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Abstract 
 

This paper presents the non-linear exact geometry assumed stress-strain four-node 
element with nine displacement degrees of freedom per node. The finite element 
formulation developed is based on the 9-parameter shell model by employing a new 
concept of interpolation surfaces (I-surfaces) inside the shell body. We introduce 
three I-surfaces and choose nine displacements of these surfaces as fundamental 
shell unknowns. Such choice allows us to represent the finite rotation higher-order 
shell formulation in a very compact form and to derive in curvilinear reference sur-
face coordinates the strain-displacement relationships, which are objective, that is, 
invariant under large rigid-body motions. 
 
Keywords: nine-parameter shell model, finite rotation, exact geometry solid-shell 
element. 
 
1  Introduction 
 
A large number of works has been already done to develop the finite rotation higher-
order shell formulation with thickness stretching. These works are devoted as a rule 
to the 7-parameter shell theory [1, 2] in which the transverse normal strain varies at 
least linearly through the shell thickness. This fact is of great importance since the 
popular 6-parameter shell formulation [3, 4] based on the complete 3D constitutive 
equations exhibits thickness locking. The errors caused by thickness locking do not 
decrease with the mesh refinement because the reason of stiffening lies in the shell 
theory itself rather than the finite element discretization.  

It is well-known that a conventional way for developing the higher-order shell 
formulation is to utilize either quadratic or cubic series expansions in the thickness 
coordinate and to choose as unknowns the generalized displacements of the midsur-
face. Herein, the 9-parameter shell model is developed using a new concept of inter-
polation surfaces (I-surfaces) inside the shell body [5]. The I-surfaces are introduced 

   
Paper 287 
 
A Higher-Order Exact Geometry  
Solid-Shell Element undergoing Finite Rotations 
 
S.V. Plotnikova and G.M. Kulikov 
Department of Applied Mathematics and Mechanics 
Tambov State Technical University, Russia 

©Civil-Comp Press, 2010 
Proceedings of the Tenth International Conference 
on Computational Structures Technology,  
B.H.V. Topping, J.M. Adam, F.J. Pallarés,  
R. Bru and M.L. Romero, (Editors),  
Civil-Comp Press, Stirlingshire, Scotland 



 

 2

in order to choose the values of displacements with correspondence to these surfaces 
as fundamental unknowns. Taking into account that displacement vectors of I-
surfaces are resolved in the reference surface frame the proposed higher-order shell 
formulation is very promising for developing high performance exact geometry sol-
id-shell elements.  
 
2  Kinematic Description of Undeformed Shell 
 
Let us consider a shell of the thickness h . The shell can be defined as a 3D body of 
volume V bounded by two outer surfaces −Ω  and +Ω , located at the distances −d  
and +d  measured with respect to the reference surface Ω  such that +− += ddh , 
and the edge boundary surface Σ .  The reference surface is assumed to be suffi-
ciently smooth and without any singularities. As has been shown recently [4], this 
assumption cannot introduce any serious limitation in the shell theory because in the 
case of the robust choice of the reference surface we are able to model general sur-
face geometry such as shell intersections and shell edges efficiently. Let the refer-
ence surface be referred to the convected curvilinear coordinates 1θ  and 2θ , whe-
reas the coordinate 3θ  is oriented along the unit vector 3

3 aa =  normal to the refer-
ence surface. As I-surfaces, we choose the bottom and top surfaces and the midsur-
face MΩ  as well [2, 5]. 

 

 
 

Figure 1: Geometry of the shell 
 

Introduce in accordance with Figures 1 and 2 the following notations: 
( )21,θθrr =  is the position vector of any point of the reference surface; αα ,r=a  

are the covariant base vectors of the reference surface; βa  are the contravariant base 
vectors of the reference surface defined by the standard relation β

α
β

α δ=⋅aa ; 

βααβ aa ⋅=a  and βααβ aa ⋅=a   are the covariant and contravariant components of 

the metric tensor of the reference surface; [ ]αβaa det=  is the determinant of the 

metric tensor of the reference surface; β
αb  are the mixed components of the curva-
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ture tensor defined as 
;,3 α

