk1�xl1

for k1–n1;

Mn1 ðxn1 Þ ¼ �∑k1–n1Mk1 ðxn1 Þ;
ð42Þ

Mk2 ðyn2 Þ ¼ 1
yk2�yn2

Q
l2–k2 ; n2

yn2�yl2
yk2�yl2

for k2–n2;

Mn2 ðyn2 Þ ¼ �∑k2–n2Mk2 ðyn2 Þ :
ð43Þ

Constitutive equations (16) owing to Eqs. (33) and (34) are
expressed in terms of the nodal SaS variables as

σ nð Þin
ijn1n2 ¼ C nð Þ

ijklɛ
nð Þin
kln1n2

: ð44Þ
4

Substituting Eq. (37) into equilibrium equations (24) and satisfying
them in the inner rectangle (see Fig. 2), we obtain
3ðN1 � 2ÞðN2 � 2ÞðNSaS � 2NÞ algebraic equations

∑
n1
Mn1 ðxs1 Þ σðnÞrn

i1n1s2 þ∑
n2
Mn2 ðys2 Þ σ

ðnÞrn
i2s1n2 þ∑

in
MðnÞin ðzðnÞrn ÞσðnÞini3s1s2 ¼ 0: ð45Þ

Here and below, the indices s1 and s2 identify the belonging of any
quantity to the inner grid points and run respectively from 2 to N1 � 1
and from 2 to N2 � 1.

Introduce the global vector of SaS displacements at the grid points

U ¼ ðUð1Þ1ÞT ðUð1Þ2ÞT ::: ðUð1ÞI1 ÞT ::: ðUðnÞ1ÞT ðUðnÞ2ÞT ::: ðUðnÞIn ÞT ::: ðUðNÞ1ÞT ðUðNÞ2ÞT ::: ðUðNÞIN ÞT
h iT

;

ð46Þ

UðnÞin ¼ ðuðnÞin
11 ÞT ðuðnÞin

21 ÞT ::: ðuðnÞin
N11 Þ

T ðuðnÞin
12 ÞT ðuðnÞin

22 ÞT::: ðuðnÞin
N12 Þ

T
::: ðuðnÞin

1N2
ÞT ðuðnÞin

2N2
ÞT ::: ðuðnÞin

N1N2
ÞT

h iT
;

ð47Þ

where

uðnÞin
n1n2 ¼ uðnÞin1n1n2 u

ðnÞin
2n1n2 u

ðnÞin
3n1n2

h i T
: ð48Þ

Then the strain–displacement relations (40) and (41) are written in
matrix form as

2ɛðnÞinijn1n2 ¼ ΛðnÞin
ijn1n2 þ ΛðnÞin

jin1n2

� � T
U; ð49Þ

where ΛðnÞin
ijn1n2 are the vectors of order 3N1N2NSaS given in Appendix A.

Constitutive equations (44) can be also expressed in matrix form as

σ nð Þin
ijn1n2 ¼ Ξ nð Þin

ijn1n2

� �T
U: ð50Þ

where ΞðnÞin
ijn1n2 are the vectors defined as

ΞðnÞin
ijn1n2 ¼ CðnÞ

ijklΛ
ðnÞin
kl n1n2

: ð51Þ

The use of Eqs. (50) and (51) in equilibrium equations (45) leads to

∑
n1
Mn1 ðxs1 Þ ΞðnÞrn

i1n1s2

� �T
þ∑

n2
Mn2 ðys2 Þ ΞðnÞrn

i2s1n2

� �T
"

þ∑
in
MðnÞin ðzðnÞrn Þ ΞðnÞin

i3s1s2

� �T
#
U ¼ 0:

ð52Þ

Boundary conditions (25) and (26) on the outer surfaces Ω� and Ωþ

are satisfied at the grid points ðxn1 ; yn2 Þ:

∑
i1
Lð1Þi1 ð�h=2Þ α�

3i Ξð1Þi1
3in1n2

� �T
þ ð1� α�

3iÞ Γð1Þi1
in1n2

� �T
� 	

U

¼ α�
3ip

�
3iðxn1 ; yn2 Þ þ ð1� α�

3iÞv�3i ðxn1 ; yn2 Þ; ð53Þ

∑
iN
LðNÞiN ðh=2Þ αþ

3i ΞðNÞiN
3in1n2

� �T
þ ð1� αþ

3iÞ ΓðNÞiN
in1n2

� �T
� 	

U

¼ αþ
3ip

þ
3iðxn1 ; yn2 Þ þ ð1� αþ

3iÞvþ3iðxn1 ; yn2 Þ;
ð54Þ

where ΓðnÞin
in1n2 are the nodal vectors given in Appendix A. Hereinafter,

summation on the repeated indices is not implied.
Continuity conditions (27) and (28) at the interfaces Ω½m� are also

satisfied at the grid points ðxn1 ; yn2 Þ:

