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Abstract

This paper presents a family of geometrically exact assumed stress–strain four-node solid-shell elements with six displacement degrees of
freedom per node based on the finite rotation first-order multilayered shell theory. The proposed formulation is based on the new objective non-
linear strain–displacement relationships, which are invariant under arbitrarily large rigid-body motions. To improve a non-linear shell response,
the modified assumed natural strain method is applied. This enhanced non-linear solid-shell element formulation allows using coarser meshes.
To avoid shear and membrane locking and have no spurious zero energy modes, the assumed strain and stress resultant fields are invoked. In
order to circumvent thickness locking, the ad hoc modified laminate constitutive stiffness matrix corresponding to the generalized plane stress
condition is employed. The fundamental unknowns consist of six displacements and nine strains of the face and middle surfaces of the shell,
and nine conjugate stress resultants. For the analytical description of surface geometry, an effective numerical algorithm of smoothing the data
by cubic spline functions developed by the first author as early as 1981 is used. To demonstrate the efficiency and accuracy of the developed
non-linear geometrically exact solid-shell element and to compare its performance with isoparametric elements, extensive numerical studies
are presented.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, a considerable work has been carried out on
three-dimensional (3D) continuum-based non-linear finite ele-
ments that can handle thin shell analyses satisfactorily. These
elements are typically defined by two layers of nodes at the
bottom and top surfaces of the shell with three displacement
degrees of freedom per node and known as isoparametric solid-
shell elements [1–10]. In the isoparametric solid-shell element
formulation, initial and deformed geometry are equally inter-
polated allowing one to describe rigid-body motions precisely.
The development of solid-shell elements is not straightforward
[11]. In order to overcome element deficiencies such as shear,
membrane, trapezoidal and thickness locking, advanced finite

∗ Corresponding author. Tel.: +7 475 253 2017; fax: +7 475 271 0216.
E-mail addresses: kulikov@apmath.tstu.ru, gmkulikov@mail.ru

(G.M. Kulikov).
URL: http://apm.tstu.ru/kulikov.

0168-874X/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.finel.2006.11.003

element techniques including assumed natural strain (ANS), hy-
brid strain, enhanced assumed strain and hybrid stress methods
have been applied. Still, the isoparametric solid-shell element
formulation is computationally inefficient because stresses and
strains are analyzed in the global and local orthogonal Carte-
sian coordinate systems, although the normalized element co-
ordinates represent already curvilinear convective coordinates.

An alternative way is to develop the non-linear geometrically
exact solid-shell elements based on the curvilinear reference
surface coordinates that finds its point of departure in papers
[12–16]. The term “geometrically exact” reflects the fact that
reference surface geometry is described by analytically given
functions. Such elements are very promising due to the fact that
in the geometric modeling of modern CAD systems the sur-
faces are usually generated by non-uniform rational B-splines
(NURBS) [17,18]. Allowing for that surfaces are convention-
ally produced by the position vector with representation of
two parameters, we can connect the geometric modeling of
the shell surface, generated in the CAD system, to the finite
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element analysis of shell structures. So, it is advantageous to use
NURBS shell surface functions directly in the shell calculations
and geometrically exact solid-shell elements are best suited for
this purpose. They also have the two-parameter representation
in surfaces and all geometric computations may be done in the
reference surface using NURBS surface representations in the
CAD system.

The solid-shell element formulation developed is based on
the new non-linear strain–displacement relationships of the
first-order six-parameter shell theory. It is remarkable that these
strain–displacement relationships precisely represent arbitrarily
large rigid-body motions and no assumptions except for stan-
dard Timoshenko–Mindlin kinematics are required to derive
them. For this purpose displacement vectors of the bottom and
top surfaces of the shell are introduced but resolved, in contrast
with the isoparametric solid-shell element formulation [1–10],
in the reference surface frame. One can compare the proposed
non-linear shell formulation with the finite element formula-
tion of Simo et al. [2], where geometrically exact solid-shell
elements have been also developed but displacement vectors
are resolved in the global Cartesian basis. Therefore, Christof-
fel symbols and coefficients of the second fundamental form do
not explicitly appear in the formulation. This restriction does
not give an opportunity to employ the above NURBS surface
function technique directly.

The finite element formulation is based on the simple and
efficient approximation of shells via four-node curved shell
elements. To avoid shear and membrane locking and have no
spurious zero energy modes, the assumed strain and stress
resultant fields are invoked. This approach was proposed by
Wempner et al. [19] for the linear shear deformation shell the-
ory and further was extended by Kulikov and Plotnikova to the
geometrically non-linear Timoshenko beam [12], Mindlin plate
[13] and Timoshenko–Mindlin shell [14,15] theories allowing
for the thickness change. It is known that a six-parameter shell
formulation on the basis of the complete 3D constitutive equa-
tions is deficient because thickness locking can occur [11]. To
prevent thickness locking at the finite element level the en-
hanced assumed strain method [3,4] can be applied. In order to
circumvent a locking phenomenon at both the mechanical and
computational levels, the 3D constitutive equations have to be
modified. For this purpose the ad hoc modified laminate con-
stitutive stiffness matrix [1,6,20,21], corresponding to the gen-
eralized plane stress condition, may be employed. Herein, the
second remedy is introduced into the solid-shell formulation.

In the present work compared to earlier authors’ shell devel-
opments a less number of fundamental unknowns are chosen.
This allowed us to elaborate the more robust numerical algo-
rithm. The unknowns consist of six displacements of the bottom
and top surfaces of the shell, and nine assumed strains of the
face and middle surfaces, and nine conjugate stress resultants
instead of 11 assumed strains and 11 stress resultants adopted
in [14–16]. Therefore, for deriving element characteristic ar-
rays the Hu–Washizu variational principle has to be applied.
The developed formulation is free of assumptions of small dis-
placements, small rotations and small loading steps because it
is based on the objective fully non-linear strain–displacement

equations. There exists only one limitation that a loading step
cannot be too large. This restriction arises in the case of using
the Newton–Raphson method, since the iteration process can be
diverged due to an escape of the initial guess (a result of solv-
ing the geometrically linear problem) from Newton’s attractive
area. Besides, due to the fact that no rotational degrees of free-
dom (DOF) are introduced, the proposed geometrically exact
assumed stress–strain solid-shell element formulation permits,
as [6,10,22], to use much larger load increments compared to
conventional displacement-based finite element formulations.

The paper focuses on the enhanced non-linear solid-shell
formulation through using the ANS method. The main idea of
such formulation can be traced back to the ANS method [23,24]
developed by many investigators for the linear and non-linear
displacement, mixed and hybrid isoparametric finite element
formulations [2,5,7,8,10,25,26]. In contrast with above inves-
tigations, we treat the term “ANS method” in the broad sense
[12,16]. In our formulation all in-plane and transverse compo-
nents of the natural strain tensor are assumed to vary bilinearly
inside the element. Thus, no expected biquadratic interpola-
tion typical for the non-linear four-node solid-shell element is
used. The advantages of the proposed non-linear finite element
formulation for coarse meshes are discussed in all benchmark
problems.