ββ
α aa ⋅−=b                                                  (1)   

R is the position vector of any point in the shell body given by 
;3

3aθ+= rR                                                    (2) 
in particular, position vectors of I-surfaces are 

,3a
II z+= rR                                                   (3) 

where Iz  are the transverse coordinates of I-surfaces defined as 

( );
2
1,, M +−++−− +==−= zzzdzdz                          (4) 

β
αμ  are the mixed components of the 3D shifter tensor expressed as 

;3 β
α

β
α

β
α θδμ b−=                                                   (5) 

in particular, components of the shifter tensor at I-surfaces are 
;β

α
β
α

β
α δμ bz II −=                                                   (6) 

ig  are the covariant base vectors in the shell body defined as 

;, 33,3, aa ==== RgRg β
β
ααα μ                               (7) 

in particular, base vectors of I-surfaces are 
;, 33, aa === IIII gRg β

β
ααα μ                                      (8) 

ijg  are the covariant components of the 3D metric tensor given by 

;, 333 iiigag δμμ γδ
δ
β

γ
αβααβ =⋅==⋅= gggg                         (9) 

in particular, components of the metric tensors of I-surfaces are 
;, 333 i

II
i

I
i

IIIII gag δμμ γδ
δ
β

γ
αβααβ =⋅==⋅= gggg                      (10) 

 

 
Figure 2: Initial and current configurations of the shell 
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[ ]ijgg det=  is the determinant of the 3D metric tensor; [ ]I
ij

I gg det=  are the de-

terminants of the metric tensors of I-surfaces; ag /=μ  is the determinant of the 

shifter tensor; ag II /=μ  are the determinants of the shifter tensor at I-surfaces; 

( ) i,…  are the partial derivatives in V with respect to coordinates iθ ; ( ) α|…  are the 
covariant derivatives in Ω  with respect to coordinates αθ . Here and in the follow-
ing developments, Greek tensorial indices δγβα ,,,  range from 1 to 2; Latin ten-
sorial indices nmji ,,,  range from 1 to 3; Greek indices ΒΑ,  identify the belong-
ing of any quantity to the bottom and top surfaces and take values  – and + ; Latin 
indices I, J identify the belonging of any quantity to the I-surfaces and take values 

+−,  and M. 
 
 
3 Kinematic Description of Deformed Shell  
 
Now, we introduce the first assumption for the proposed shell theory. 
 
Assumption 1. The displacement field is approximated in the thickness direction 
according to the quadratic law 

,∑=
I

IIL uu                                                   (11) 

where ( )21,θθIu  are the displacement vectors of I-surfaces; ( )3θIL  are the La-
grange polynomials of the second order expressed as 

( )( ),2 33M
2 θθ −−= +− zz

h
L                                        (12) 

( )( ),4 33
2

M θθ −−= +− zz
h

L  

( )( ),2 M33
2 zz

h
L −−= −+ θθ  

such that ( ) 1=JI zL  for IJ =  and ( ) 0=JI zL  for IJ ≠ . Thus, we deal with the 
higher-order 9-parameter shell model because nine displacements of I-surfaces are 
introduced by Equation (11). 

It is convenient to rewrite Equations (2) and (7) in more general forms 

( )+− +== ∑ RRRRR
2
1, M

I

IIL                                (13) 

and 

( ),
2
1, M +− +==∑ ααααα ggggg

I

IIL                                 (14) 

,, 3333 a==∑ Α

Α

Α ggg AN  

where ( )3θΑN  are the polynomials of the first order defined as 
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( ) ( ),1,1 33 −++− −=−= z
h

Nz
h

N θθ                            (15) 

such that ( ) 1=BzN Α  for ΑΒ =  and ( ) 0=BA zN  for ΑΒ ≠ . 
Using Equations (11) and (13), we arrive at the formula for the position vector of 

the deformed shell 
,∑=+=

I

IIL RuRR                                            (16) 

where ( )21,θθIR  are the position vectors of I-surfaces given by 
.III uRR +=                                                (17) 

The covariant base vectors in the current shell configuration are 
,, ∑==

I

IIL ααα gRg                                           (18) 

