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A B S T R A C T

In this paper, the three-dimensional (3D) stress analysis of plate-type structures in instability conditions is
presented. The displacement-based and hybrid-mixed four-node quadrilateral elements are developed taking
the advantages of the sampling surfaces (SaS) method. The SaS formulation is based on considering inside the
plate N not equally spaced SaS parallel to the middle surface to specify the displacements of these surfaces
as primary plate unknowns. The displacements, strains and stresses are assumed to be distributed through the
thickness using Lagrange polynomials of degree N–1 that lead to a well-set higher-order plate theory. The
locations of SaS are based on the use of Chebyshev polynomial nodes that allow us to minimize uniformly the
error due to Lagrange interpolation. To circumvent shear locking and have no spurious zero energy modes, the
assumed transverse shear strains are employed. The nonlinear equilibrium equations are solved by the Newton–
Raphson iterative method combined with the Crisfield arc-length algorithm. The accuracy and efficiency of
both elements in different conditions such as coarse and distorted meshes are investigated. The developed
assumed-natural strain (ANS) elements can be useful for the 3D stress analysis of thin and thick plates in
whole states of equilibrium path involving bifurcation, snap-through, and/or snap-back phenomena.
. Introduction

The analysis of structural mechanics has been hindered by the
nherent complexity associated with the geometrically nonlinearities.
he finite element formulation based on iterative methods is one of
he most straightforward ways to analyze such nonlinear problems in
arge variety of situations. As a subcategory, structural stability exhibits
bifurcation or reduction of the load (snap-through) and/or displace-
ents (snap-back). Such behaviors lead to more complexity whereby

he load-control iterative method is not able to evaluate beyond the
ritical point (bifurcation and/or limit point).

Alternatively, a displacement-control method based on Newton–
aphson iterations solves singularity problems of tangential stiffness
atrix and it is adequate to predict the bifurcation and snap-through
oints [1,2]. Nonetheless, this method cannot be applied for structural
ehavior including snap-back phenomenon. In addition, other strate-
ies such as minimum residual displacement norm [3], generalized
isplacement-control [4], and energy-control [5,6] were proposed with
ifferent efficiency and robustness.

Structural stability analysis conducted by path-following technique
arc-length method) is a common method to trace beyond such critical
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points. The crucial idea of this technique can be traced back to [7–
9] where both load and displacement increments are unknown and
the equilibrium equations can be solved by defining an additional arc-
length equation. The path-following techniques are well established,
many variants are proposed and their efficiency and robustness are
evaluated [10–15]. Among these studies, a user friendly algorithm is
presented by Crisfield [12] with widespread application in commercial
finite element programs. In this paper, the Crisfield algorithm is applied
to describe the bifurcation and snap-through phenomena through the
higher-order SaS formulation, which is a natural extension of the 6-, 9-
and 12-parameter models accounting for thickness stretching.

The simplest first-order theory accounting for thickness stretch-
ing is based on retaining two terms in power series with respect to
the transverse coordinate for the displacements that leads to the 6-
parameter model. This model has been widely used for developing the
finite elements for plates and shells undergoing finite rotations and
displacements [16–19]. However, because of thickness locking the 6-
parameter model is unable to incorporate 3D constitutive laws. To
prevent thickness locking, the constitutive equations can be modified
by using the generalized plane stress conditions [16,18]. In order to
utilize the 3D constitutive equations, the enhanced assumed strain
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Fig. 1. Geometry of the plate.

ethod [17], in which the transverse normal strain is enriched in the
hickness direction by a linear term, and the hybrid stress method [19],
n which the transverse normal stress is assumed to be constant through
he thickness, can be applied. The effective way of using the 3D
onstitutive equations is to employ the nonlinear 7-parameter model
ased on retaining additionally the third term in a power series for
he transverse displacement. Such a model is optimal with respect to
number of degrees of freedom (DOF) and is very popular [20–26].

A more general 9-parameter model can be developed retaining three
erms in power series for the in-plane and transverse displacements as
escribed in [26–29]. The major drawback of the 9-parameter model is
he inability to predict correctly the transverse components of the sec-
nd Piola–Kirchhoff stress tensor as shown in contributions [26,27,29].
o solve the problem, more general 12- and 15-parameter models were
roposed [27,29–31]. In particular, Pagani et al. [29] established the
mportance of using full Green–Lagrange strain–displacement equations
or the post-buckling analysis of rectangular plates. However, to the
uthors’ best knowledge, no results are available in the literature
egarding the accurate prediction of all components of the second
iola–Kirchhoff stress tensor in plate structures in instability conditions.
oreover, in available finite element formulations based on the higher-

rder models, only rectangular elements are utilized that are far from
echnical applications.

The effective way of constructing general higher-order models is to
se the SaS method [32,33]. The SaS method is based on choosing in-
ide the plate N SaS parallel to the middle surface, in order to introduce
he displacements of these surfaces as basic plate unknowns, where
≥ 3. Such choice of unknowns with the use of Lagrange polynomials

f degree N–1 in the through-thickness distributions of displacements,
trains and stresses yields a robust higher-order shell formulation. Thus,
e deal here with a 3N -parameter model, in particular, with 9-, 12- and
5-parameter models in the case of choosing three, four and five SaS
nside the plate body and so on. In fact, there are no restrictions on the
evelopment of general higher-order models of arbitrary orders.

The location of SaS plays an important role into a SaS formulation,
ince the choice of equally spaced SaS can lead to divergence in the case
f using the Lagrange polynomials of high degree as a number of SaS
ends to infinity. However, choosing the locations based on Chebyshev
olynomial nodes makes it possible to uniformly minimize the error
ue to Lagrange interpolation [34]. Recently, the SaS formulation was
pplied for the 3D nonlinear stress analysis of isotropic and composite
tructures through geometrically exact four-node rectangular solid-
hell elements [35,36]. Here, more general four-node quadrilateral
lements with particular attention to snapping and buckling problems
re developed.

Due to robustness and simplicity, the isoparametric low-order ele-
ents have prevalent application. A main challenge of these elements
2

s shear locking, which occurs in bending dominated problems. To
void shear locking and have no spurious zero energy modes, the
ssumed natural strain (ANS) method [37,38] can be applied. The
NS interpolation suppresses parasitic transverse shear strains con-
idering pure bending deformations. Note that the ANS method has
een already used to develop the geometrically linear SaS plate quadri-
aterals [39]. To improve the computational efficiency of nonlinear
NS plate elements, a hybrid-mixed method can be applied [40,
1]. This method is based on using the Hellinger–Reissner variational
rinciple, in which the displacements and stresses are utilized as in-
ependent variables. The advantages of the hybrid-mixed elements
ver widespread displacement-based elements have been established in
any works [16,18,19,24,26,35]. Here, these results are confirmed for

aS plate quadrilaterals.
The aim of this paper is to develop a 3D stress analysis of plate-type

tructures in instability conditions. For such purpose, the displacement-
ased and hybrid-mixed four-node quadrilateral elements using the
NS method and the SaS method are proposed. The resulting equi-

ibrium equations are solved by a Crisfield arc-length algorithm in-
orporated into a Newton–Raphson method. This makes it possible to
onclude that the presented 3D stress analysis of plate structures in
nstability conditions is a significant contribution to solid mechanics,
ince both developed SaS plate quadrilaterals allow us to calculate all
omponents of the second Piola–Kirchhoff stress tensor in entire states
f equilibrium path such as pre-buckling range, buckling point and
ost-buckling range.