2. Geometry and kinematic description of shell

Consider a shell built up in the general case by the arbitrary
superposition across the wall thickness of N thin layers of the
thickness hk . The kth layer may be defined as a 3D body of
volume Vk bounded by two surfaces Sk−1 and Sk , located at the
distances dk−1 and dk measured with respect to the reference
surface S, and the edge boundary surface �k as shown in Figs. 1
and 2. The full edge boundary surface �=�1+�2+· · ·+�N is
generated by normals to the reference surface along the bound-
ing curve � ⊂ S. The reference surface is assumed to be con-
tinuous, sufficiently smooth and without any singularities. One
can see in Fig. 3 that no serious limitation is introduced invok-
ing this assumption because in the case of the robust choice of
the reference surface we are able to model shell intersections
and to describe shell edges of the general configuration prop-
erly. Let the reference surface S be referred to the orthogonal
curvilinear coordinates �1 and �2, which are referred to the lines
of principal curvatures of its surface. It is also supposed that
the �3-coordinate is oriented along the unit vector a3 = e3 nor-
mal to the reference surface; a� =A�e� are the basis vectors of
the reference surface S; g±

� =A±
� e� are the basis vectors of the

bottom surface S− = S0 and top surface S+ = SN ; gM
� = AM

� e�
are the basis vectors of the midsurface SM; e� are the tangent
unit vectors to the lines of principal curvatures of the reference
surface; A�, A±

� and AM
� are the Lamé coefficients of corre-

sponding surfaces defined as

A±
� = A��

±
� , AM

� = A��
M
� ,

�±
� = 1 + k�d

±, �M
� = 1 + k�d

M,

dM = (d− + d+)/2, d− = d0, d+ = dN , (1)
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Fig. 1. Multilayered shell element.

where dM is the distance from the reference surface to the
midsurface; k� are the principal curvatures of the reference
surface.

The constituent layers of the shell are supposed to be rigidly
joined, so that no slip on contact surfaces and no separation of
layers can occur. The material of each layer is assumed to be
linearly elastic, anisotropic, homogeneous or fiber-reinforced,
such that in each point there is a single surface of elastic sym-
metry parallel to the reference surface. Let p−

i and p+
i be the

Fig. 2. Geometry and kinematics of shell.

components of the external loading vectors p− and p+ acting
on the bottom and top surfaces in the reference surface frame
ei ; q(k) = q

(k)
� � + q

(k)
t t + q

(k)
3 e3 be the external loading vector

acting on the edge boundary surface �k , where q
(k)
� , q

(k)
t and

q
(k)
3 are the components of its vector in the surface frame �, t

and e3; � and t are the normal and tangential unit vectors to the
bounding curve �. Here and in the following developments the
index k identifies the belonging of any quantity to the kth layer
and runs from 1 to N; the abbreviation ( ),� implies the partial
derivatives with respect to coordinates �1 and �2; indices i, j

take the values 1, 2 and 3 while indices �, �, � take the values
1 and 2.

The position vector x of the arbitrary point in the shell body
can be expressed as

x = N−x− + N+x+, (2a)

x± = xR + d±e3, (2b)

N− = 1

h
(dN − �3), N+ = 1

h
(�3 − d0), (2c)

where xR(�1, �2) is the position vector of the reference surface;
x± are the position vectors of the bottom and top surfaces;
N±(�3) are the linear through-thickness shape functions of the
shell; h is the thickness of the shell.

The first-order shell theory is based on the linear approxi-
mation of displacements in the thickness direction according to
Timoshenko–Mindlin kinematics [27]:

x̂ = N−x̂− + N+x̂+, (3a)

x̂± = x± + u±, (3b)

where x̂ and x̂± are the position vectors of points in the
shell body in its current configuration; u±(�1, �2) are the
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Fig. 3. On the choice of reference surface S.

displacement vectors of the face surfaces defined as

u± =
∑

i

u±
i ei . (4)

It should be emphasized that displacement vectors are resolved
in the reference surface frame ei . This gives us an opportunity to
reduce the costly numerical integration by deriving the stiffness
matrix because such a displacement presentation permits to
implement the 3D analytical integration [28].

3. Strain–displacement relationships

The components of the Green–Lagrange strain tensor of
the finite rotation first-order shell theory can be written as
follows [28]:

	�� = L−	−�� + LM	M
�� + L+	+��, (5a)

	�3 = N−	−�3 + N+	+�3, (5b)

	33 = 	̄33, (5c)

L− = N−(N− − N+), LM = 4 N−N+,

L+ = N+(N+ − N−), (5d)

where L±(�3) and LM(�3) are the quadratic through-thickness
shape functions of the shell; 	±�� and 	±�3 are the in-plane and

transverse shear strains of the bottom and top surfaces; 	M
�� are

the in-plane strains of the midsurface defined as

2	I
�� = 1

A�A�
(ĝI

� · ĝI
� − gI

� · gI
�)

= �I
�

A�
uI

,� · e� + �I
�

A�
uI

,� · e� + 1

A�A�
uI

,� · uI
,�, (6a)

2	±�3 = 1

A�
(ĝ±

� · â3 − g±
� · a3)

= �±
� � · e� + 1

A�
u±

,� · (e3 + �), (6b)

2	̄33 = â3 · â3 − a3 · a3 = 2� · (e3 + 1
2�), (6c)

since the basis vectors in the current shell configuration are

ĝI
� = x̂I

,� = gI
� + uI

,�, (I = −, M, +), â3 = a3 + �, (7)

uM = 1

2
(u− + u+), � = 1

h
(u+ − u−), (8)

where uM is the displacement vector of the midsurface. It is re-
markable that strain–displacement relationships (5) and (6) are
objective, i.e., invariant under arbitrarily large rigid-body mo-
tions. A proof of this statement can be found in [28]. Note also
that no assumptions except for Timoshenko–Mindlin kinemat-
ics are required to derive them.

The strain terms (5a) quadratic in �3 can be neglected be-
cause of their minor significance in most shell problems. As
concerns transverse shear strains (5b), they are considered to
be constant in the thickness direction. It is a standard practice
in the finite element literature. It should be mentioned that the
second assumption is slightly deficient, since some difficulties
concerning the implementation of boundary conditions of the
hard type may be met. This implies, in particular, that only five
of the six strain compatibility equations of the 3D elasticity
theory [29] are fulfilled in the case of using a four-node solid-
plate element [30]. Nevertheless, we employ these strains in
the finite element formulation because of their simplicity

	�� = N−	−�� + N+	+��, (9a)

	�3 = 	̄�3, (9b)

	33 = 	̄33, (9c)

where 	̄�3 are the transverse shear strains of the midsurface,
which can be expressed according to (1) and (7) in a form

2	̄�3 = 1

A�
(ĝM

� · â3 − gM
� · a3)

= �M
� � · e� + 1

A�
uM

,� · (e3 + �). (10)

Remark 1. In the earlier authors’ solid-shell formulation
[14–16] instead of (9b) the more general strain distribution
(5b) was used. As a result, transverse components of the
Green–Lagrange strain tensor (6b) and (6c) satisfy the follow-
ing coupling conditions:

2(	+�3 − 	−�3) = 1

A�
h	̄33,�. (11)

A proof of this relation is given in [16]. The advantage of
strain–displacement relationships (5b), (9a) and (9c) is that all
six compatibility equations of the 3D elasticity theory are car-
ried out exactly for all types of solid-plate elements [30]. At
the same time the implementation of these relationships for the
mixed/hybrid solid-shell elements yields an inclusion addition-
ally of two assumed strains and/or two stress resultants into a
set of fundamental unknowns.