∑
im
LðmÞim ðz½m�Þ ΓðmÞim

in1n2

� �T
� ∑

imþ1

Lðmþ1Þimþ1 ðz½m�Þ Γðmþ1Þimþ1
in1n2

� �T
" #

U ¼ 0; ð55Þ

∑
im
LðmÞim ðz½m�Þ ΞðmÞim

i3n1n2

� �T
� ∑

imþ1

Lðmþ1Þimþ1 ðz½m�Þ Ξðmþ1Þimþ1
i3n1n2

� �T
" #

U ¼ 0: ð56Þ

The boundary conditions on the edge surfaces (29) are satisfied for
inner SaS of the nth layer ΩðnÞrn at the grid points ð0; ys2 Þ and ða; ys2 Þ:



G.M. Kulikov, M.G. Kulikov Composite Structures 267 (2021) 113887
α�
1i ΞðnÞrn

1i1s2

� �T
þ ð1� α�

1iÞ ΓðnÞrn
i1s2

� �T
� 	

U

¼ α�
1ip

ðnÞ�
1i ðys2 ; z

ðnÞrn Þ þ ð1� α�
1iÞvðnÞ�1i ðys2 ; z

ðnÞrn Þ; ð57Þ

αþ
1i ΞðnÞrn

1iN1s2

� �T
þ ð1� αþ

1iÞ ΓðnÞrn
iN1s2

� �T
� 	

U

¼ αþ
1ip

ðnÞþ
1i ðys2 ; zðnÞrn Þ þ ð1� αþ

1iÞvðnÞþ1i ðys2 ; z
ðnÞrn Þ: ð58Þ

The boundary conditions on the edge surfaces (30) are satisfied for
inner SaS of the nth layer ΩðnÞrn at the grid points ðxn1 ; 0Þ and ðxn1 ; bÞ:

α�
2i ΞðnÞrn

2in11

� �T
þ ð1� α�

2iÞ ΓðnÞrn
in11

� �T
� 	

U

¼ α�
2ip

ðnÞ�
2i ðxn1 ; z

ðnÞrn Þ þ ð1� α�
2iÞvðnÞ�2i ðxn1 ; z

ðnÞrn Þ; ð59Þ

αþ
2i ΞðnÞrn

2in1N2

� �T
þ ð1� αþ

2iÞ ΓðnÞrn
in1N2

� �T
� 	

U

¼ αþ
2ip

ðnÞþ
2i ðxn1 ; z

ðnÞrn Þ þ ð1� αþ
2iÞvðnÞþ2i ðxn1 ; z

ðnÞrn Þ: ð60Þ

Remark 1. To describe the boundary conditions for displacements
and stresses in Eqs. (53), (54), (57) to (60), we introduce coefficients
α�ij and αþij , which take values 0 or 1.

The system of algebraic equations (52)‐(60) can be written in a
compact form as

KU ¼ F ð61Þ
where K is the stiffness matrix; F is the right‐hand side vector.

It is seen that the SaS/EDQ formulation deals with 3N1N2NSaS alge-
braic equations (61) for obtaining the SaS displacements at the grid

points uðnÞinin1n2 . The strains and stresses are calculated by Eqs. (49) and
(50). The numerical examples considered in the next section were
solved using C++ OpenMP, which is the most popular parallel com-
puting technology for multi‐processor/core computers. As an algebra
solver, we employ the UMFPACK library [59,60] based on solving
sparse unsymmetric linear systems using the multifrontal method [61].