. Displacement-based ANS quadrilateral plate element

Consider a plate-type structure of the thickness h. The plate can be
escribed as a 3D body of volume V, which is bounded by top, bottom
nd edge surfaces 𝛺+, 𝛺− and 𝛴, respectively. The origin of a Cartesian

coordinate system (𝑥1, 𝑥2, 𝑥3) is located on the mid-surface 𝛺 such that
the coordinate 𝑥3 is oriented along the thickness as illustrated in Fig. 1.
Introduce inside the plate 𝑁 not equally spaced SaS parallel to the
middle surface to accept the displacements of these surfaces as basic
plate unknowns. The transverse coordinates of SaS 𝛺𝐼 (𝐼 = 1, 2,… , 𝑁)
re given by

𝐼 = −ℎ
2
cos

(

𝜋 2𝐼 − 1
2𝑁

)

. (1)

Herein, the locations of SaS coincide with the coordinates of the
Chebyshev polynomial nodes (the roots of the Chebyshev polynomial
of degree N). These locations lead to better convergence characteristics
of the SaS method [32,33].

In order to perform the approximation for displacement distri-
butions through the thickness, we introduce the first fundamental
assumption of the SaS plate formulation [39] as follows:

𝑢𝑖 =
∑

𝐼
𝐿𝐼𝑢𝐼𝑖 , 𝑢𝐼𝑖 = 𝑢𝑖(𝑧𝐼 ), (2)

where 𝑢𝐼𝑖
(

𝑥1, 𝑥2
)

are the displacements of SaS; 𝐿𝐼
(

𝑥3
)

are the La-
grange basis polynomials of degree 𝑁 − 1 defined as

𝐿𝐼 =
∏

𝐽≠𝐼

𝑥3 − 𝑧𝐽

𝑧𝐼 − 𝑧𝐽
, 𝐽 = 1, 2,… , 𝑁. (3)

The following step consists in the choice of the consistent approx-
mation for strains through the thickness of the plate. It is apparent
hat the strain distribution should be chosen similar to the displacement
istribution in Eq. (2):

𝑖𝑗 =
∑

𝐿𝐼𝜀𝐼𝑖𝑗 , 𝜀𝐼𝑖𝑗 = 𝜀𝑖𝑗 (𝑧𝐼 ), (4)

𝐼
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Fig. 2. Quadrilateral plate element.
Fig. 3. Plate patch test.
where 𝜀𝐼𝑖𝑗 (𝑥
1, 𝑥2) are the components of the Green–Lagrange strain

tensor of SaS [35] given by

2𝜀𝐼𝛼𝛽 = 𝜆𝐼𝛼𝛽 + 𝜆
𝐼
𝛽𝛼 +

∑

𝑖
𝜆𝐼𝑖𝛼𝜆

𝐼
𝑖𝛽 ,

2𝜀𝐼𝛼3 = 𝛽𝐼𝛼 + 𝜆𝐼3𝛼 +
∑

𝑖
𝜆𝐼𝑖𝛼𝛽

𝐼
𝑖 ,

2𝜀𝐼33 = 2𝛽𝐼3 +
∑

𝑖
𝛽𝐼𝑖 𝛽

𝐼
𝑖 ,

(5)

and

𝜆𝐼𝑖𝛼 = 𝑢𝐼𝑖,𝛼 , 𝛽𝐼𝑖 =
∑

𝐽
𝑀𝐽 (𝑥𝐼3

)

𝑢𝐽𝑖 , (6)

where 𝑀𝐼 = 𝐿𝐼,3 are the polynomials of degree 𝑁 − 2; their values on
SaS are

𝑀𝐽 (𝑧𝐼
)

= 1
𝑧𝐽 − 𝑧𝐼

∏

𝐾≠𝐼, 𝐽

𝑧𝐼 − 𝑧𝐾

𝑧𝐽 − 𝑧𝐾
for 𝐽 ≠ 𝐼,

𝑀𝐼 (𝑧𝐼
)

= −
∑

𝐽≠𝐼
𝑀𝐽 (𝑧𝐼

)

.
(7)

Here, Latin indices 𝑖, 𝑗 range from 1 to 3; Greek indices 𝛼, 𝛽 range
from 1 to 2; and the symbol (…),𝑖 stands for the partial derivatives with
respect to coordinates 𝑥𝑖.

According to constitutive equations, the following stress distribution
can be derived similar to the strain distribution in Eq. (4):

𝑆𝑖𝑗 =
∑

𝐿𝐼𝑆𝐼𝑖𝑗 , 𝑆𝐼𝑖𝑗 = 𝑆𝑖𝑗 (𝑧𝐼 ), (8)

𝐼

3

where 𝑆𝐼𝑖𝑗 (𝑥
1, 𝑥2) are the components of the second Piola–Kirchhoff

stress tensor of SaS defined as

𝑆𝐼𝑖𝑗 =
∑

𝑘

∑

𝑙
𝐶𝑖𝑗𝑘𝑙𝜀

𝐼
𝑘𝑙 , 𝑘, 𝑙 = 1, 2, 3 (9)

and 𝐶𝑖𝑗𝑘𝑙 are the elastic constants of the material.
By applying through-thickness distributions (2), (4) and (8) into the

principle of virtual work and introducing the weighted coefficients

𝛬𝐼𝐽 = ∫

ℎ∕2

−ℎ∕2
𝐿𝐼𝐿𝐽𝑑𝑥3, (10)

the following variational equation in terms of SaS variables is obtained
x

𝛺

∑

𝐼

∑

𝐽
𝛬𝐼𝐽 𝛿

(

𝜺𝐼
)T 𝐂𝜺𝐽 𝑑𝑥1𝑑𝑥2 = 𝛿𝑊 , (11)

𝑊 =
x

𝛺

(

(𝐮+)T𝐩+ − (𝐮−)T𝐩−
)

𝑑𝑥1𝑑𝑥2 +𝑊𝛴 , (12)

where

𝜺𝐼 =
[

𝜀𝐼11 𝜀𝐼22 𝜀𝐼332𝜀
𝐼
122𝜀

𝐼
132𝜀

𝐼
23
]T ,

𝐮+ =
[

𝑢+1 𝑢+2 𝑢+3
]T , 𝐮− =

[

𝑢−1 𝑢−2 𝑢−3
]T ,

𝐩+ =
[

𝑝+1 𝑝+2 𝑝+3
]T , 𝐩− =

[

𝑝−1 𝑝−2 𝑝−3
]T ,

𝐂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

𝐶1111 𝐶1122 𝐶1133 𝐶1112 0 0
𝐶2211 𝐶2222 𝐶2233 𝐶2212 0 0
𝐶3311 𝐶3322 𝐶3333 𝐶3312 0 0
𝐶1211 𝐶1222 𝐶1233 𝐶1212 0 0
0 0 0 0 𝐶1313 𝐶1323

⎤

⎥

⎥

⎥

⎥

⎥

⎥

,

(13)
⎣ 0 0 0 0 𝐶2313 𝐶2323⎦



M. Bohlooly, G.M. Kulikov, S.V. Plotnikova et al. International Journal of Non-Linear Mechanics 126 (2020) 103540

𝑛

4

m
v
D

𝜀

a

w

𝐊

o

𝐊

w

𝐊

o
o

𝜟

𝛥

Fig. 4. Half of the toggle frame modeled by 4 × 1 mesh.

where 𝑢+𝑖 and 𝑢−𝑖 are the displacements of top and bottom surfaces 𝛺+

and 𝛺−; 𝑝+𝑖 and 𝑝−𝑖 are the tractions on top and bottom surfaces; 𝑊𝛴
is the work done by external loads applied to the edge surface 𝛴.