Further we represent strain–displacement relations (6) and
(10) in a scalar form. Taking into account formulae for the
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derivatives of unit vectors ei with respect to the orthogonal
curvilinear coordinates �1 and �2 [31]

1

A�
e�,� = −B��e� − k�e3,

1

A�
e�,� = B��e� for � �= �,

(12)

1

A�
e3,� = k�e�, B�� = 1

A�A�
A�,�,

one can write these relations as follows:

	±�� = e±
�� + 
±

��, 	̄�3 = ē�3 + 
̄�3, 	̄33 = ē33 + 
̄33, (13a)

e±
�� = �±

� �±
� , 2e±

12 = �±
2 �±

1 + �±
1 �±

2 , 2ē�3 = �M
� �� − M

� ,

ē33 = �3, (13b)


±
�� = 1

2 [(�±
� )2 + (�±

� )2 + (±
� )2],

2
±
12 = �±

1 �±
2 + �±

2 �±
1 + ±

1 ±
2 ,

2
̄�3 = ���
M
� + ���

M
� − �3

M
� for � �= �,


̄33 = 1
2 (�2

1 + �2
2 + �2

3), (13c)

where

�I
� =

(
1

A�
uI

�

)
,�

+ B��u
I
� + B��uI

� + k�u
I
3 for � �= �,

�I
� =

(
1

A�
uI

�

)
,�

+ B��u
I
� − B��uI

� for � �= �,

I
� = −

(
1

A�
uI

3

)
,�

− B��u
I
3 + k�u

I
�,

uM
i = 1

2
(u−

i + u+
i ), �i = 1

h
(u+

i − u−
i ), (14)

where the superscript I =−, M, +. It should be mentioned that
derivatives in relations (14) have been written in a form that
is best suited for applying the analytical integration inside the
element.

4. Hu–Washizu variational equation

The finite rotation first-order shell theory developed is based
on the assumed approximations of displacements (3) and
displacement-dependent strains (9) in the thickness direction.
Additionally, for the better computational efficiency we adopt
the similar approximation for the displacement-independent
strains

	AS
�� = N−E−

�� + N+E+
��, (15a)

	AS
�3 = E�3, (15b)

	AS
33 = E33. (15c)

Substituting approximations (3), (9) and (15) into the 3D
Hu–Washizu variational principle and accounting for that met-
rics of all surfaces parallel to the reference surface are identical

and equal to the metric of the midsurface, one can derive∫ ∫
S

[(H − DE)T�E + (E − E)T�H − HT�E + PT�v]

× AM
1 AM

2 d�1 d�2 +
∮

�
ĤT

��v�(1 + kNdM) ds = 0. (16)

Here, matrix notations are introduced

v = [u−
1 u+

1 u−
2 u+

2 u−
3 u+

3 ]T,

v� = [u−
� u+

� u−
t u+

t u−
3 u+

3 ]T,

E = [	−11 	+11 	−22 	+22 2	−12 2	+12 2	̄13 2	̄23 	̄33]T,

E = [E−
11 E+

11 E−
22 E+

22 2E−
12 2E+

12 2E13 2E23 E33]T,

H = [H−
11 H+

11 H−
22 H+

22 H−
12 H+

12 H13 H23 H33]T,

Ĥ� = [Ĥ−
�� Ĥ+

�� Ĥ−
�t Ĥ+

�t Ĥ−
�3 Ĥ+

�3]T,

P = [−p−
1 p+

1 − p−
2 p+

2 − p−
3 p+

3 ]T, (17)

where D is the ad hoc modified laminate constitutive stiffness
matrix corresponding to the generalized plane stress condition
[6,20], whose components are defined according to [21], in
order to overcome thickness locking; u±

� , u±
t and u±

3 are the
components of the displacement vectors of the face surfaces in
the coordinate system �, t and �3 (Fig. 1); kN is the normal
curvature of the bounding curve �; H±

�� and Hi3 are the stress

resultants; Ĥ±
��, Ĥ±

�t and Ĥ±
�3 are the external load resultants

given by

H±
�� =

∑
k

∫ dk

dk−1

S
(k)

�� N± d�3, Hi3 =
∑

k

∫ dk

dk−1

S
(k)
i3 d�3,

Ĥ±
�æ =

∑
k

∫ dk

dk−1

q(k)
æ N± d�3 (æ = �, t and 3), (18)

where S
(k)
ij are the components of the second Piola–Kirchhoff

stress tensor of the kth layer.

5. Finite element formulation

The mixed variational equation (16) for the shell element,
depicted in Fig. 4, can be written as

∫ 1

−1

∫ 1

−1
[�ET(H − DE) + �HT(E − E) − �ETH + �vTP]

× Ae�
1 Ae�

2 �M
1 �M

2 d�1 d�2

+
∮

�e�
�vT

�Ĥ�(1 + kNdM) ds = 0, (19)

where Ae�
� = A��

e�
� are the Lamé coefficients of the reference

surface of the element Se�; �� = (�� − ce�
� )/�e�

� are the curvi-
linear normalized coordinates (natural coordinates in our shell
formulation); ce�

� = (�−e�
� + �+e�

� )/2 are the coordinates of the
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Fig. 4. Four-node curved solid-shell element.

center of the element; 2�e�
� =�+e�

� −�−e�
� are the lengths of the

element.

5.1. Assumed stress–strain formulation

For the simplest four-node curved solid-shell element the
displacement field is approximated according to the standard
C0 interpolation

v =
∑

r

Nrvr , vr = [u−
1r u+

1r u−
2r u+

2r u−
3r u+

3r ]T (20)

or

v =
∑
r1,r2

�r1
1 �r2

2 vr1r2 ,

v00 = 1
4 (v1 + v2 + v3 + v4), v10 = 1

4 (v1 − v2 − v3 + v4),

v01 = 1
4 (v1 + v2 − v3 − v4),

v11 = 1
4 (v1 − v2 + v3 − v4), (21)

where vr are the displacement vectors of the element nodes;
Nr(�1, �2) are the bilinear shape functions of the element; the
index r denotes a number of nodes and ranges from 1 to 4 and
throughout this section superscripts r1, r2, r3 and r4 take the
values 0 and 1. The surface traction vector is also assumed to
vary bilinearly inside the element.