5. Numerical examples

In this section, the cross‐ply and angle‐ply composite rectangular
plates with arbitrary boundary conditions are studied. To identify
them, the standard notations are used, for example, the CSC1F plate
means that the edge x ¼ 0 is clamped

uðnÞrn1 ¼ uðnÞrn2 ¼ uðnÞrn3 ¼ 0; ð62Þ
the edge y ¼ 0 is simply supported

uðnÞrn1 ¼ σðnÞrn22 ¼ uðnÞrn3 ¼ 0; ð63Þ
the edge x ¼ a is clamped in x‐ and z‐directions

uðnÞrn1 ¼ σðnÞrn12 ¼ uðnÞrn3 ¼ 0; ð64Þ
the edge y ¼ b is free

σðnÞrn12 ¼ σðnÞrn
22 ¼ σðnÞrn23 ¼ 0: ð65Þ
5.1. Cross-ply laminates with arbitrary boundary conditions

Here, we study a three‐ply composite rectangular plate with the
lamination scheme ½0=90=0� and ply thicknesses h1 ¼ h2 ¼ h3 ¼ h=3.
The fibers of the unidirectional graphite‐epoxy composite in the outer
layers are oriented along the x‐axis. The material properties are taken
to be EL ¼ 25ET, GLT ¼ 0:5ET, GTT ¼ 0:2ET, ET ¼ 106 and
5

νLT ¼ νTT ¼ 0:25. The plate is subjected to a sinusoidally distributed
load on the top surface

pþ31 ¼ pþ32 ¼ 0; pþ33 ¼ p0sin
πx
a
sin

πy
b
; ð66Þ

where p0 ¼ 1.
For verification, we consider the simplest SSSS laminate [2] and

introduce the dimensionless variables at crucial points as functions
of the dimensionless thickness coordinate as

u
�
1 ¼ 100ETh

2u1ð0; b=2; z�Þ=a3p0; u
�
2

¼ 100ETh
2u2ða=2; 0; z�Þ=a3p0; ð67Þ

u
�
3 ¼ 100ETh

3u3ða=2; b=2; z� Þ=a4p0; σ
�
11 ¼ 10h2σ11ða=2; b=2; z�Þ=a2p0;

σ
�
22 ¼ 100h2σ22ða=2; b=2; z�Þ=a2p0; σ

�
12 ¼ 100h2σ12ð0; 0; z�Þ=a2p0;

σ
�
13 ¼ 10hσ13ð0; b=2; z�Þ=ap0; σ

�
23 ¼ 100hσ23ða=2; 0; z�Þ=ap0;

σ
�
33 ¼ σ33ða=2; b=2; z�Þ=p0; z

� ¼ z=h;

where a ¼ 1:
Tables 1 and 2 list the results of the convergence study due to

increasing the number of grid points. The number of SaS in each
layer is fixed to nine, that is, the total number of SaS is NSaS ¼ 27.
A comparison with the closed‐form solution of Pagano [2], repro-
duced later in work [26], is also given. As can be seen, the use of
a relatively coarse grid 13� 13 provides from 9 to 10 right digits
for the moderately thick plates. Fig. 3 shows the through‐thickness
distributions of displacements and stresses for the rectangular plate
with b=a ¼ 2 for different values of the slenderness ratio a=h using
nine SaS in each layer and 13� 13 grid. These results convincingly
demonstrate the high potential of the developed SaS/EDQ formula-
tion, since the boundary conditions on the bottom and top surfaces
and the continuity conditions at the interfaces for the transverse
stresses are satisfied excellently.

Next, we consider CSCS, C1SC1S and FSFS laminates with Levy‐type
boundary conditions. To compare the obtained results with results of
the analytical study [32], we introduce dimensionless variables as
functions of the thickness coordinate:

u
�
1 ¼ 100ETh

2u1ða=4; b=2; z�Þ=a3p0; u
�
2

¼ 100ETh
2u2ða=2; b=4; z�Þ=a3p0; ð68Þ

u
�
3 ¼ 100ETh

3u3ða=2; b=2; z� Þ=a4p0; σ
�
11 ¼ 10h2σ11ða=2; b=2; z�Þ=a2p0;

σ
�
22 ¼ 10h2σ22ða=2; b=2; z�Þ=a2p0; σ

�
12 ¼ 10h2σ12ða=8; 0; z�Þ=a2p0;

σ
�
13 ¼ 10hσ13ða=8; b=2; z�Þ=ap0; σ

�
23 ¼ 10hσ23ða=2; 0; z�Þ=ap0;

σ
�
33 ¼ σ33ða=2; b=2; z�Þ=p0; z

� ¼ z=h ;

where a ¼ b ¼ 1.
Tables 3 and 4 show the results of the convergence study due to

increasing the number of grid points using nine SaS in each layer for
CSCS, C1SC1S and FSFS laminates. A comparison with the analytical
solution of Vel‐Batra [32] is presented. Fig. 4. displays the through‐
thickness distributions of displacements and stresses for the CSCS
square laminate with various slenderness ratios using nine SaS in each
layer and 13� 13 grid. The results for the moderately thick plate with
a=h ¼ 5 are compared with those obtained by Vel and Batra [32]. It is
seen that again the boundary conditions on the outer surfaces and the
continuity conditions at the interfaces for the transverse stresses are
satisfied with high accuracy.