.33,3 ∑==
A

N ΑΑgRg  

Here, I
αg  and Α

3g  are the base vectors of I-surfaces of the deformed shell expressed 
as 

,, 33,,
ΑΑ

αααα β+=+== agugRg IIII                                (19) 
where 

( ),3,
Azu=Αβ                                                    (20) 

that can be represented by using Equations (11) and (12) as follows: 

( ) ( ).341,431 MM +−++−− +−=−+−= uuuuuu
hh

ββ                (20a) 

 
 
 

4  Strain-Displacement Relationships 
 
The Green-Lagrange strain tensor can be written as 

.2 jijiij gggg ⋅−⋅=ε                                                 (21) 
Substituting base vectors (14) and (18) into relationships (21), one finds 

( ),2
,

,,,,∑ ⋅+⋅+⋅=
JI

JIIJJIJI LL βααββααβε uugugu                          (22) 

( ),2
,

,3,3 ∑ ⋅+⋅+⋅=
I

IIIILN
Α

α
Α

α
Α

α
Α

αε ugu ββa  

( ) .2
,

3333 ∑ ⋅+⋅+⋅=
ΒΑ

ΒΑΒΑΒΑε ββββ aaNN  

It is seen from Equations (12), (15) and (22) that in-plane strains αβε  are the poly-
nomials of the fourth order, transverse shear strains 3αε  are the polynomials of the 
third order and a transverse normal strain 33ε  is the polynomial of the second order. 
To simplify the higher-order 9-parameter shell formulation, we introduce the next 
assumption. 



 

 6

Assumption 2. From the mechanical point of view it is convenient to assume that all 
components of the Green-Lagrange strain tensor are distributed through the thick-
ness of the shell according to the displacement distribution (11), i.e.,  

,∑=
I

I
ij

I
ij L εε�                                                     (23) 

where ( )I
ij

I
ij zεε =  are the exact values of Green-Lagrange strains at I-surfaces de-

fined as 
,2 ,,,,

IIIIIII
βααββααβε uugugu ⋅+⋅+⋅=                                  (24) 

,2 ,3,3
IIIIII
ααααε ugu ⋅+⋅+⋅= ββa  

.22 333
IIII βββ ⋅+⋅= aε  

Here, an additional notation has been introduced 

( ) ( ).1M
3,

M −+ −== uuuβ
h

z                                         (25) 

Actually, this assumption implies that now all strain components ijε
�  are the poly-

nomials of the second order that simplifies sufficiently the non-linear higher-order 
9-parameter shell formulation. 

 
Remark 1. It can be verified by using Equations (12) and (15) that components of 
the simplified and exact Green-Lagrange strain tensors satisfy linking conditions 

( ) ( ) .I
ij

I
ij

I
ij zz εεε ==�                                                (26) 

These links are illustrated by means of Figure 3. It should be also noticed that the 
non-uniform distribution of the transverse normal strain in the thickness direction 
permits to utilize 3D constitutive laws. In principle, the linear strain distribution is 
sufficient for this purpose [1]. 

 
We next represent displacement vectors of I-surfaces as follows: 

.iI
i

I u a=u                                                       (27) 
It is seen that displacement vectors are resolved in the contravariant reference sur-
face basis ia  that allows us to reduce the costly numerical integration by evaluating 
the stiffness matrix [2-4]. The derivatives of displacement vectors Iβ  from Equa-
tions (20) and (25) can be represented in a similar way 

,iI
i

I aβ=β                                                       (28) 

( ) ( ),341,431 MM +−++−− +−=−+−= iiiiiiii uuu
h

uuu
h

ββ  

( ).1M −+ −= iii uu
h

β  

The derivatives of displacement vectors of I-surfaces are written as 
,|,

iI
i

I u aαα =u                                                    (29) 

,| ,
I
j

j
i

I
i

I
i uuu ααα Γ−=                                                 (30) 
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where j
iαΓ  are the Christoffel symbols defined as 

.0,, 3
33, =−=⋅= α

β
α

β
αβααβ ΓΓΓ bii aa                               (31) 

Substituting Equations (8), (28) and (29) into strain-displacement relationships 
(24), we arrive at a scalar form of these relationships 

,||||2 βαβγ
γ
ααγ

γ
βαβ μμε I

j
I
i

ijIIIII uuauu ++=  

,||2 33 αγ
γ
ααα ββμε I

j
I
i

ijIIII uau ++=  

,22 333
I
j

I
i

ijII a βββε +=                                              (32) 

where for convenience an additional notation 33 iia δ=  has been introduced.  
 