Using (21) in relations (13) and (14) leads to the biquadratic
interpolation for displacement-dependent strains

E =
∑
s1,s2

�s1
1 �s2

2 Es1s2 , (22a)

Es1s2 = [	−s1s2
11 	+s1s2

11 	−s1s2
22 	+s1s2

22 2	−s1s2
12 2	+s1s2

12 2	̄s1s2
13

2	̄s1s2
23 	̄s1s2

33 ]T, (22b)

where

	±s1s2
�� = e

±s1s2
�� + 
±s1s2

�� , 	̄s1s2
i3 = ē

s1s2
i3 + 
̄s1s2

i3 , (23a)

e±r1r2
�� = {�±

� }00�±r1r2
� ,

2e
±r1r2
12 = {�±

2 }00�±r1r2
1 + {�±

1 }00�±r1r2
2 , (23b)

2ē
r1r2
�3 = {�M

� }00�r1r2
� − Mr1r2

� , ē
r1r2
33 = �r1r2

3 ,

e
±s1s2
�� = 0 and ē

s1s2
i3 = 0 for s1 = 2 or s2 = 2,


±s1s2
�� = 1

2

∑
r1+r3=s1
r2+r4=s2

(�±r1r2
� �±r3r4

� + �±r1r2
� �±r3r4

�

+ ±r1r2
� ±r3r4

� ),

2
±s1s2
12 =

∑
r1+r3=s1
r2+r4=s2

(�±r1r2
1 �±r3r4

2 + �±r1r2
2 �±r3r4

1

+ ±r1r2
1 ±r3r4

2 ),

2
̄s1s2
�3 =

∑
r1+r3=s1
r2+r4=s2

(�r1r2
� �Mr3r4

� + �r1r2
� �Mr3r4

� − �r1r2
3 Mr3r4

� )

for � �= �,


̄s1s2
33 = 1

2

∑
r1+r3=s1
r2+r4=s2

(�r1r2
1 �r3r4

1 + �r1r2
2 �r3r4

2

+ �r1r2
3 �r3r4

3 ), (23c)

where

�Ir1r2
� =

{
1

Ae�
�

uI
�

}r1r2

�
+ {Be�

��u
I
� + Be�

��uI
� + k�u

I
3}r1r2

for � �= �,

�Ir1r2
� =

{
1

Ae�
�

uI
�

}r1r2

�
+ {Be�

��u
I
� − Be�

��uI
�}r1r2 for � �= �,

Ir1r2
� = −

{
1

Ae�
�

uI
3

}r1r2

�
+ {−Be�

��u
I
3 + k�u

I
�}r1r2

(I = −, M, +),

�r1r2
i = 1

h
{u+

i − u−
i }r1r2 . (24)

In Eqs. (22) and (23) the superscripts s1 and s2 run from 0
to 2, and in accordance with (21) and Fig. 4 convenient mesh
notations [16] are employed

{f }00 = 1
4 [f (P1) + f (P2) + f (P3) + f (P4)],

{f }10 = 1
4 [f (P1) − f (P2) − f (P3) + f (P4)],

{f }01 = 1
4 [f (P1) + f (P2) − f (P3) − f (P4)],

{f }11 = 1
4 [f (P1) − f (P2) + f (P3) − f (P4)],

{f }00
1 = {f }10, {f }01

1 = {f }11, {f }10
1 = {f }11

1 = 0,

{f }00
2 = {f }01, {f }10

2 = {f }11, {f }01
2 = {f }11

2 = 0, (25)

where Pr are the nodal points of the element. Note also that
derivatives from (14) are evaluated by means of a simple
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scheme as(
1

Ae�
1

uI
i

)
,1

=
{

1

Ae�
1

uI
i

}10

+ �2

{
1

Ae�
1

uI
i

}11

,

(
1

Ae�
2

uI
i

)
,2

=
{

1

Ae�
2

uI
i

}01

+ �1

{
1

Ae�
2

uI
i

}11

. (26)

Further we represent strain–displacement relationships (23) in
a matrix form:

Es1s2 = (Bs1s2 + As1s2 V)V, V = [vT
1 vT

2 vT
3 vT

4 ]T, (27)

where V is the displacement vector at nodal points of the ele-
ment; Bs1s2 are the constant matrices of order 9 × 24 cor-
responding to the linear strain–displacement transformation
(23b) such that Bs1s2 = 0 for s1 = 2 or s2 = 2; As1s2 are the
constant 3D arrays of order 9 × 24 × 24 corresponding to the
non-linear strain–displacement transformation (23c); As1s2 V
are the matrices of order 9 × 24 and HAs1s2 are the symmet-
ric matrices of order 24 × 24 to be introduced later, whose
components are defined as

(As1s2 V)n1n2 =
∑
n3

As1s2
n1n2n3

Vn3 ,

(HAs1s2)n2n3 =
∑
n1

Hn1A
s1s2
n1n2n3

,

As1s2
n1n2n3

= As1s2
n1n3n2

(n1 = 1, 9 and n2, n3 = 1, 24). (28)

From (28) follows the noteworthy transformation

(As1s2 V)TH = (HAs1s2)V (29)

to be used in Section 5.3 for evaluating the elemental stiffness
matrix.

To avoid shear and membrane locking and have no spuri-
ous zero energy modes, the assumed displacement-independent
strain and stress resultant fields inside the element are intro-
duced

E =
∑
r1,r2

�r1
1 �r2

2 Qr1r2 Er1r2 ,

E00 = [E−00
11 E+00

11 E−00
22 E+00

22 2E−00
12 2E+00

12 2E00
13 2E00

23

E00
33 ]T,

E01 = [E−01
11 E+01

11 2E01
13 E01

33 ]T,

E10 = [E−10
22 E+10

22 2E10
23 E10

33 ]T, E11 = [E11
33 ], (30a)

H =
∑
r1,r2

�r1
1 �r2

2 Qr1r2 Hr1r2 ,

H00 = [H−00
11 H+00

11 H−00
22 H+00

22 H−00
12 H+00

12 H 00
13 H 00

23

H 00
33 ]T,

H01 = [H−01
11 H+01

11 H 01
13 H 01

33 ]T,

H10 = [H−10
22 H+10

22 H 10
23 H 10

33 ]T, H11 = [H 11
33 ], (30b)

Q01 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Q10 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Q11 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (31)

where Q00 is the identity matrix of order 9 × 9; E00 and H00

are the vectors of homogeneous states of the assumed strains
and stress resultants; E01, E10, E11 and H01, H10, H11 are the
vectors of higher approximation modes.

Note that this approach may be treated as an assumed
stress–strain formulation and was proposed by Wempner
et al. [19] for the linear shear deformation shell theory with-
out the thickness change. Further developments for the ge-
ometrically non-linear Timoshenko beam, Mindlin plate and
Timoshenko–Mindlin shell theories with thickness changes can
be found in [12–16], where, as already mentioned, the more
expensive finite element formulation has been developed. This
is due to the fact that transverse shear displacement-dependent
and -independent strains [15,16] are distributed through the
thickness, in contrast with the present formulation, according
to the linear law (see Remark 1).

Substituting approximations (20), (22), (27) and (30) into
the mixed variational equation (19) and integrating analyti-
cally inside the element, one obtains governing equations of the
developed finite element formulation

Er1r2 = (Qr1r2)T(Br1r2 + Rr1r2 V)V, (32a)

Hr1r2 = (Qr1r2)TDQr1r2 Er1r2 , (32b)∑
r1,r2

1

3r1+r2
(Br1r2 + 2Rr1r2 V)TQr1r2 Hr1r2 = F, (32c)

where F is the element-wise surface force vector; Rr1r2 are the
3D arrays of order 9 × 24 × 24 defined as

R00 = A00 + 1
3 A02 + 1

3 A20 + 1
9 A22, R10 = A10 + 1

3 A12,

R01 = A01 + 1
3 A21, R11 = A11. (33)

During the analytical integration we have supposed that a prod-
uct

Ae�
1 Ae�

2 �M
1 �M

2 = {Ae�
1 Ae�

2 �M
1 �M

2 }00, (34)

that is, it does not vary inside the element.
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5.2. Modified ANS formulation

It is important that a described geometrically exact four-node
solid-shell element is too stiff in the case of using coarse meshes
and some additional numerical procedure needs to be applied.
The best solution of the problem is to employ the modified ANS
method [12]. The main idea of such approach can be traced back
to the ANS method [23,24] developed by many scientists for the
linear and non-linear displacement, hybrid and mixed isopara-
metric finite element formulations [2,5,7,8,10,25,26]. In con-
trast with above formulations, we treat the term “ANS method”
in the broad sense. In our formulation all in-plane and trans-
verse components of the natural strain tensor are assumed to
vary bilinearly inside the element. This implies that instead of
the expected biquadratic interpolation (22) the more suitable
ANS interpolation will be used.