Table 1
Results of the convergence study for the SSSS laminate with b=a ¼ 1 and nine SaS in each layer (NSaS ¼ 27).

a=h N1 × N2 u
�
1ð0:5Þ u

�
2ð0:5Þ u

�
3ð0Þ σ

�
11ð0:5Þ σ

�
22ð0:5Þ σ

�
12ð0:5Þ σ

�
13ð0Þ σ

�
23ð0Þ σ

�
33ð0Þ

4 7� 7 −0.9687587335 −2.279949166 2.005441262 8.001624366 9.524029099 −5.104350539 2.558434832 21.72178649 0.4926472390
9� 9 −0.9694399339 −2.281217021 2.005915394 8.008389746 9.529924024 −5.106104003 2.559024611 21.71803346 0.4926507117
11� 11 −0.9694325813 −2.281203506 2.005911168 8.008404350 9.529952470 −5.106087322 2.559020377 21.71807432 0.4926507177
13� 13 −0.9694326293 −2.281203595 2.005911202 8.008404887 9.529952941 −5.106087440 2.559020412 21.71807409 0.4926507179
SaS solution a −0.9694326291 −2.281203594 2.005911202 8.008404888 9.529952942 −5.106087439 2.559020412 21.71807409 0.4926507179
3D solution b −0.9694319959 −2.281202598 2.005910531 8.008399824 9.529949306 −5.106084880 2.559019255 21.71807687 0.4926507131

10 7� 7 −0.7344773595 −1.098745760 0.752705438 5.899787588 4.291169392 −2.879805743 3.572386050 12.27643531 0.4994436357
9� 9 −0.7351175406 −1.099479140 0.753032919 5.905908620 4.294672412 −2.881774098 3.573055875 12.27529462 0.4994443719
11� 11 −0.7351109242 −1.099471680 0.753030021 5.905914676 4.294683548 −2.881755645 3.573053315 12.27532184 0.4994443782
13� 13 −0.7351109699 −1.099471731 0.753030044 5.905915150 4.294683827 −2.881755768 3.573053347 12.27532184 0.4994443783
SaS solution a −0.7351109697 −1.099471731 0.753030044 5.905915152 4.294683828 −2.881755767 3.573053347 12.27532184 0.4994443783
3D solution b −0.7351109687 −1.099471730 0.753030043 5.905915143 4.294683823 −2.881755764 3.573053343 12.27532186 0.4994443783

a Exact results have been obtained using the SaS solution with nine SaS for each layer[26].
b Exact results have been obtained using the Pagano solution[2,26].

Table 2
Results of the convergence study for the SSSS cross-ply laminate with a=h ¼ 10 and nine SaS in each layer (NSaS ¼ 27).

b=a N1 × N2 u
�
1ð0:5Þ u

�
2ð0:5Þ u

�
3ð0Þ σ

�
11ð0:5Þ σ

�
22ð0:5Þ σ

�
12ð0:5Þ σ

�
13ð0Þ σ

�
23ð0Þ σ

�
33ð0Þ

2 7� 7 −0.8933014993 −0.6723224449 0.8990665036 7.090031755 2.014947646 −1.757674552 4.136893116 3.076000900 0.5001267878
9� 9 −0.8940948290 −0.6727747757 0.8994652443 7.097546924 2.016538694 −1.759011640 4.137570690 3.074880128 0.5001275750
11� 11 −0.8940865599 −0.6727704772 0.8994615192 7.097552802 2.016540645 −1.758999347 4.137566709 3.074894146 0.5001275826
13� 13 −0.8940866176 −0.6727705057 0.8994615482 7.097553391 2.016540778 −1.758999426 4.137566744 3.074894141 0.5001275827
SaS
solution a