A simple finite element interpolation through SaS four-node plate
quadrilaterals [39] can be written as

𝑥𝛼 =
∑

𝑟
𝑁𝑟𝑥

𝛼
𝑟 , (14)

𝑢𝐼𝑖 =
∑

𝑟
𝑁𝑟𝑢

𝐼
𝑖𝑟, (15)

𝑁𝑟 =
1
4
(

1 + 𝑛1𝑟𝜉1
) (

1 + 𝑛2𝑟𝜉2
)

,

1𝑟 =
{

1 for 𝑟 = 1, 4
−1 for 𝑟 = 2, 3

, 𝑛2𝑟 =
{

1 for 𝑟 = 1, 2
−1 for 𝑟 = 3, 4

,
(16)

where 𝑁𝑟(𝜉1, 𝜉2) are the bilinear shape functions of the element; 𝑥𝛼𝑟
are the nodal coordinates; 𝑢𝐼𝑖𝑟 are the displacements of SaS at element
nodes; and the index 𝑟 denotes the number of nodes ranging from 1 to
. The standards of local numbering of the nodes are shown in Fig. 2.

To overcome shear locking and avoiding spurious zero energy
odes, we apply the reliable ANS interpolation [37,38] of the trans-

erse shear strains of SaS [39] with four sampling points A, B, C, and
, shown in Fig. 2,
𝐼
𝛼3 = 𝓁1

𝛼 �̂�
𝐼
13 + 𝓁2

𝛼 �̂�
𝐼
23, (17)

nd

�̂�𝐼13 =
1
2
(

1 − 𝜉2
)

�̂�𝐼13 (B) +
1
2
(

1 + 𝜉2
)

�̂�𝐼13 (D) ,

�̂�𝐼23 =
1
2
(

1 − 𝜉1
)

�̂�𝐼23 (A) +
1
2
(

1 + 𝜉1
)

�̂�𝐼23 (C) ,
(18)

where �̂�𝐼𝛼3 are the covariant components of the Green–Lagrange strain
tensor of SaS in the contravariant basis 𝒂𝑖 defined as 𝒂𝑖 ⋅𝒂𝑗 = 𝛿𝑗𝑖 ; and 𝓁𝛽𝛼
are the elements of the inverse Jacobian matrix given in Appendix A.

By introducing the displacement vector of the plate element

𝐪 =
[

𝐪T1 𝐪T2 𝐪T3 𝐪T4
]T ,

𝐪𝑟 =
[

𝑢11𝑟 𝑢
1
2𝑟 𝑢

1
3𝑟 𝑢

2
1𝑟 𝑢

2
2𝑟 𝑢

2
3𝑟… 𝑢𝑁1𝑟 𝑢

𝑁
2𝑟 𝑢

𝑁
3𝑟
]T ,

(19)

and applying Eqs. (5), (6) and (15)–(18), the nonlinear nodal strain–
displacement equations are written as

𝜺𝐼 = 𝐁𝐼𝐪 + 𝐀𝐼 (𝐪)𝐪, (20)

where 𝐁𝐼 and 𝐀𝐼 (𝐪) are linear and nonlinear matrices of order 6×12𝑁 .
The definition of 𝐀𝐼 (𝐪) is expressed as

𝐀𝐼 (𝐪) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐪T𝜫𝐼
1

𝐪T𝜫𝐼
2

𝐪T𝜫𝐼
3

𝐪T𝜫𝐼
4

𝐪T𝜫𝐼
5

𝐪T𝜫𝐼
6

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,
(

𝐀𝐼 (𝐪)
)T =

[

𝜫𝐼
1𝐪 𝜫𝐼

2𝐪 𝜫𝐼
3𝐪 𝜫𝐼

4𝐪 𝜫𝐼
5𝐪 𝜫𝐼

6𝐪
]

,

(21)

where 𝜫 𝐼
𝑠(𝑠 = 1, 2,… , 6) are the symmetric matrices of order 12𝑁×12𝑁

defined in Appendix A.
4

Substituting (14), (15) and (20) in Eqs. (11) and (12), and taking
into account that

𝛿𝜺𝐼 =
(

𝐁𝐼 + 2𝐀𝐼 (𝐪)
)

𝛿𝐪, (22)

the nonlinear equilibrium equations of the ANS quadrilateral plate
element are obtained

𝐊S(𝐪)𝐪 = 𝐅, (23)

where the secant stiffness matrix 𝐊S(𝐪) is defined as

𝐊S (𝐪) =
∑

𝐼

∑

𝐽
𝛬𝐼𝐽 ∫

1

−1 ∫

1

−1

(

𝐁𝐼 + 2𝐀𝐼 (𝐪)
)T

× 𝐂
(

𝐁𝐽 + 𝐀𝐽 (𝐪)
)

det(𝐉) d𝜉1d𝜉2. (24)

By implementing the incremental procedure to generate new state
(𝑡+𝛥𝑡𝐪, 𝑡+𝛥𝑡𝐅) from known state (𝑡𝐪, 𝑡𝐅):
𝑡+𝛥𝑡𝐪 = 𝑡𝐪 + 𝛥𝐪, 𝑡+𝛥𝑡𝐅 = 𝑡𝐅 + 𝛥𝐅, (25)

hich yields

S
(𝑡𝐪 + 𝛥𝐪

)

(𝑡𝐪 + 𝛥𝐪) = 𝑡𝐅 + 𝛥𝐅, (26)

r

S(𝑡𝐪)𝛥𝐪 +𝐊N(𝛥𝐪)(𝑡𝐪 + 𝛥𝐪) = 𝛥𝐅, (27)

here

N(𝛥𝐪) =
∑

𝐼

∑

𝐽
𝛬𝐼𝐽 ∫

1

−1 ∫

1

−1

[

(

𝐁𝐼 + 2𝐀𝐼
(𝑡𝐪

))T 𝐂𝐀𝐽 (𝛥𝐪)

+2
(

𝐀𝐼 (𝛥𝐪)
)T 𝐂

(

𝐁𝐽 + 𝐀𝐽
(𝑡𝐪 + 𝛥𝐪

))

]

det(𝐉) d𝜉1d𝜉2.
(28)

Unlike the load-control Newton–Raphson method, which 𝛥𝐪 is the
nly unknown vector, here both parameters (𝛥𝐪, 𝛥𝐅) are unknown. In
rder to simplify above equation, the expression 𝛥𝐅 = 𝛥𝜑𝐅 is defined,

which means the load vector change by scalar parameter 𝛥𝜑 during
loading. Thus, the remaining unknowns are (𝛥𝐪, 𝛥𝜑) and Eq. (27) leads
to

𝐊S(𝑡𝐪)𝛥𝐪 +𝐊N(𝛥𝐪)(𝑡𝐪 + 𝛥𝐪) = 𝛥𝜑𝐅. (29)

Due to non-linear terms in incremental equation (29), the Newton–
Raphson iteration process should be employed

𝛥𝐪[𝑛+1] = 𝛥𝐪[𝑛] + 𝛥𝐪[𝑛],
𝛥𝜑[𝑛+1] = 𝛥𝜑[𝑛] + 𝛥�̃�[𝑛],

𝑛 = 0, 1,… , NIter,
(30)

where NIter is the number of iterations. As a result, the linearized
equilibrium equations are written as