So, to improve a geometrically non-linear response of the
shell, we interpolate the displacement-dependent strains inside
the element as follows:

EANS =
∑

r

NrEr , (35)

where Er are the displacement-dependent strain vectors of the
element nodes whose components are calculated according to
(22)–(24). However, it is more convenient to rewrite the adopted
ANS interpolation using a notation (22b) in the following form:

EANS = E00 + E02 + E20 + E22 + �1(E
10 + E12)

+ �2(E
01 + E21) + �1�2E

11. (36)

Substituting approximations (20), (30) and (36) into the vari-
ational equation (19) and allowing for (27), one derives finite
element equations (32), where instead of 3D arrays (33) the
following 3D arrays should be used:

R00 = A00 + A02 + A20 + A22, R10 = A10 + A12,

R01 = A01 + A21, R11 = A11. (37)

Comparing (33) and (37) one can observe that all corresponding
arrays differ in multipliers 1

3 and 1
9 . Therefore, no complication

is involved into the finite element formulation employing the
modified ANS method.

Remark 2. There is a special case of the modified ANS
method, when only three transverse components of the natural
strain tensor are interpolated, that is,

	̄ANS
i3 = 	̄00

i3 + 	̄02
i3 + 	̄20

i3 + 	̄22
i3 + �1(	̄

10
i3 + 	̄12

i3 )

+ �2(	̄
01
i3 + 	̄21

i3 ) + �1�2	̄
11
i3 . (38)

Remark 3. In order to circumvent curvature thickness locking
for the non-linear isoparametric four-node solid-shell element,
Betsch and Stein [7] proposed to apply a bilinear interpola-
tion (35) for the transverse normal strain 	̄33. It is apparent that
curvature thickness locking is not related to the geometrically
exact four-node solid-shell element because it can handle ar-
bitrary geometry of surfaces properly. We advocate the use of

the modified ANS method (35) for all components of the natural
strain tensor to improve the non-linear response of the thin shell
in the case of coarse meshes.

5.3. Incremental total Lagrangian formulation

Up to this moment, no incremental arguments are needed
in the total Lagrangian formulation. The incremental displace-
ments, strains and stress resultants are needed for solving non-
linear equations (32) on the basis of the Newton–Raphson
method. Further, the left superscripts t and t + �t indicate in
which configuration at time t or time t + �t a quantity occurs.
Then, in accordance with this agreement we have

t+�tV=tV + �V, t+�tF=tF + �F,
t+�tEr1r2=tEr1r2 + �Er1r2 ,
t+�tHr1r2=tHr1r2 + �Hr1r2 , (39)

where �V, �F, �Er1r2 and �Hr1r2 are the incremental vari-
ables.

Substituting (39) into the governing equations (31) and tak-
ing into account that external loads and second Piola–Kirchhoff
stresses constitute the self-equilibrated system in a configura-
tion at time t, one can obtain the incremental equations

�Er1r2 = (Qr1r2)T(tMr1r2 + Rr1r2�V)�V, (40a)

�Hr1r2 = D
r1r2�Er1r2 , (40b)

∑
r1,r2

1

3r1+r2
[2(Rr1r2�V)TQr1r2 tHr1r2

+ (tMr1r2 + 2Rr1r2�V)TQr1r2�Hr1r2 ] = �F. (40c)

Here and in the following developments matrix notations are
used

D̄r1r2 = (Qr1r2)TDQr1r2 , Dr1r2 = Qr1r2 D̄r1r2(Qr1r2)T,
tMr1r2 = Br1r2 + 2Rr1r2 tV. (41)

Due to existence of non-linear terms in incremental equa-
tions (40), the Newton–Raphson iteration process should be
employed:

�V[n+1] = �V[n] + �V[n],
�Er1r2[n+1] = �Er1r2[n] + �Ir1r2[n],

�Hr1r2[n+1] = �Hr1r2[n] + �Hr1r2[n] (n = 0, 1, . . .). (42)

As a result, we have

�Ir1r2[n] − (Qr1r2)T tLr1r2[n]�V[n]

= (Qr1r2)T(tLr1r2[n] − Rr1r2�V[n])�V[n] − �Er1r2[n],
(43a)

�Hr1r2[n] − D̄r1r2�Ir1r2[n] = D̄r1r2�Er1r2[n] − �Hr1r2[n],
(43b)
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∑
r1,r2

1

3r1+r2
[2(Rr1r2�V[n])TQr1r2(tHr1r2 + �Hr1r2[n])

+ (tLr1r2[n])TQr1r2�Hr1r2[n]]
= �F −

∑
r1,r2

1

3r1+r2
[2(Rr1r2�V[n])TQr1r2 tHr1r2

+ (tLr1r2[n])TQr1r2�Hr1r2[n]], (43c)

where

tLr1r2[n] = Br1r2 + 2Rr1r2(tV + �V[n])
= tMr1r2 + 2Rr1r2�V[n]. (44)

Eliminating incremental strains �Ir1r2[n] and stress resul-
tants �Hr1r2[n] from (43) and taking into account the transfor-
mation (29), one derives a system of linear equations

K�V[n] = �F[n], (45)

where

�F[n] = �F −
∑
r1,r2

1

3r1+r2
[(tLr1r2[n])TDr1r2

× (tLr1r2[n] − Rr1r2�V[n])
+ 2(Qr1r2 tHr1r2)Rr1r2 ]�V[n] (46)

and K = KD + KH denotes the elemental stiffness matrix
defined as

KD =
∑
r1,r2

1

3r1+r2
(tLr1r2[n])TDr1r2 tLr1r2[n], (47a)

KH = 2
∑
r1,r2

1

3r1+r2
(Qr1r2 tHr1r2 + Qr1r2�Hr1r2[n])Rr1r2 . (47b)

Finally, we present a formula that is used in (47b) for the
computation of incremental stress resultants at the nth iteration
step:

Qr1r2�Hr1r2[n] = Dr1r2 [(tMr1r2 + 2Rr1r2�V[n−1])�V[n]

− (Rr1r2�V[n−1])�V[n−1]]. (48)

This formula holds for n�1 while at the beginning of the first
iteration one should set

�V[0] = 0 and �Hr1r2[0] = 0. (49)

Remark 4. The element stiffness matrix possesses a correct
rank because 18 assumed strain parameters are adopted accord-
ing to (30a). It is worth noting that elemental matrices (47)
require only direct substitutions, i.e., no inversion is needed
to derive them. Furthermore, they are evaluated by using the
analytical integration.