 
Figure 3: Approximate (      ) and exact (      ) distributions of (a) in-plane, 
(b) transverse shear and (c) transverse normal strains through the thickness 

of the shell for the higher-order 9-parameter shell theory 

 
We now formulate the fundamental statement concerning the Green-Lagrange 

strain tensor developed. 
 
Proposition 1. The Green-Lagrange strain components (23) are objective, that is, 
they represent precisely large rigid-body shell motions in any convected curvilinear 
coordinate system. 
Proof. The large rigid-body shell displacements can be defined as 

( ) ,Rigid RRu −+= ΦΔ                                           (33) 
where i

iaΔ=Δ  is the constant displacement (translation) vector; Φ  is the ortho-
gonal rotation matrix [3]. In particular, rigid-body shell displacements of I-surfaces 
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are written as 
( ) .

Rigid III RRu −+= ΦΔ                                         (34) 
The derivatives of the translation vector and the rotation matrix with respect to con-
vected coordinates are zero, that is, 

.and ,, 00 == αα ΦΔ                                            (35) 
Allowing for Equations (8) and (35), the derivatives of displacement vectors (34) are 
expressed as 

( ) .
Rigid

,
III
ααα ggu −= Φ                                              (36) 

Using Equations (20), (25) and (34), and taking into account formulas for the posi-
tion vectors of I-surfaces (3) and (13) as well, one obtains 

( ) .33
Rigid

aa −= Φβ I                                                (37) 
It may be verified by employing Equations (36) and (37) that strains of I-surfaces 
(24) are all zero in a general large rigid-body shell motion: 

( ) ( ) ( ) .02
Rigid

=⋅−⋅= I
j

I
i

I
j

I
i

I
ij gggg ΦΦε                                   (38) 

This conclusion is true because the orthogonal transformation retains the scalar 
product of vectors. Therefore, due to Equation 38 the simplified Green-Lagrange 
strains (23) exactly represent arbitrarily large rigid-body motions, i.e., 

( ) ,0
Rigid

=ijε
�                                                      (39) 

that completes the proof. 
 
Thus, we have derived strain-displacement relationships (23) and (32) of the 

higher-order 9-parameter shell model, which exactly represent arbitrarily large rigid-
body motions in a convected curvilinear coordinate system.  
 
5  Finite element formulation 
 

The proposed finite element formulation is based on a simple and efficient ap-
proximation of shells via exact geometry four-node solid-shell elements. The term 
“exact geometry” reflects the fact that coefficients of the first and second fundamen-
tal forms are taken exactly at every integration point. Therefore, no approximation 
of the reference surface is needed. To avoid shear and membrane locking and have 
no spurious zero energy modes, the assumed strain and stress resultant fields are in-
troduced 

,AS ∑=
I

I
ij

I
ij ELε                                                  (40) 

,3∫
+

−

=
z

z
ij

II
ij dLH θσ                                                (41) 

where  ( )21,θθI
ijE   are the assumed strains of I-surfaces.           

In this connection the Hu-Washizu variational principal has to be applied. Taking 
into account that displacement vectors of I-surfaces are represented in the reference 
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surface frame (27), the developed finite element formulation has computational ad-
vantages compared with conventional isoparametric hybrid/mixed formulations be-
cause our elemental stiffness matrix requires only direct substitutions, i.e., no matrix 
inversion is needed, and it is evaluated by using the full analytical integration [2, 6]. 
Note also that the finite element formulation is similar to the 7-parameter finite ele-
ment formulation [2] and does not discussed here in detail. 
 