𝐊T𝜟𝐪[𝑛] = 𝛥𝐅[𝑛] + 𝛥�̃�[𝑛]𝐅, (31)

where 𝐊T = 𝐊D+𝐊H is the tangent stiffness matrix of order 12𝑁×12𝑁 ;
𝐅[𝑛] is the right-hand side vector given by

𝐊D =
∑

𝐼

∑

𝐽
𝛬𝐼𝐽 ∫

1

−1 ∫

1

−1

(

𝐋𝐼
(𝑡𝐪 + 𝛥𝐪[𝑛]

))T

× 𝐂𝐋𝐽
(𝑡𝐪 + 𝛥𝐪[𝑛]

)

det(𝐉) d𝜉1d𝜉2, (32)

𝐊H = 2
∑

𝐼

∑

𝐽
𝛬𝐼𝐽 ∫

1

−1 ∫

1

−1
𝐇𝐼 [𝐂

(

𝐁𝐽 + 𝐀𝐽
(𝑡𝐪 + 𝛥𝐪[𝑛]

)) (𝑡𝐪 + 𝛥𝐪[𝑛]
)]

× det(𝐉)d𝜉1d𝜉2, (33)

𝐅[𝑛] = 𝛥𝜑[𝑛]𝐅 −
∑

𝐼

∑

𝐽
𝛬𝐼𝐽 ∫

1

−1 ∫

1

−1

{

(

𝐋𝐼
(𝑡𝐪 + 𝛥𝐪[𝑛]

))T

× 𝐂
(

𝐋𝐽
(𝑡𝐪 + 𝛥𝐪[𝑛]

)

− 𝐀𝐽
(

𝛥𝐪[𝑛]
))

+ 𝟐𝐇𝐼 [𝐂
(

𝐁𝐽 + 𝐀𝐽
(𝑡𝐪

)) 𝑡𝐪
]

}

𝛥𝐪[𝑛] det(𝐉)d𝜉1d𝜉2, (34)

where

𝐋𝐼 𝐪 = 𝐁𝐼 + 2𝐀𝐼 𝐪 . (35)
( ) ( )
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Table 1
Convergence study for William’s toggle frame with three SaS.

Element Mesh 𝛥𝓁 Upper critical load Lower critical load

𝐹 −𝑢2 (A) NStat/NIter 𝐹 −𝑢2 (A) NStat/NIter

SaSD4 4 × 1 1 × 10−2 – – failed – – failed
8 × 1 1.5 × 10−2 – – failed – – failed
16 × 1 2 × 10−2 – – failed – – failed
32 × 1 2.5 × 10−2 – – failed – – failed
64 × 1 3 × 10−2 – – failed – – failed
128 × 1 3.5 × 10−2 36.00 0.248 122/280 34.67 0.375 184/426
256 × 1 4 × 10−2 34.35 0.236 143/314 32.10 0.387 234/517

SaSH4 4 × 1 1 × 10−2 37.19 0.257 90/178 35.40 0.399 139/276
8 × 1 1.5 × 10−2 34.58 0.236 73/182 32.07 0.396 122/309
16 × 1 2 × 10−2 33.99 0.234 74/189 31.36 0.394 124/324
32 × 1 2.5 × 10−2 33.84 0.231 81/206 31.18 0.392 137/355
64 × 1 3 × 10−2 33.80 0.232 95/236 31.14 0.393 160/405
128 × 1 3.5 × 10−2 33.79 0.232 114/272 31.12 0.392 192/464
256 × 1 4 × 10−2 33.78 0.231 140/311 31.11 0.392 237/532
Fig. 5. Eigenvalues of half of the toggle frame with three and five SaS using SaSD4 ( ) and SaSH4 ( ) elements.
The equilibrium equations (31) for each element can be assembled
y a standard technique to form the global equilibrium equations as
ollows:
G
T𝛥�̃�

[𝑛] = 𝛥𝐅G[𝑛] + 𝛥�̃�[𝑛]𝐅
G
, (36)

here 𝐊G
T , 𝛥�̃�

[𝑛], 𝜟𝐅G[𝑛], and 𝐅
G

denote the global form of 𝐊T, 𝜟𝐪[𝑛],
𝐅[𝑛], and 𝐅, respectively.

In order to implement the arc-length method, based on the Riks
formulation [9], into the Newton–Raphson method, the following equa-
tion should be applied

(𝛥𝐔[𝑛]+𝛥�̃�[𝑛])T ⋅(𝛥𝐔[𝑛]+𝛥�̃�[𝑛])+𝜓2(𝛥𝜑[𝑛]+𝛥�̃�[𝑛])2((𝐅
G
)T ⋅𝐅

G
) = 𝛥𝓁2, (37)

here the parameter 𝛥𝓁 denotes a prescribed distance to search for
he next state. The parameter 𝜓 describes a hyper ellipse surface in
inding next equilibrium point. In the simple case, one can consider
= 0. It leads to a cylindrical arc-length method [12]. By eliminating

ncremental displacement 𝛥�̃�[𝑛] from Eqs. (36) and (37), a quadratic
quation can be calculated as follows
[𝑛]
2 (𝛥�̃�[𝑛])2 + 𝜁 [𝑛]1 𝛥�̃�[𝑛] + 𝜁 [𝑛]0 = 0, (38)

here the coefficients 𝜁 [𝑛]2 , 𝜁 [𝑛]1 and 𝜁 [𝑛]0 may be derived as

[𝑛]
2 = ((𝐊G

T )
−1𝐅

G
)T(𝐊G

T )
−1𝐅

G
,

[𝑛]
1 = 2((𝐊G

T )
−1𝐅

G
)T((𝐊G

T )
−1𝜟𝐅G[𝑛] + 𝛥𝐔[𝑛]),

[𝑛]
0 = −𝛥𝓁2 + ((𝐊G

T )
−1𝜟𝐅G[𝑛] + 𝛥𝐔[𝑛])T((𝐊G

T )
−1𝜟𝐅G[𝑛] + 𝛥𝐔[𝑛]).

(39)

emark 1. As expected, the tangent stiffness matrix 𝐊T is symmetric.
his is due to the symmetry of matrices 𝐊 and 𝐊 . The symmetry
D H

5

of the latter matrix follows directly from the symmetry of matrices 𝐇𝐼

according to Proposition 1 in Appendix B.

Remark 2. To calculate the weighted coefficients 𝛬𝐼𝐽 from Eq. (10),
the N -point Gaussian quadrature rule in order to fulfill exact integra-
tion are utilized. This is sufficient because 𝐿𝐼 are the Lagrange basis
polynomials of degree 𝑁 − 1.

Remark 3. The equilibrium equation (36) should be performed until
the required accuracy of the solution
‖

‖

‖

𝛥𝐔[𝑛+1] − 𝛥𝐔[𝑛]‖
‖

‖

< 𝜀 ‖‖
‖

𝛥𝐔[𝑛]‖
‖

‖

(40)

is reached, where ‖…‖ stands for the Euclidean norm; 𝛥𝐔 is the global
vector of displacement increments; 𝜀 is the prescribed tolerance.

Remark 4. Calculating Eq. (38) leads to two different solutions
(𝛥�̃�[𝑛]

1 , 𝛥�̃�[𝑛]
2 ) and corresponding displacement vectors (𝛥𝐔[𝑛+1]

1 , 𝛥𝐔[𝑛+1]
2 ).