The equilibrium equations (45)–(47) for each element are
assembled by the usual technique to form the global incremen-
tal equilibrium equations. These incremental equations should
be performed until the required accuracy of the solution can
be obtained. Herein, two convergence criteria are employed to

Table 1
Listing of non-linear solid-shell elements

Name Description

GEX4 Geometrically exact assumed stress–strain four-node solid-shell
element developed

GEX4A3 GEX4 element on the basis of the incomplete ANS method
according to Eq. (38)

GEX4A6 GEX4 element on the basis of the complete ANS method
according to Eq. (36)

ISO4 Isoparametric assumed stress four-node solid-shell element
with seven displacement degrees of freedom [9]

ISO4AT Isoparametric assumed stress four-node solid-shell element on
the basis of the conventional ANS method using the total
Lagrangian framework [10]

ISO4AU Isoparametric assumed stress four-node solid-shell element on
the basis of the conventional ANS method using the updated
Lagrangian framework [10]

ISO8 Isoparametric displacement-based eight-node solid-shell ele-
ment with a reduced integration [4]

ISO9 Isoparametric assumed strain nine-node solid-shell element [6]

a b

4,10,3.0,102.1,4.0,30,40 48 ==ν =×==== ffPEhba  

Fig. 5. Cantilever plate under concentrated loads at one corner: (a) geometry
and (b) deformed configurations (modeled by 8 × 6 mesh).

describe more carefully high potential of the proposed finite
element formulation, namely,

‖�U[n+1] − �U[n]‖ < 	‖�U[n]‖ (50)

and

‖r[n]‖ < 	‖r[0]‖, (51)

where ‖•‖ stands for the Euclidean norm; �U is the global
vector of displacement increments; r is the residual vector; 	 is
the prescribed tolerance.

6. Benchmark problems

The performance of the proposed geometrically exact solid-
shell elements is evaluated with several discriminating prob-
lems extracted from the literature. A listing of these elements
and the abbreviations used to identify them are contained in
Table 1. All our results are compared with those based, as a rule,
on using identical node spacing and the same convergence cri-
terion and tolerance. Besides, NStep denotes a number of load
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Table 2
Midplane displacements at loaded corner of cantilever plate using 32 × 24 mesh and residual criterion (51) with tolerance of 10−9

Element NStep = 1 NStep = 5 NStep = 10

uM
1 uM

3 NIter uM
1 uM

3 NIter uM
1 uM

3 NIter

GEX4 12.111 26.362 7 12.111 26.362 23 12.111 26.362 41
GEX4A3 12.122 26.375 7 12.122 26.375 23 12.122 26.375 41
GEX4A6 12.121 26.374 7 12.121 26.374 23 12.121 26.374 41
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Fig. 6. Convergence study due to mesh refinement for cantilever plate, where
reference solution is provided by 64 × 48 mesh of GEX4A6 elements.

steps employed to equally divide the maximum load, whereas
NIter stands for a total number of iterations.

The computations were performed on a standard PC Pentium
IV using Delphi environment. Note also that all three geomet-
rically exact elements developed are insensitive to a number of
loading steps.

6.1. Cantilever plate under concentrated loads at one corner

Consider a cantilever isotropic plate subjected at one corner
to two conservative transverse forces, acting on the outer planes,
as shown in Fig. 5. Such an example has been chosen in order to
give one an opportunity to compare geometrically exact solid-
shell elements developed with existing isoparametric solid-shell
elements. This is due to the simple fact that for the flat plate
the proposed analytical integration schemes (23), (24) and (34)
yield the exact integration because geometrical parameters A1=
A2 = 1 and k1 = k2 = 0. As a result only polynomials of the
natural coordinates are integrated.

Table 2 lists midplane displacements at the loaded corner.
It is seen that predictions of all geometrically exact elements
for a fine mesh are very close and insensitive to a number
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Ref. [32] 
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u

Fig. 7. Midplane displacements under applied loads of cantilever plate (mod-
eled by 8 × 6 mesh).

of loading steps but ANS elements are slightly less stiff than
the GEX4 element. At the same time, as can be observed in
Fig. 6, using coarse meshes leads to a poor performance of the
GEX4 element. Additionally, Fig. 7 presents load–displacement
curves and a comparison with results reported in [32] employ-
ing a finite element formulation with five DOFs per node and
five equal load increments. It should be mentioned that con-
verged solutions for our elements can be easily achieved by
using only one load step and further loading is possible for
all reasonable levels of loading including P = 4 × 105 and
more.

6.2. Pinched hemispherical shell

To investigate the capability of the proposed geometrically
exact elements to model the inextensional bending and rigid-
body motions in the case of the exact surface description and
spline surface representation as well, we consider one of the
most demanding non-linear tests. A hemispherical shell with
18◦ hole at the top is loaded by two pairs of opposite forces on
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R h E P f,  f=10,  =0.04,  Hole =18 ,  = 6.825  10 , = 0.3,  = 100 =4O ν

a b

Shell of revolution with geometrical parameters:
 1/ ,  [0, 2 /5], [0, ]A1 = R,   A2 = Rcosα  , k1 = k2 = R   α1 1 2α ππ /2

Sy
m
. Sym

.

P/2 P/2A

F ree

F ree

P/4

P/4A

7

B

Fig. 8. Pinched hemispherical shell: (a) geometry and (b) deformed configuration (modeled by 16 × 16 mesh).

Table 3
Midsurface displacements at points A and B of pinched hemispherical shell using 16 × 16 mesh and displacement-based criterion (50) with tolerance of 10−4

Element NStep = 1 NStep = 5 NStep = 10

−uM
3 (A) uM

3 (B) NIter −uM
3 (A) uM

3 (B) NIter −uM
3 (A) uM

3 (B) NIter

GEX4 3.8634 7.6079 6 3.8634 7.6079 17 3.8634 7.6079 30
GEX4A3 4.0184 7.9758 7 4.0184 7.9758 17 4.0184 7.9758 29
GEX4A6 4.0557 8.1451 7 4.0557 8.1451 17 4.0557 8.1451 29
ISO4AT 4.0488 8.1173 8 4.0488 8.1173 21 4.0488 8.1173 36
ISO9 4.0205 8.0160 8 4.0209 8.0169 23 4.0209 8.0169 35

the equator. The geometrical and material data of the problem
are shown in Fig. 8.

6.2.1. Exact surface representation
The analytical description of the spherical surface is given

in Fig. 8. Due to symmetry of the problem, only one quarter
of the shell is modeled with regular meshes of developed ele-
ments. Table 3 and Fig. 9 display midsurface displacements un-
der applied loads employing geometrically exact and isopara-
metric solid-shell elements. One can observe that GEX4 and
GEX4A3 elements are too stiff in a case of coarse mesh config-
urations, whereas the GEX4A6 element performs excellently
for all meshes because only seven iterations are needed to ob-
tain a solution of this discriminating problem with a prescribed
tolerance. Besides, a very coarse mesh 4 × 4 yields 87% of the
reference displacement value.

The data in Table 4 exhibit the monotonic convergence
of the Newton–Raphson iteration scheme through Euclidean
norms of the displacement and residual vectors and an energy
variation as well. For the complete picture Fig. 10 presents
load–displacement curves compared with those derived by

16 × 16 and 8 × 8 meshes of ISO4AT and ISO9 elements,
respectively. As can be seen, all results agree closely but the
GEX4A6 element is less expensive owing to the economical
derivation of its stiffness matrix.