6  Numerical Examples 
 
The robustness of the proposed exact geometry four-node solid-shell element 
EG9P4 is assessed with several problems extracted from the literature. To substan-
tiate this point we invoke high performance isoparametric elements and an exact 
geometry four-node solid-shell element EG6P4 [3, 6] based on the 6-parameter 
model. 

 
6.1 Geometrically Linear Examples 

 
6.1.1 Rectangular Homogeneous Plate 
 
Consider first a rectangular homogeneous simply supported plate subjected to the 
sinusoidally distributed pressure load (Figure 4) with material data 710=E  and 

3.0=ν . Due to symmetry of the problem, only one quarter of the plate is modeled 
by 3232×  mesh of EG9P4 elements. A comparison with analytical solutions based 
on the elasticity theory [7] and classical plate theory (CPT) as well is given in Figure 
5. 
 
6.1.2 Rectangular Cross-Ply Plate 
 
Next we study a rectangular two-layer cross-ply simply supported plate subjected to 
sinusoidal loading (Figure 4) with ply-orientation [0/90] and 7105.2 ×=LE , 

610=TE , 5105×=LTG , 5102×=TTG , 25.0=ν=ν TTLT . Due to symmetry, one 
quarter of the plate is discretized again by 3232×  mesh of EG9P4 elements. Figure 
6 displays the transverse midsurface displacement at the center point and a compari-
son with analytical solutions based on the elasticity theory [8] and classical plate 
theory. 

 
Figure 4: Rectangular plate ( )ba =  
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Figure 5: Transverse displacement at center point 4
0

M
30

3 /100 apuEh  
of the rectangular homogeneous plate 

 

 
Figure 6: Transverse displacement at center point 4

0
M
30

3 /100 apuhET  
of the rectangular two-layer cross-ply plate 

 
6.1.3 Pinched Cylindrical Shell 
 
To illustrate the capability of the developed exact geometry four-node solid-shell 
element to overcome membrane and shear locking phenomena and to compare it 
with high performance isoparametric four-node quadrilateral elements, we consider 
one of the most demanding standard linear tests, namely, a short cylindrical shell 
supported by two rigid diaphragms at the ends and loaded by two opposite concen-
trated forces in its middle section.  

Owing to symmetry of the problem, only one octant of the shell is modeled with 
regular meshes of EG9P4 elements (Figure 7). Table 1 lists the normalized trans-
verse displacement under the applied load and a comparison with isoparametric ele-
ments extracted from the literature in [6]. The displacement is normalized with re-
spect to the well-known analytical solution 5108248.1 −×− . As can be seen, both 
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exact geometry shell elements exhibit an excellent performance for coarse meshes 
but the EG9P4 element is a bit stiff because of using the complete 3D constitutive 
equations.  

 
 

Figure 7: Pinched cylindrical shell with rigid diaphragms, where  

1,3.0,103,3,300,300 6 ==×==== FEhR νA  
 

Mesh Isoparametric elements (see [6]) Exact geometry shell elements 
 Hughes, 

Liu 
Bathe, 

Dvorkin 
Simo 
et al. 

EG6P4 [6] EG9P4 

4x4 0.373 0.370 0.399 0.8900 0.8691 
8x8 0.747 0.740 0.763 0.9412 0.9322 

16x16 0.935 0.930 0.935 0.9861 0.9826 
 

Table 1: Normalized transverse displacement M
3u  under applied load 

of the pinched cylindrical shell 
 
 
6.1.4 Cross-ply hyperbolic shell 
 
A three-layer cross-ply hyperbolic shell subjected to two pairs of opposite concen-
trated forces was proposed for testing non-linear formulations for composite shells, 
while we employ this example as a linear benchmark test to assess the analytical in-
tegration schemes developed. Besides, as in the pinched cylinder example, we can 
verify a proper representation of inextensional bending and, additionally, this is an 
excellent test for the ability of the element to model rigid-body motions.  