To avoid move back phenomenon (so-called track-back), it is important
to select the proper solution [12]. It can be determined by the smallest
angle or, equivalently, the largest value of the following dot products:

𝜃[𝑛+1]1 = (𝛥𝐔[𝑛])T ⋅ 𝛥𝐔[𝑛+1]
1

𝜃[𝑛+1]2 = (𝛥𝐔[𝑛])T ⋅ 𝛥𝐔[𝑛+1]
2 .

(41)

At the beginning of each iteration process (𝑛 = 0), the global
displacement vector is zero (𝛥𝐔[0] = 0). Therefore, both (𝜃[1]1 , 𝜃[1]2 ) will
be equal to zero, that is, the proper solution between (𝛥�̃�[𝑛]

1 , 𝛥�̃�[𝑛]
2 ) is

the one with similar sign as the determinant of tangent stiffness matrix.
In addition, there are other criteria, which choose a proper solution at
the first iteration [42].
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Fig. 6. Convergence of the smallest nonzero eigenvalue for different Poisson’s ratios using three SaS and distorted meshes 2𝑘 × 1 and 8𝑘 × 𝑘, where 𝑘 = 1, 2, 4, 8, 16 and 32.
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Table 2
Critical load of the column with 𝑒 = −ℎ∕104 using
three SaS and 𝛥𝓁 = 10−3.

Element Mesh 103 × 𝐹

SaSD4 4 × 1 0.2524
8 × 1 0.2475
16 × 1 0.2463
32 × 1 0.2460
64 × 1 0.2460

SaSH4 4 × 1 0.2524
8 × 1 0.2475
16 × 1 0.2463
32 × 1 0.2460
64 × 1 0.2460

Timoshenko
and Gere [43]

– 0.2467

Table 3
Results for the column with 𝑒 = −ℎ∕2 using three SaS, 32 × 1 mesh and NStat = 1.

Element 𝛥𝓁 10 100 400 800 1000

SaSD4 NIter 5 8 17 24 33
104 × 𝐹 1.7353 2.3839 2.7431 4.2966 7.0790
−𝑢3(A) 1.4918 14.620 54.310 80.634 72.270

SaSH4 NIter 4 6 6 13 17
104 × 𝐹 1.7353 2.3839 2.7431 4.2955 7.0789
−𝑢3(A) 1.4918 14.620 54.310 80.633 72.270

3. Hybrid-mixed ANS quadrilateral plate element

In order to introduce the SaS quadrilateral plate element with a
higher computational efficiency with respect to the previous nonlinear
displacement-based ANS quadrilateral, the hybrid-mixed method can
be applied [19,26,35]. By using through-thickness distributions (2),
(4) and (8) into a Hellinger–Reissner variational principle [40], the
variational equation consisting of SaS variables can be expressed as
x

𝛺

∑

𝐼

∑

𝐽
𝛬𝐼𝐽

[

𝛿
(

𝐒𝐼
)T (𝜺𝐽 − 𝐂−1𝐒𝐽

)

+ 𝛿
(

𝜺𝐼
)T 𝐒𝐽

]

𝑑𝑥1𝑑𝑥2 = 𝛿𝑊 , (42)

where

𝐒𝐼 =
[

𝑆𝐼11 𝑆
𝐼
22 𝑆

𝐼
33 𝑆

𝐼
12 𝑆

𝐼
13 𝑆

𝐼
23
]T . (43)

To fulfill a patch test, the stresses of SaS are interpolated throughout
the element as suggested by Kulikov and Plotnikova [39]:

𝐒𝐼 = 𝐏𝜱𝐼 , (44)

where

𝜱𝐼 =
[

𝛷𝐼 𝛷𝐼 … 𝛷𝐼 ]T , (45)
1 2 12

6

𝐏 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0 𝑡11𝑡
1
1𝜉

2
𝑡12𝑡

1
2𝜉

1
0 0 0 0

0 1 0 0 0 0 𝑡21𝑡
2
1𝜉

2
𝑡22𝑡

2
2𝜉

1
0 0 0 0

0 0 1 0 0 0 0 0 𝜉
1

𝜉
2

0 0
0 0 0 1 0 0 𝑡11𝑡

2
1𝜉

2
𝑡12𝑡

2
2𝜉

1
0 0 0 0

0 0 0 0 1 0 0 0 0 0 𝑡11𝜉
2

𝑡12𝜉
1

0 0 0 0 0 1 0 0 0 0 𝑡21𝜉
2

𝑡22𝜉
1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

(46)

where 𝑡𝛽𝛼 are the elements of the Jacobian matrix evaluated at the
element center; 𝜉

𝛼
are the transformed coordinates defined as

𝑡𝛼1 = 1
4
(

𝑥𝛼1 − 𝑥
𝛼
2 − 𝑥

𝛼
3 + 𝑥

𝛼
4
)

, 𝑡𝛼2 = 1
4
(

𝑥𝛼1 + 𝑥
𝛼
2 − 𝑥

𝛼
3 − 𝑥

𝛼
4
)

,

𝜉
𝛼
= 𝜉𝛼 − 𝜉𝛼c , 𝜉𝛼c = 1

𝐴el ∫

1

−1 ∫

1

−1
𝜉𝛼 det(𝐉) d𝜉1d𝜉2,

el = ∫

1

−1 ∫

1

−1
det(𝐉) d𝜉1d𝜉2.

(47)

The aim of introducing 𝜉
𝛼

lies in simplicity of some element matrices
of the hybrid-mixed method [44,45] because a useful formula

∫

1

−1 ∫

1

−1
𝜉
𝛼
det(𝐉) d𝜉1d𝜉2 = 0, (48)

olds.

emark 5. According to stress interpolations (44)–(46), 12 assumed
tress parameters 𝛷𝐼

1 , 𝛷
𝐼
2 ,… , 𝛷𝐼

12 are introduced for each SaS, i.e., 12N
or all SaS. It seems to be excessive for the four-node quadrilateral
late element with 12N displacement DOF. However, there exist six
ependent modes, which provide a correct rank of the element stiffness
atrix [39].

Substituting interpolations (14), (15), (20) and (44) in a mixed
ariational equation (42) and considering Eq. (22), the nonlinear equi-
ibrium equations of the hybrid-mixed plate element are obtained
∑

𝐽
𝛬𝐼𝐽

[(

𝐑𝐽 (𝐪) −𝐆𝐽 (𝐪)
)

𝐪 −𝐐𝜱𝐽 ] = 0, (49)

∑

𝐼

∑

𝐽
𝛬𝐼𝐽

(

𝐑𝐼 (𝐪)
)T 𝜱𝐽 = 𝐅, (50)

here

= ∫

1

−1 ∫

1

−1
𝐏T𝐂−1𝐏 det(𝐉) d𝜉1d𝜉2,

𝐼 (𝐪) = ∫

1

−1 ∫

1

−1
𝐏T𝐋𝐼 (𝐪) det(𝐉) d𝜉1d𝜉2,

𝐼 (𝐪) =
1 1

𝐏T𝐀𝐼 (𝐪) det(𝐉) d𝜉1d𝜉2.

(51)
∫−1 ∫−1
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(

Fig. 7. Vertical displacement of the middle surface at point A of William’s toggle frame
versus load F : SaSH4 element using three SaS and 16×1 mesh for 𝜈 = 0 (#) and 𝜈 = 0.3

) and experimental study [46] ( ).