6.2.2. Spline surface representation
It is apparent that geometrically exact shell elements cannot

be readily applied for modeling the shells of free-form surfaces.
This is due to the fact that geometric objects such as coefficients
of the second fundamental form or curvatures of the reference
surface are not easily accessible in a computational context.
A methodology of using CAD systems, in particular bicubic
B-spline functions, for the modeling of general surface geome-
try has been recently presented by Roh and Cho [17]. However,
for describing the surface of revolution there is no sense to in-
voke the CAD system technology because in the literature there
is a very simple approach based on the cubic spline functions.
This approach has been proposed by Grigolyuk and Kulikov as
early as 1981 [33] and published later in book [34].

Consider a shell of revolution whose reference surface is
generated by rotation of the arbitrary curve C (Fig. 11), given on
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Fig. 9. Convergence study due to mesh refinement for pinched hemispherical
shell, where reference solution is provided by 64 × 64 mesh of GEX4A6
elements.

Table 4
Convergence results for pinched hemispherical shell employing 16×16 mesh
of GEX4A6 elements when total load P = 400 is applied in one load step

Iteration ‖U[n+1] − U[n]‖ ‖r[n]‖ |W [n+1] − W [n]|a

0 1.8215E + 2 2.0000E + 2 3.6855E + 3
1 8.5023E + 1 6.4103E + 9 1.5359E + 8
2 3.3183E + 1 8.9031E + 8 1.4530E + 8
3 9.0212E + 0 1.8890E + 8 7.6252E + 6
4 2.2229E + 0 5.3314E + 7 6.6611E + 5
5 6.3550E − 1 3.5903E + 6 4.9016E + 3
6 1.3206E − 2 5.3211E + 4 1.4181E + 0
7 3.1786E − 6 1.5773E + 1 1.7617E − 5
8 4.7285E − 8 5.1482E − 6 2.7882E − 7

aW stands for the strain energy.

a plane by a discrete number of prescribed points Pm(xm, zm),
round the z-axis, where the index m runs from 0 to M. The
geometrical parameters of the reference surface can be defined
according to [33] as

A1 = 1, A2 = Sx ,

k1 = 1

R1
= dSx

ds

d2Sz

ds2 − dSz

ds

d2Sx

ds2 , k2 = 1

R2
= 1

A2

dSz

ds
,

(52)

where s is the meridional coordinate; R1 and R2 are the prin-
cipal radii of curvature in the meridional and circumferential
directions; Sx(s) and Sz(s) are the cubic spline functions in-
troduced for smoothing the input data (sm, xm) and (sm, zm),
respectively. It is well known that a derivation of the curva-
ture k1 cannot be carried out simply, since even small errors
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Fig. 10. Midsurface displacements of pinched hemispherical shell (modeled
by 16 × 16 mesh).

Fig. 11. On the generation of reference surface of revolution.

brought in the values of coordinates xm and zm can lead to un-
acceptable results for the second-order derivatives from (52).
To assess the accuracy of this methodology, we introduce the
curvature error index as follows:

� =
⎡
⎣ L∑

�=0

(kexact
1� − k

spline
1� )2

⎤
⎦

1/2

. (53)

As a numerical example we study a sphere whose meridian
C is described by a set of equally spaced points given by

sm = 10�m, xm = 10 cos �m, zm = 10 sin �m,

�m = �

(
m

M
− 1

2

)
,
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Fig. 13. Slit ring plate under line load: (a) geometry and (b) deformed
configuration (modeled by 6 × 30 mesh).

where M=4, 8 and 16, i.e., three different spline representations
of the spherical surface are considered and compared with each
other. Note that all values of coordinates are rounded off to

Table 5
Midplane displacements at points A and B of slit ring plate using 6 × 30 mesh and displacement-based criterion (50) with tolerance of 10−4

Element NStep = 1 NStep = 5 NStep = 10

uM
3 (A) uM

3 (B) NIter uM
3 (A) uM

3 (B) NIter uM
3 (A) uM

3 (B) NIter

GEX4 13.407 16.959 13 13.405 16.955 20 13.407 16.959 32
GEX4A3 13.583 17.207 14 13.581 17.202 19 13.583 17.207 31
GEX4A6 13.531 17.164 10 13.527 17.157 19 13.531 17.164 32
ISO4AT 13.618 17.257 11 13.618 17.257 25 13.618 17.257 42
ISO4AU No convergence 13.623 17.261 28 13.623 17.261 47

the second figure after a decimal point. Therefore, the mean
deviation of the derived values from their exact ones should
be chosen as 0.0029. Let L from (53) equal 64. In such case
the use of the numerical algorithm [33] with boundary tan-
gent angles of ±90◦ yields the following curvature errors:
� = 0.0195, 0.00639 and 0.00580 for M = 4, 8 and 16, respec-
tively. It is seen that results based on spline surface geome-
try are quite correct even for the small number of prescribed
points.

Fig. 12 shows results of the convergence study for the above
hemispherical shell with 18◦ hole based on the GEX4A6 ele-
ment through spline surfaces with various data points and a
comparison with exact geometry as well. One can observe that
spline surface computations for M =8 are in a good agreement
with exact ones.

6.3. Slit ring plate under line load

This example was presented by Basar and Ding [35] to test
non-linear formulations for shell structures and further has been
used by many investigators. The ring plate is subjected to a line
load P applied at its free edge of the slit while the other edge
is fully clamped. The plate is modeled by a shell of revolution
with geometrical parameters shown in Fig. 13.

The displacements at points A and B of the plate, pre-
sented in Table 5 and Figs. 14 and 15, have been found using
uniform meshes of geometrically exact elements. A compar-
ison with results of Sansour et al. [9] and Sze et al. [10]
obtained by employing the 6×30 mesh of assumed stress four-
node solid-shell elements is also given. As can be seen from
Fig. 14, we can use extremely coarse meshes with the GEX4A6
element, since a 2 × 4 mesh already yields 92% of the ref-
erence solution. At the same time the GEX4 element ignor-
ing the ANS interpolation is too stiff for such coarse mesh
configurations.

6.4. Pulled cylindrical shell

A cylindrical shell pulled by a pair of opposite concen-
trated loads is a very popular non-linear benchmark problem
[4,6,9,10]. The geometrical and material data of the shell are
given in Fig. 16.