Due to symmetry of the problem, only one octant of the shell is discretized with 
uniform meshes of proposed elements (Figure 8). Table 2 lists results of the conver-
gence study through normalized midsurface displacements at points A and C. The 
displacements are normalized with respect to the values [6] 

1013.0)()( MM ==− BA xy uu  and 09785.0)()( MM =−= DC xy uu , where M
xu  and M

yu  
denote displacements of the midsurface in x and y directions. One can observe that 
developed schemes of analytical integration perform very well.  
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Figure 8: Pinched three-layer cross-ply hyperbolic shell with ply orientation 
 [90/0/90], where ,10,104,04.0,20,15,5.7 67

L =×===== TEEhRr A  
4,25.0,106 TTLT

5
TTLT ===×== FGG νν  

 
Mesh EG6P4 [6] EG9P4 

 ( )Ay
Mu  ( )Cy

Mu  ( )Ay
Mu  ( )Cy

Mu  
2x2 0.5961 1.1474 0.6811 1.3119 
4x4 0.8726 1.0337 0.8808 1.0221 
8x8 0.9610 1.0089 0.9611 1.0087 

16x16 0.9877 1.0021 0.9879 1.0022 
 

Table 2: Normalized displacements at points A and C 
of the pinched three-layer cross-ply hyperbolic shell 

 
 
 

6.2 Geometrically Non-Linear Examples 
 
6.2.1 Pinched Hemispherical Shell 
 
To investigate the capability of the proposed exact geometry shell element to model 
the inextensional bending and large rigid-body motions, we consider one of the most 
demanding non-linear tests. A hemispherical shell with 18o hole at the top is loaded 
by two pairs of opposite forces on the equator. The geometrical and material data of 
the problem are shown in Figure 9.  

Owing to symmetry, only one quarter of the shell is modeled with regular meshes 
of EG9P4 elements. Figure 10 presents load-displacement curves compared with 
those derived by the 1616×  mesh of S4R elements of Abaqus® [9]. It is seen that all 
results agree closely but the EG9P4 element is less expensive owing to the economi-
cal derivation of its tangent stiffness  matrix. 
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Figure 9: Pinched hemispherical shell: (a) geometry and 
(b) deformed configuration (modeled by 1616×  mesh), where  

4,100,3.0,10825.6,04.0,10 7 ===×=== ffPEhR ν  
 

 
 

Figure 10: Midsurface displacements of the pinched hemispherical shell 
(modeled by 1616×  mesh) 

 

 
 

Figure 11: Slit ring plate under a line load: (a) geometry and 
(b) deformed configuration (modeled by 306×  mesh), 

where  8.0,0,101.2,03.0,10,6 7 ==×==== PEhRr ν  
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Figure 12: Midplane displacements of the slit ring plate (modeled by 8010×  mesh) 

 
6.2.2 Slit Ring Plate under Line Load 
 
This example is considered in the literature to test non-linear finite element formula-
tions for thin-walled shell structures and has been extensively used by many investi-
gators. The ring plate is subjected to a line load P applied at its free edge of the slit, 
while the other edge is fully clamped (Figure 11). The plate is modeled by a shell of 
revolution with geometrical parameters 

[ ] [ ]πθθθ 2,0,,0,0,,1 21
21

1
21 ∈−∈==+== rRkkrAA . 

The displacements at points A and B of the plate, presented in Figure 12, have been 
found employing the uniform 8010×  mesh of EG9P4 elements. A comparison with 
Abaqus® S4R element [9] is also given.  
 
 
 
7  Conclusions 
 
The simple and efficient exact geometry assumed stress-strain four-node solid-shell 
element EG9P4 has been developed for analyses of homogeneous and multilayered 
composite shells undergoing finite rotations. The finite element formulation is based 
on the non-linear strain-displacement relationships, which are invariant under arbi-
trarily large rigid-body shell motions in a convected curvilinear coordinate system. 
This is due to our approach in which the displacement vectors of outer and middle 
surfaces are introduced and resolved in the reference surface frame. The proposed 
exact geometry solid-shell element model is free of assumptions of small displace-
ments, small rotations and small loading steps because it is based on the objective 
fully non-linear strain-displacement relationships. This model is robust because it 
permits to use the complete 3D constitutive equations and coarse mesh configura-
tions. The tangent stiffness matrix developed does not require expensive numerical 
matrix inversions that is unusual for the isoparametric hybrid/mixed shell element 
formulations and it is evaluated by using the 3D analytical integration.  
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