Due to the fact that det
(

𝛬𝐼𝐽
)

≠ 0 [36], Eq. (49) can be simplified
(

𝐑𝐼 (𝐪) −𝐆𝐼 (𝐪)
)

𝐪 = 𝐐𝜱𝐼 . (52)

Next, we implement the incremental total Lagrangian formulation

𝑡+𝛥𝑡𝐪 = 𝑡𝐪 + 𝛥𝐪, 𝑡+𝛥𝑡𝜱𝐼 = 𝑡𝜱𝐼 + 𝛥𝜱𝐼 , 𝑡+𝛥𝑡𝐅 = 𝑡𝐅 + 𝛥𝐅, (53)
7

where 𝛥𝐪, 𝛥𝜱𝐼 and 𝛥𝐅 are the incremental variables. Substituting
Eq. (53) in equilibrium equations (50) and (52) and considering that
the external loads and stresses constitute the self-equilibrated system
in a configuration at time t, the incremental equations are written as
(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪) −𝐆𝐼 (𝛥𝐪)
)

𝛥𝐪 = 𝐐𝛥𝜱𝐼 , (54)
∑

𝐼

∑

𝐽
𝛬𝐼𝐽

[

(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪)
)T 𝛥𝜱𝐽 + 2

(

𝐆𝐼 (𝛥𝐪)
)T 𝑡𝜱𝐽

]

= 𝛥𝐅, (55)

where the load vector 𝛥𝐅 is defined by the scalar parameter 𝛥𝜑 and the
constant load vector 𝐅 as follows:
∑

𝐼

∑

𝐽
𝛬𝐼𝐽

[

(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪)
)T 𝛥𝜱𝐽 + 2

(

𝐆𝐼 (𝛥𝐪)
)T 𝑡𝜱𝐽

]

= 𝛥𝜑𝐅. (56)

The Newton–Raphson iteration process is applied to linearize the
non-linear terms in incremental equations (54) and (56) as

𝛥𝐪[𝑛+1] = 𝛥𝐪[𝑛] + 𝛥𝐪[𝑛],
𝛥𝜑[𝑛+1] = 𝛥𝜑[𝑛] + 𝛥�̃�[𝑛],

𝛥𝜱𝐼[𝑛+1] = 𝛥𝜱𝐼[𝑛] + 𝛥�̃�
𝐼[𝑛]

,

𝑛 = 0, 1,… , NIter.

(57)

By substituting Eq. (57) in incremental equations, the following
linearized equilibrium equations are obtained:

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛])𝛥𝐪[𝑛] −𝐐𝛥�̃�𝐼[𝑛]

= 𝐐𝛥𝜱𝐼[𝑛] −
(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛]) −𝐆𝐼 (𝛥𝐪[𝑛])
)

𝛥𝐪[𝑛], (58)
∑

𝐼

∑

𝐽
𝛬𝐼𝐽

[

(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛])
)T 𝛥�̃�

𝐽 [𝑛]
+ 2

(

𝐆𝐼 (𝛥𝐪[𝑛])
)T (𝑡𝜱𝐽 + 𝛥𝜱𝐽 [𝑛])

]

= (𝛥𝜑[𝑛] + 𝛥�̃�[𝑛])𝐅
Fig. 8. Through-thickness distributions of the second Piola–Kirchhoff stresses for the William’s toggle frame at point B under load 𝐹 = 30: SaSH4 element using seven SaS and
128 × 8 mesh (solid lines), and SOLID45 element using 128 × 8 × 6 mesh for 𝜈 = 0 (#) and 𝜈 = 0.3 ( ).
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Fig. 9. Column with rectangular cross section under eccentric load with −ℎ∕2 ≤ 𝑒 < 0.

−
∑

𝐼

∑

𝐽
𝛬𝐼𝐽

[

(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛])
)T 𝛥𝜱𝐽 [𝑛] + 2

(

𝐆𝐼 (𝛥𝐪[𝑛])
)T 𝑡𝜱𝐽

]

. (59)

Eliminating incremental stress parameters 𝛥�̃�𝐼[𝑛] from Eqs. (58) and
59), the system of linear algebraic equations can be written as

T𝜟𝐪[𝑛] = 𝛥𝐅[𝑛] + 𝛥�̃�[𝑛]𝐅, (60)

where 𝐊T = 𝐊D+𝐊H is the tangent stiffness matrix of order 12𝑁×12𝑁 ;
𝐅[𝑛] is the right-hand side vector given by

D =
∑

𝐼

∑

𝐽
𝛬𝐼𝐽

(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛])
)T 𝐐−1𝐑𝐽 (𝑡𝐪 + 𝛥𝐪[𝑛]), (61)

𝐊H = 2
∑

𝐼

∑

𝐽
𝛬𝐼𝐽𝐓𝐼 (𝑡𝜱𝐽 + 𝛥𝜱𝐽 [𝑛]), (62)

𝜟𝐅[𝑛] = 𝛥𝜑[𝑛]𝐅 −
∑

𝐼

∑

𝐽
𝛬𝐼𝐽

[

(

𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛])
)T 𝐐−1

×
(

𝐑𝐽 (𝑡𝐪 + 𝛥𝐪[𝑛]) −𝐆𝐽 (𝛥𝐪[𝑛])
)

+2𝐓𝐼
(𝑡𝜱𝐽 )] 𝛥𝐪[𝑛],

(63)

here 𝐓𝐼 (𝜱𝐽 ) are the symmetric matrices of order 12𝑁 × 12𝑁 defined
s

𝐼 (𝜱𝐽 ) = ∫

1

−1 ∫

1

−1
𝐇𝐼 (𝐏𝜱𝐽 ) det(𝐉) d𝜉1d𝜉2, (64)

where the symmetric matrices 𝐇𝐼 (𝐰) are introduced in Appendix B.
Applying the cylindrical arc-length method, a quadratic equation

similar to Eq. (38) for finding 𝛥�̃�[𝑛] can be derived. By selecting the
proper solution 𝛥�̃�[𝑛], the incremental displacement vector 𝜟𝐪[𝑛] can be
calculated using Eq. (60).

Remark 6. The hybrid-mixed ANS plate element formulation requires
a numerical inversion of the matrix Q of order 12 × 12. As we
remember, in the displacement-based ANS plate element formulation
the element matrices (32)–(34) are evaluated with no numerical matrix
inversion.

To calculate the incremental stress vectors 𝛥𝜱𝐼[𝑛] from Eq. (62),
we apply an advanced finite element technique based on the use of
linearized equilibrium equations (54) at the previous nth iteration:

𝛥𝜱𝐼[𝑛] = 𝐐−1 (𝐑𝐼 (𝑡𝐪 + 𝛥𝐪[𝑛−1])𝛥𝐪[𝑛] −𝐆𝐼 (𝛥𝐪[𝑛−1])𝛥𝐪[𝑛−1]
)

. (65)

These equations hold for 𝑛 ≥ 1 and at the beginning of each iteration
process one should set

𝛥𝐪[0] = 𝟎, 𝛥𝜱𝐼[0] = 𝟎 . (66)

The proposed incremental approach allows the use of the arc-length
parameter, which are much larger than possible with the displacement-

based finite element formulation. This is because the additional load

8

Fig. 10. Displacements of the middle surface at point A of the column versus load F
with 𝑒 = −ℎ∕2: SaSH4 element using three (#) and five ( ) SaS and 32×1 mesh, and
umerical results [47] ( ).