Owing to symmetry of the problem, only one octant of
the cylinder is discretized by regular meshes. Table 6 and
Figs. 17 and 18 display our results and a comparison with
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Table 6
Midsurface displacements at points A and B of pulled cylindrical shell using 32 × 48 mesh and residual criterion (51) with tolerance of 10−10

Element NStep = 1 NStep = 5 NStep = 10

uM
3 (A) −uM

3 (B) NIter uM
3 (A) −uM

3 (B) NIter uM
3 (A) −uM

3 (B) NIter

GEX4 2.4143 3.5423 8 2.4143 3.5423 22 2.4143 3.5423 36
GEX4A3 2.4200 3.5464 8 2.4200 3.5464 22 2.4200 3.5464 36
GEX4A6 2.4173 3.5450 8 2.4173 3.5450 22 2.4173 3.5450 36
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Fig. 16. Pulled cylindrical shell: (a) geometry and (b) deformed configuration
for f = 1.95 (modeled by 8 × 12 mesh).
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Table 7
Midsurface displacements at points A and C of pinched cross-ply hyperbolic shell using 32 × 32 mesh and residual criterion (51) with tolerance of 10−8

Ply sequence Element NStep = 1 NStep = 5 NStep = 10

−uM
y (A) uM

y (C) NIter −uM
y (A) uM

y (C) NIter −uM
y (A) uM

y (C) NIter

[0/90/0] GEX4 3.5129 2.5130 8 3.5129 2.5130 18 3.5129 2.5130 32
GEX4A3 3.5194 2.5161 8 3.5194 2.5161 18 3.5194 2.5161 32
GEX4A6 3.5215 2.5179 8 3.5215 2.5179 18 3.5215 2.5179 32

[90/0/90] GEX4 No convergence 5.8121 2.7898 26 5.8121 2.7898 38
GEX4A3 No convergence 5.9282 2.7874 26 5.9282 2.7874 38
GEX4A6 No convergence 6.1330 2.6914 31 6.1330 2.6914 40
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Fig. 21. Midsurface displacements of pinched cross-ply hyperbolic shell for
ply orientations: (a) [0/90/0] and (b) [90/0/90] (modeled by 28 × 28 mesh).

those derived by using 8 × 16 and 4 × 8 meshes of bilinear
[9] and quadratic [4,6] solid-shell elements. It is interesting
that many researchers detected a slight snap-through behavior
of the shell. So, Sze et al. [10] found that snap-through occurs
when a loading factor f is between 1.9 and 2.0. Since we had
no interest to investigate a post-buckling behavior of the shell
and taking into consideration the aforementioned result, we
stopped our calculations at f = 1.95 during a derivation of the

Fig. 22. Polyurethan tire section.

deformed configuration in Fig. 16 and at f = 1.8 for all other
cases. As in previous examples the GEX4 element leads to a
poor prediction of the shell response for very coarse meshes.

6.5. Pinched cross-ply hyperbolic shell

Further we consider a cross-ply hyperbolic shell under two
pairs of opposite forces. The geometrical and material data of
the three-layer hyperbolic shell are shown in Fig. 19, where 0◦
and 90◦ refer to the circumferential and meridional directions.

Due to symmetry of the problem, only one octant of the
shell is discretized with uniform meshes. Table 7 and Fig. 20
present displacements derived through using geometrically ex-
act elements for both ply sequences, where uM

x and uM
y denote

displacements of the midsurface in x and y directions. Fig. 21
displays our results compared with those obtained by Basar
et al. [36] and Braun et al. [4] employing the 28 × 28 mesh of
bilinear degenerated-shell and 14×14 mesh of quadratic solid-
shell elements, respectively. One can observe that proposed ge-
ometrically exact solid-shell elements perform excellently be-
cause only one load step with 8 Newton iterations are needed
to derive a converged solution for the [0/90/0] ply orientation
with a tolerance of 10−8. Unfortunately, we have no possibility
to compare these results with those based on the isoparamet-
ric finite element formulation because in papers [4,36] are not
mentioned a convergence criterion and load increments.

6.6. Tire section under concentrated load

The last example to be studied is a clamped tire section
subjected to a concentrated load at the apex, as depicted in
Fig. 22. The polyurethan tire section of width b is assumed
to be linearly elastic and homogeneous [37]. One-half of the
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Table 8
Tire section geometry

m 0 1 2 3 4 5 6 7 8 9

s (mm) 0.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0 80.0 90.0
x (mm) 129.2 128.8 128.0 126.3 124.3 121.0 118.1 113.2 105.7 97.2
z (mm) 0.0 10.0 19.8 29.7 39.5 49.3 58.2 66.8 73.4 78.2

m 10 11 12 13 14 15 16 17 18 19

s (mm) 100.0 110.0 120.0 130.0 140.0 150.0 160.0 167.8 172.0 177.0
x (mm) 88.6 79.2 69.0 59.1 49.0 39.6 31.2 24.8 21.4 15.3
z (mm) 82.3 85.5 87.0 86.0 83.4 79.7 75.0 71.0 68.7 67.5

Table 9
Transverse displacement (mm) at point P0 of tire section using 64 × 1 mesh and residual criterion (51) with tolerance of 10−9

Element NStep = 1 NStep = 5 NStep = 10

uR
3 (P0) NIter uR

3 (P0) NIter uR
3 (P0) NIter

GEX4 28.092 5 28.092 16 28.092 31
GEX4A3 28.111 5 28.111 16 28.111 31
GEX4A6 28.148 5 28.148 16 28.148 31
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Fig. 23. Convergence study due to mesh refinement for tire section, where
reference solution is provided by 64 × 1 mesh of GEX4A6 elements.

reference tire curve C is composed of six separate curves such
that C1, C3 and C5 ones represent the arcs of radii R

(1)
1 , R

(3)
1

and R
(5)
1 , respectively. The data used to describe tire geom-

etry are listed in Table 8. To apply a numerical algorithm
[33], we have taken the mean deviation of the measured co-
ordinate values from their exact ones as 0.3 mm and consid-
ered a whole reference curve C, given on a plane by 39 pre-
scribed points, with boundary tangent angles of ±90◦, as shown
in Fig. 22.

 

Fig. 24. Deformed tire section.

Owing to symmetry of the problem only half of the tire sec-
tion is modeled with uniform meshes of geometrically exact
elements. Table 9 and Fig. 23 display a transverse displacement
of the reference surface uR

3 at point P0. As a convergence crite-
rion the residual one with 	=10−9 has been used. It is seen that
all results are in a good agreement for all mesh configurations.
In addition, Fig. 24 demonstrates a deformed configuration of
the tire section.

7. Conclusions

The simple and efficient geometrically exact assumed
stress–strain four-node solid-shell elements have been devel-
oped for the analysis of multilayered composite shells under-
going finite rotations. The finite element formulation is based
on the non-linear strain–displacement relationships written
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in curvilinear reference surface coordinates that are invariant
under arbitrarily large rigid-body motions. This is due to our
approach in which the displacement vectors of the bottom
and top surfaces are introduced and resolved in the reference
surface frame.

The proposed geometrically exact solid-shell element model
is free of assumptions of small displacements, small rotations
and small loading steps because it is based on the objective
fully non-linear strain–displacement relationships. This model
is robust because it allows, first, to use much larger load in-
crements than existing geometrically exact shell elements and,
second, to model shell intersections and shell edges of free-
form configurations, as in the last numerical example. The an-
alytical description of surface geometry is provided through
authors’ numerical algorithm of smoothing the data by cubic
spline functions.

Three geometrically exact four-node solid-shell elements
have been developed. The first element GEX4, based on the
conventional assumed stress–strain technique, exhibits locking
in the case of coarse meshes. The alternative elements are
based on the modified ANS method in which either three or
all six components of the natural strain tensor vary bilinearly
inside the element, i.e., no expected biquadratic interpolation
typical for the non-linear four-node solid-shell elements is em-
ployed. In a result the best GEX4A6 element demonstrates an
excellent performance for all meshes and extremely large dis-
placements and rotations. It is noteworthy that corresponding
element solutions (if they converge) usually yield very close
numerical results for fine meshes and all elements developed
are insensitive to a number of loading steps.
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