−0.8940866173 −0.6727705056 0.8994615481 7.097553391 2.016540778 −1.758999426 4.137566744 3.074894141 0.5001275827

3D
solution b

−0.8940866165 −0.6727705051 0.8994615475 7.097553384 2.016540777 −1.758999425 4.137566741 3.074894139 0.5001275827

4 7� 7 −0.9226861090 −0.3426882872 0.9243946875 7.301626835 1.249279680 −0.900623603 4.218563210 0.999864816 0.5002939959
9� 9 −0.9235144248 −0.3429243127 0.9248118111 7.309448840 1.250275529 −0.901327353 4.219249538 0.997416176 0.5002947889
11� 11 −0.9235056323 −0.3429220138 0.9248077193 7.309453027 1.250275618 −0.901320457 4.219244345 0.997427616 0.5002947970
13� 13 −0.9235056929 −0.3429220281 0.9248077499 7.309453641 1.250275695 −0.901320500 4.219244381 0.997427619 0.5002947970
SaS
solution a

−0.9235056927 −0.3429220281 0.9248077499 7.309453641 1.250275695 −0.901320500 4.219244381 0.997427619 0.5002947970

3D
solution b

−0.9235056918 −0.3429220278 0.9248077492 7.309453634 1.250275694 −0.901320499 4.219244378 0.997427619 0.5002947970

a Exact results have been obtained using the SaS solution with nine SaS for each layer[26].
b Exact results have been obtained using the Pagano solution [2,26].
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5.2. Angle-ply laminates under sinusoidal loading

Consider CCCC laminates with stacking sequences ½�45=45=� 45�
and ½�45=45=0�, and equal ply thicknesses. The laminates at the top
are subjected to a sinusoidally distributed load (66). The material
properties of the graphite‐epoxy composite are given in section 5.1.

Here, we utilize dimensionless variables (68) and introduce new
ones:

u
�
3 ¼ 100ETh

2u3ða=2; b=2; z� Þ=a3p0; σ
�
12

¼ 10h2σ12ða=4; b=4; z�Þ=a2p0; ð69Þ

σ
�
13 ¼ 10hσ13ða=4; b=2; z�Þ=ap0; σ

�
23 ¼ 10hσ23ða=2; b=4; z�Þ=ap0;

where a ¼ 1 and b ¼ 0:5.
Table 5 lists the results of the convergence study due to mesh

refinement using nine SaS for each layer. The results are compared
with those obtained with the SOLID45 element from the ANSYS pack-
age [62] using a fine 64� 64� 72 mesh. This means that 24 elements
are taken across the thickness of each layer. Figs. 5 and 6 show the
through‐thickness distributions of displacements and stresses for thick
and thin laminates using nine SaS in each layer and 13� 13 grid com-
pared with the SOLID45 element. As can be seen, the boundary condi-
tions on the bottom and top surfaces and the continuity conditions at
the interfaces for the transverse stress components are satisfied
6

excellently. However, the SOLID45 element describes worse boundary
conditions and continuity conditions as well.

5.3. Angle-ply laminates under exponential loading

Finally, we study four‐ply laminates with stacking sequences
½45=� 45=0=90�, ½0=90=� 60=30� and ½�60=30=45=� 45�, and ply
thicknesses h1 ¼ h2 ¼ h3 ¼ h4 ¼ h=4 with clamped and free edges sub-
jected to an exponentially distributed load at the top (see Fig. 7)

pþ31 ¼ pþ32 ¼ 0; pþ33 ¼ p0e
�10ðx�a=2Þ2e�10ðy�b=2Þ2 ; ð70Þ

where p0 ¼ 1 and a ¼ b ¼ 1. The material properties of the composite
are given in section 5.1.

Figs. 8–10 show the distributions of dimensional stresses (68) and
(69) through the thickness of the FCCC, FCFF and FCFC angle‐ply lam-
inates with a=h ¼ 5 using nine SaS in each layer (NSaS ¼ 36) and
13� 13 grid. These results demonstrate again the high potential of
the SaS/EDQ formulation developed, since the boundary conditions
on the outer surfaces and the continuity conditions at the interfaces
for the transverse stresses are satisfied with high accuracy.