Fig. 11. Deformed configurations of the middle surface of the column under load F
with 𝑒 = −ℎ∕2 in different states: SaSH4 element using three SaS and 32×1 mesh.

vector due to compatibility mismatch (65) at the nth iteration step is
presented in linearized equilibrium equations (60) and disappears only
at the end of the iteration process as discussed in contributions [18,35,
48].

4. Verification of SaS elements

The objectivity of the ANS plate quadrilaterals, denoted here by
the SaSD4 (displacement based) and SaSH4 (hybrid-mixed) elements,
is verified using the plate patch test and the inf–sup test and evaluating
as well as their eigenvalues.

4.1. Patch test

The plate patch test for the bending behavior of quadrilateral ele-
ments confirms that the finite element formulation is able to reproduce
the constant stress–strain states for distorted mesh configurations. Here,
we consider a patch of five plate elements [49] with four external and
four internal nodes depicted in Fig. 3.
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𝑢

Fig. 12. Through-thickness distributions of the longitudinal displacement and second Piola–Kirchhoff stresses for the column under eccentric load 𝐹 = 2.45 × 10−4 with 𝑒 = −ℎ∕2

t points B and C: SaSH4 element using three and five SaS and 128 × 1 mesh (solid lines), and SOLID45 element using 128 × 1 × 4 mesh (□) and ( )
Fig. 13. L-shaped plate modeled by 16𝑘2 square elements with dimensions 𝑏∕𝑘, where
is a number of elements along the width (𝑘 = 2, 4, 6, 8 and 16).

To fulfill the constant bending stress–strain state [39], the displace-
ments of SaS are prescribed as

𝑢𝐼1 = 𝑒𝑧𝐼
(

𝑥1 + 1
2
𝑥2
)

, 𝑢𝐼2 = 𝑒𝑧𝐼
( 1
2
𝑥1 + 𝑥2

)

,

𝐼 = −1 𝑒
[

(

𝑥1
)2 + 𝑥1𝑥2 +

(

𝑥2
)2] .

(67)

3 2

9

Applying prescribed displacements (67) to the external nodes, we
find that the displacements and strains at the internal nodes are identi-
cal to analytical answers. This study was conducted in papers [39,50]
by using three and five SaS and confirmed that the SaSD4 and SaSH4
elements pass the bending plate patch test.

4.2. Eigenvalue analysis

Here, we present the solution of the eigenvalue problem for one
half of the toggle frame (see Fig. 4) using a single element with three
and five SaS inside the frame. The geometric and material parameters
of the toggle are given in Section 5.1. The calculations are performed
using SaSD4 and SaSH4 elements and the results are shown in Fig. 5.
It is seen that six zero eigenvalues are clearly observed for both finite
element formulations. These numerical results confirm the results of a
theoretical study [39].

4.3. Inf–sup test

Finally, we implement the inf–sup condition [51] for the developed
SaS quadrilaterals. To perform the inf–sup test, we have to solve the
generalized eigenvalue problem [52]

�̃�𝐔 = 𝜆�̃�𝐔, (68)

where �̃� is the global stiffness matrix; �̃� is the norm matrix, which
can be obtained using the standard assembly procedure for the element
mass matrix with a unit material density

𝐌 =
1 1

∑∑

𝛬𝐼𝐽
(

𝐍𝐼
)T 𝐍𝐽 det(𝐉)𝑑𝜉1𝑑𝜉1 (69)
∫−1 ∫−1 𝐼 𝐽
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Fig. 14. Displacements of the middle surface at point A of the L-shaped plate versus
load F : SaSH4 element using three (#) and five ( ) SaS and mesh parameter 𝑘 = 4,
and numerical results [53] ( ).

Table 4
Critical load of the L-shaped plate with 𝑒 = ℎ∕50 using
three SaS and 𝛥𝓁 = 1.

Element Mesh parameter 𝑘 𝐹

SaSD4 2 1.139
4 1.128
6 1.124
8 1.123

SaSH4 2 1.135
4 1.126
6 1.123
8 1.122

Simo et al. [54] – 1.128
Campello et al.
[53]

– 1.130

Wriggers and
Gruttmann [55]

– 1.123

similar to the assembly of the element stiffness matrix 𝐊, where 𝐍𝐼 are
the shape function matrices of order 3 × 12𝑁 defined by finite element
approximations of the SaS displacements 𝐮𝐼 = 𝐍𝐼𝐪. The nonzero
components of these matrices are found as

(𝐍𝐼 )𝑖, 𝑖+3(𝐼−1)+3𝑁(𝑟−1) = 𝑁𝑟, (70)

here 𝑁𝑟 are the bilinear shape functions (16); the indices 𝑖 = 1, 2, 3,
= 1, 2,… , 𝑁 and 𝑟 = 1, 2, 3, 4.

The numerical algorithm consists in calculating the smallest nonzero
igenvalue 𝜆min of the generalized eigenvalue problem (68) for a spec-

ified mesh. As a numerical example, consider one half of the toggle
frame (Fig. 4) clamped on the left edge (𝑢𝐼1 = 𝑢𝐼2 = 0) and symmetrically
supported on the right (𝑢𝐼1 = 0). The geometric and material parameters
of the toggle are given in Section 5.1. The results obtained by SaSD4
and SaSH4 elements for the different Poisson’s ratios using three SaS
and two families of distorted meshes 2𝑘 × 1 and 8𝑘 × 𝑘, where 𝑘 =
1, 2, 4, 8, 16 and 32, are shown in Fig. 6. As can be seen, both SaS
elements pass the inf–sup test for all values of the Poisson’s ratio but the
SaSH4 element behaves much better. Note also that the use of a larger
number of SaS inside the frame body leads to very close results for the
smallest nonzero eigenvalue. For example, the SaSH4 element using a
8 × 1 mesh and Poisson’s ratio of 0.499 provides the following results:
log (𝜆 ) = 2.2835 and 2.2831 for three and five SaS, respectively.
10 min

10
Fig. 15. Deformed configurations of the middle surface of the L-shaped plate in
different states: SaSH4 element using three SaS and mesh parameter 𝑘 = 4.

Table 5
Critical load of the circular plate with 𝑒 = −ℎ∕104

using three SaS and 𝛥𝓁 = 10−2.
Element Mesh parameter 𝑘 10−6 × 𝑃

SaSD4 2 10.417
4 10.633
8 10.686
16 10.699

SaSH4 2 10.405
4 10.631
8 10.685
16 10.699

Timoshenko
and Gere [43]

– 10.769

Table 6
Results for the circular plate with 𝑒 = −ℎ∕100 using three SaS, mesh parameter 𝑘 = 8
and NStat = 1.

Element 𝛥𝓁 50 100 150 200 250

SaSD4 NIter 6 8 11 25 14
10−6 × 𝑃 33.69 83.64 158.2 268.7 459.6
𝑢3(A) 2.947 5.325 7.460 9.477 11.390

SaSH4 NIter 6 7 7 8 9
10−6 × 𝑃 33.61 83.12 156.5 265.2 457.5
𝑢3(A) 2.947 5.321 7.447 9.453 11.348

5. Numerical results

The performance of SaSD4 and SaSH4 elements are evaluated using
analytical and finite element solutions extracted from the literature
and experimental results as well. Herein, to plot the load–displacement
curves, Eqs. (36) and (60) are applied to some states with the incremen-
tal arc-length parameter 𝛥𝓁. Note also that NStat denotes a number of
states and NIter stands for a total number of iterations required to reach
the prescribed tolerance of 𝜀 = 10−4.