6. Conclusions

An effective SaS/EDQ formulation for the three‐dimensional analy-
sis of cross‐ply and angle‐ply laminates has been proposed by using the



Fig. 3. Through-thickness distributions of displacements and stresses for the SSSS laminate with b=a ¼ 2 under sinusoidal loading: SaS/EDQ formulation using
nine SaS in each layer and 13� 13 grid (solid lines) and Pagano solution (○) [26].

Table 3
Results of the convergence study for the CSCS cross-ply laminate with b=a ¼ 1 and nine SaS in each layer (NSaS ¼ 27) a.

a=h N1 × N2 u
�
1ð�0:5Þ u

�
1ð0:5Þ u

�
2ð�0:5Þ u

�
2ð0:5Þ u

�
3ð0Þ σ

�
11ð�0:5Þ σ

�
11ð0:5Þ σ

�
22ð�1=6Þ σ

�
22ð1=6Þ σ

�
12ð�0:5Þ σ

�
12ð0:5Þ σ

�
13ð0Þ σ

�
23ð0Þ σ

�
33ð0Þ

5 7� 7 0.3194 −0.3320 1.0526 −1.0435 1.1795 −4.1134 4.3742 −3.7234 3.5710 0.2581 −0.2585 2.0990 1.4702 0.4950
9� 9 0.3183 −0.3307 1.0535 −1.0443 1.1806 −4.2645 4.5334 −3.7282 3.5753 0.2560 −0.2563 2.0835 1.4710 0.4948
11 × 11 0.3189 −0.3314 1.0534 −1.0442 1.1805 −4.2358 4.5050 −3.7282 3.5753 0.2563 −0.2566 2.0929 1.4705 0.4950
13� 13 0.3190 −0.3315 1.0534 −1.0442 1.1805 −4.2314 4.4997 −3.7280 3.5752 0.2565 −0.2569 2.0961 1.4709 0.4949
3D
solution

0.319 −0.331 1.053 −1.044 1.180 −4.235 4.504 −3.726 3.573 0.256 −0.257 2.093 1.470 0.495

10 7� 7 0.2269 −0.2272 0.4642 −0.4590 0.4452 −2.8757 2.9053 −1.7093 1.6701 0.1265 −0.1255 3.1263 0.7204 0.4991
9� 9 0.2255 −0.2258 0.4654 −0.4601 0.4464 −3.0468 3.0794 −1.7139 1.6746 0.1238 −0.1229 3.0675 0.7225 0.4994
11 × 11 0.2270 −0.2273 0.4651 −0.4598 0.4461 −2.9820 3.0139 −1.7131 1.6738 0.1241 −0.1232 3.0617 0.7217 0.4995
13� 13 0.2267 −0.2270 0.4652 −0.4599 0.4462 −3.0058 3.0376 −1.7132 1.6739 0.1245 −0.1235 3.0676 0.7221 0.4994
3D
solution

0.227 −0.227 0.465 −0.460 0.446 −3.000 3.032 −1.713 1.674 0.124 −0.123 3.062 0.722 0.50

a Values of the normal stress σ
�
22correspond to the central layer

G.M. Kulikov, M.G. Kulikov Composite Structures 267 (2021) 113887

7



Table 4
Results of the convergence study for the C1SC1S and FSFS cross-ply laminates with b=a ¼ 1, a=h ¼ 5 and nine SaS in each layer (NSaS ¼ 27) a.

Lamina N1 × N2 u
�
1ð�0:5Þ u

�
1ð0:5Þ u

�
2ð�0:5Þ u

�
2ð0:5Þ u

�
3ð0Þ σ

�
11ð�0:5Þ σ

�
11ð0:5Þ σ

�
22ð�1=6Þ σ

�
22ð1=6Þ σ

�
12ð�0:5Þ σ

�
12ð0:5Þ σ

�
13ð0Þ σ

�
23ð0Þ σ

�
33ð0Þ

C1SC1S 7� 7 0.3214 −0.3339 1.0615 −1.0523 1.1877 −4.1191 4.3790 −3.7556 3.6022 0.2188 −0.2210 2.1079 1.4757 0.4949
9� 9 0.3202 −0.3325 1.0613 −1.0521 1.1886 −4.2830 4.5514 −3.7548 3.6016 0.2217 −0.2241 2.0905 1.4793 0.4948
11 × 11 0.3208 −0.3332 1.0613 −1.0520 1.1883 −4.2546 4.5230 −3.7550 3.6018 0.2208 −0.2231 2.1017 1.4783 0.4950
13� 13 0.3210 −0.3334 1.0613 −1.0520 1.1884 −4.2479 4.5156 −3.7547 3.6015 0.2205 −0.2225 2.1053 1.4787 0.4949
3D
solution

0.321 −0.333 1.061 −1.051 1.188 −4.253 4.520 −3.753 3.599 0.221 −0.223 2.102 1.478 0.495

FSFS 9� 9 0.1085 −0.1143 5.0154 −5.0076 5.3077 −2.0674 2.2551 −17.249 17.103 0.0600 −0.0624 0.6528 5.9174 0.4963
11 × 11 0.1083 −0.1140 5.0151 −5.0073 5.3074 −2.0363 2.2265 −17.247 17.102 0.0593 −0.0615 0.6114 5.9183 0.4960
13� 13 0.1078 −0.1135 5.0150 −5.0073 5.3073 −2.0469 2.2362 −17.247 17.102 0.0590 −0.0611 0.6075 5.9169 0.4962
15� 15 0.1077 −0.1135 5.0150 −5.0072 5.3073 −2.0411 2.2308 −17.247 17.102 0.0590 −0.0611 0.6170 5.9178 0.4961
3D
solution

0.108 −0.114 5.015 −5.007 5.307 −2.043 2.232 −17.247 17.102 0.059 −0.061 0.617 5.917 0.496

a Values of the normal stress σ
�
22correspond to the central layer.

Fig. 4. Through-thickness distributions of displacements and stresses for the CSCS laminate under sinusoidal loading: SaS/EDQ formulation using nine SaS in each
layer and 13� 13 grid (solid lines) and Vel-Batra solution (○) [32].
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Table 5
Results of the convergence study for the CCCC angle-ply laminates with stacking sequences ½�45=45=� 45� (case 1) and ½�45=45=0� (case 2) with b=a ¼ 0:5, a=h ¼ 5
and nine SaS in each layer (NSaS ¼ 27).

Lamina N1 × N2 u
�
1ð�0:5Þ u

�
1ð0:5Þ u

�
2ð�0:5Þ u

�
2ð0:5Þ u

�
3ð0Þ σ

�
11ð�0:5Þ σ

�
11ð0:5Þ σ

�
22ð�0:5Þ σ

�
22ð0:5Þ σ

�
12ð�0:5Þ σ

�
12ð0:5Þ σ

�
13ð0Þ σ

�
23ð0Þ σ

�
33ð0Þ

Case 1 7� 7 0.1400 −0.1487 0.2033 −0.2245 1.5771 −0.8731 1.1294 −1.0126 1.2843 0.4585 −0.5661 0.6046 1.3032 0.4797
9� 9 0.1380 −0.1461 0.2029 −0.2238 1.5793 −0.9000 1.1620 −1.0451 1.3232 0.4482 −0.5548 0.6020 1.3037 0.4798
11 × 11 0.1399 −0.1484 0.2040 −0.2250 1.5787 −0.8947 1.1576 −1.0409 1.3201 0.4557 −0.5614 0.5987 1.3001 0.4799
13� 13 0.1397 −0.1482 0.2040 −0.2250 1.5789 −0.8948 1.1565 −1.0404 1.3180 0.4513 −0.5564 0.5988 1.3005 0.4798
SOLID45 0.1396 −0.1480 0.2037 −0.2247 1.5762 −0.8946 1.1567 −1.0403 1.3184 0.4520 −0.5578 0.5978 1.2992 0.4798

Case 2 7� 7 0.1512 −0.1026 0.2244 −0.3311 1.7574 −1.0023 1.4508 −1.1583 0.4385 0.5530 −0.0577 0.7337 1.3626 0.5360
9� 9 0.1491 −0.1022 0.2243 −0.3286 1.7608 −1.0362 1.5092 −1.1966 0.4599 0.5392 −0.0574 0.7336 1.3644 0.5363
11 × 11 0.1515 −0.1024 0.2254 −0.3298 1.7601 −1.0290 1.4978 −1.1910 0.4560 0.5464 −0.0577 0.7306 1.3607 0.5365
13� 13 0.1514 −0.1025 0.2255 −0.3304 1.7604 −1.0287 1.4964 −1.1902 0.4536 0.5419 −0.0576 0.7305 1.3611 0.5362
SOLID45 0.1512 −0.1024 0.2252 −0.3299 1.7579 −1.0286 1.4957 −1.1902 0.4549 0.5427 −0.0575 0.7298 1.3598 0.5363

Fig. 5. Through-thickness distributions of displacements and stresses for the CCCC ½�45=45=� 45� laminate with b=a ¼ 0:5 under sinusoidal loading: SaS/EDQ
formulation using nine SaS in each layer and 13� 13 grid (solid lines) and SOLID45 element (○).
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Fig. 6. Through-thickness distributions of displacements and stresses for the CCCC ½�45=45=0� laminate with b=a ¼ 0:5 under sinusoidal loading: SaS/EDQ
formulation using nine SaS in each layer and 13� 13 grid (solid lines) and SOLID45 element (○).
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SaS located at Chebyshev polynomial nodes within the layers and
direct integration of the equilibrium equations of elasticity. The use
of only Chebyshev polynomial nodes makes it possible to minimize
uniformly the error due to Lagrange interpolation. Therefore, the
developed strong SaS formulation allows obtaining the solutions for
laminated composite plates with a prescribed accuracy, which asymp-
totically approach the exact solutions of elasticity as the number of SaS
tends to infinity. To consider laminates with general boundary and
loading conditions, the EDQ method is used, in which displacements,
strains and stresses are interpolated in a rectangle using the
Chebyshev‐Gauss‐Lobatto grid. This technique deals with only first‐
order derivatives in equilibrium equations [63]. Thus, the use of
higher order derivatives is avoided that simplifies the implementation
of the EDQ method and can be applied efficiently to high‐precision cal-
culations for the angle‐ply laminates with arbitrary boundary
conditions.
10
The future works will present the extension of the SaS/EDQ formu-
lation to the three‐dimensional analysis of laminated composite shells.
The proposed technique is also convenient to develop the robust
numerical algorithms for the laminated quadrilateral plates.
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Fig. 7. Exponentially distributed load on the top surface.

Fig. 8. Through-thickness distributions of stresses for the FCCC laminate with
½�60=30=45=� 45=� (case 3) under exponential loading using nine SaS in each la

G.M. Kulikov, M.G. Kulikov Composite Structures 267 (2021) 113887

11
Appendix A

The vectors ΛðnÞin
ijn1n2 and ΓðnÞin

in1n2 introduced in section 4 to define the
SaS strains and boundary conditions at the grid points can be written
in a closed form. The use of Eqs. (40), (41), (46) and (47) leads to the
following expressions for the components of these vectors:

ΛðnÞin
i1n1n2

� �
iþ3ðk1�1Þþ3N1 n2�1ð Þþ3N1N2 Δnþin�1ð Þ

¼ Mk1 ðxn1 Þ;
ΛðnÞin
i2n1n2

� �
iþ3ðn1�1Þþ3N1 k2�1ð Þþ3N1N2 Δnþin�1ð Þ

¼ Mk2 ðyn2 Þ;
ΛðnÞin
i3n1n2

� �
iþ3ðn1�1Þþ3N1 n2�1ð Þþ3N1N2 Δnþjn�1ð Þ

¼ MðnÞjn ðzðnÞin Þ;
ΓðnÞin
in1n2

� �
iþ3ðn1�1Þþ3N1 n2�1ð Þþ3N1N2 Δnþin�1ð Þ

¼ 1;
Δn ¼ ∑
n�1

γ¼1
Iγ ;

where the indices i; j ¼ 1; 2; 3; n ¼ 1; 2; :::; N; in; jn ¼ 1; 2; :::; In;
n1; k1 ¼ 1; 2; :::; N1; n2; k2 ¼ 1; 2; :::; N2. The components of vectors
not written out explicitly are equal to zero.
stacking sequences ½45=� 45=0=90� (case 1), ½0=90=� 60=30� (case 2) and
yer and 13� 13 grid.



Fig. 9. Through-thickness distributions of stresses for the FCFF laminate with stacking sequences ½45=� 45=0=90� (case 1), ½0=90=� 60=30� (case 2) and
½�60=30=45=� 45� (case 3) under exponential loading using nine SaS in each layer and 13� 13 grid.

Fig. 10. Through-thickness distributions of stresses for the FCFC laminate with stacking sequences ½45=� 45=0=90� (case 1), ½0=90=� 60=30� (case 2) and
½�60=30=45=� 45=� (case 3) under exponential loading using nine SaS in each layer and 13� 13 grid.
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