5.1. William’s toggle frame

In this section, a two bar frame frequently used in the literature for
the nonlinear structural analysis is selected to verify the accuracy of
the implementation of the arc-length method for both finite elements.
The frame with clamped edges is subjected to vertical load at the top as
shown in Fig. 4. The geometric and material parameters of the frame
are chosen as 𝐿 = 12.943, 𝐿 = 0.386, 𝑏 = 0.243, ℎ = 0.753, 𝐸 =
1 2
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Fig. 16. Through-thickness distributions of in-plane displacements and second Piola–Kirchhoff stresses for the L-shaped plate at point B(15, 120) in two states near bifurcation:
SaSH4 element using three and five SaS and mesh parameter 𝑘 = 16.
10.3 × 106, 𝜈 = 0 and 𝜈 = 0.3 as well. The analytical and experimental
results for the frame are presented by Williams [46], whereas the
numerical results are given by many authors (see e.g. [47]). According
to numerical and experimental studies, a moderate snap-through is
reported in the variation of load 𝐹 versus the vertical displacement of
the middle surface 𝑢2 (A). Due to symmetry of the problem, only one
alf of the frame is modeled by 4𝑘 × 1 meshes.

The results of the convergence study for 𝜈 = 0 are given in Table 1.
It is seen that the SaSH4 element converges very fast and allows the
use of coarse meshes to achieve reasonable results. On the contrary,
the SaSD4 element with the same incremental arc-length parameter
𝛥𝓁 requires the use of only fine meshes. Fig. 7 displays the load–
displacement curves using the SaSH4 element with three SaS and 16×1
11
mesh for two values of Poisson’s ratios compared with the results of
the experimental study [46]. The results corresponding to five SaS are
not plotted because they are graphically indistinguishable. Fig. 8 shows
the through-thickness distribution of the second Piola–Kirchhoff stress
tensor at point B under load 𝐹 = 30 using seven SaS and a fine 128 × 8
mesh to describe well boundary conditions on the external surfaces for
the transverse stresses because these stresses are small. The results are
compared with those obtained by the ANSYS SOLID45 element [56]
using 128 × 8 × 6 mesh that corresponds to a selected number of SaS.
These results demonstrate the high potential of the SaSH4 element,
since the boundary conditions for the transverse stresses are satisfied
correctly and cannot be reproduced using a less number of SaS due
to the non-parabolic distribution of the transverse stresses. Note also
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Fig. 17. One quarter of the circular plate modeled by distorted meshes of 3𝑘2 elements,
where 𝑘 = 1, 2, 4, 8, 16 and 24.

Fig. 18. Transverse displacement of the middle surface at point A of the circular plate
versus load P: SaSH4 element using three ( ) and five (#) SaS and mesh parameter
𝑘 = 8, and semi-analytical solution [57] ( ).

hat the SOLID45 element leads to poor prediction of these stresses
or 𝜈 = 0.3. As it turned out, it is impossible to fulfill the boundary

conditions for transverse stresses choosing more elements across the
thickness.

5.2. Column under eccentric load

In this example, a column with a rectangular cross section is con-
sidered. One edge is clamped and the other is free and subjected to
two concentrated eccentric loads as shown in Fig. 9. The geometric
parameters and material properties are taken as 𝐿 = 100, 𝑏 = ℎ = 1,
𝐸 = 12 and 𝜈 = 0. Due to eccentric loading (−ℎ∕2 ≤ 𝑒 < 0), there is no
bifurcation-type buckling. However, the critical load can be estimated
in very small values of |𝑒|. Therefore, the convergence study of the
critical load using both SaS elements is presented in Table 2 applying
12
𝑒 = −ℎ∕104 and calculating the intersection of the primary equilibrium
ath and quadratic fitting of the load–displacement curve. It is seen
hat the SaS elements require relatively coarse meshes to match the
esult of Timoshenko and Gere [43]. A comparison of the number of
terations in predicting the second state from the initial state (NStat =
) obtained by the SaSD4 and SaSH4 elements is shown in Table 3.
ere, it is assumed that the compression load is positioned on the
ottom surface, that is, 𝑒 = −ℎ∕2. As can be seen, in low values of the

arc-length parameter, both elements are similar. However, in prediction
of very far states using large values of 𝛥𝓁, the SaSH4 element is more
efficient. The load–displacement curves related to point A are shown
in Fig. 10. A good agreement is seen between the current results using
three and five SaS and 32×1 mesh and those obtained by Wood and
Zienkiewicz [47]. The deformed configurations of the middle surface
are plotted in Fig. 11. Fig. 12 presents through-thickness distributions
of the longitudinal displacement and second Piola–Kirchhoff stresses
at points B and C using three and five SaS and a fine mesh 128×1.
Here, a state near the critical load with 𝐹 = 2.45 × 10−4 is considered.
A comparison is made with the SOLID45 element [56] using 128×1×4
mesh. The non-displayed stress components are zeros. The results using
five SaS demonstrate again the high potential of the SaSH4 element
because the boundary conditions on the bottom and top surfaces for
transverse stresses are satisfied with very high accuracy. However, the
use of three SaS that corresponds to applying a 9-parameter higher-
order theory (see e.g. [26,27,29]) yields unacceptable results for the
transverse shear and normal stresses.

5.3. L-shaped plate

Consider a cantilever L-shaped plate subjected to in-plane force 𝐹
on the middle surface at point A as depicted in Fig. 13. The geometric
parameters and material properties are 𝐿 = 255, 𝑏 = 30, ℎ = 0.6,
𝐸 = 71240 and 𝜈 = 0.31. The plate is modeled by square elements
characterized by a mesh parameter k, which defines the number of
elements along the plate width, where 𝑘 = 2, 4, 6, 8 and 16. In such
situation, the total number of elements is 16𝑘2. This problem has been
considered by many researchers [53–55,58–60]. They apply a small
perturbation in out of plane to obtain the secondary equilibrium path.
Here, the SaS formulation is used to trigger the secondary equilibrium
path by applying the in-plane force with a small eccentricity. This
condition is beneficial for different shapes of structures, since a position
of the perturbation load may have an effect on the buckling modes.

Table 4 shows the results of the convergence study for both SaS
elements, which are obtained by finding the intersection point of
primary equilibrium path and quadratic fitting of the load–deflection
curve. The results are compared with those found in papers [53–55].
It is seen that the results agree well even in the case of coarse meshes.
Fig. 14 displays the displacements of the middle surface at point A
versus load 𝐹 using the SaSH4 element with three and five SaS and
mesh parameter 𝑘 = 4. The transverse displacement 𝑢3(A) is compared
with the numerical solution of Campello et al. [53] and one can see
that a good agreement is achieved until 𝑢3(A) ≤ 60. It is also seen that
the transverse displacement is decreased and the current path-following
method, that is, the arc-length method, calculates the correct states. The
deformed configurations of the L-shaped plate are depicted in Fig. 15.
As can be seen, the transverse displacement at point A is increased and
then decreased. Fig. 16 shows the through-thickness distribution of the
displacements and second Piola–Kirchhoff stress tensor at point B (15,
120) in State 1 (𝐹 = 1.087 and 𝑢3(A) = 0.564) and State 2 (𝐹 = 1.113
and 𝑢3(A) = 2.222) using three and five SaS and mesh parameter 𝑘 = 16.
Obviously, the displacement increments cause a strong change in the
stress distribution. As can be seen, the SaSH4 element performs well,
since the boundary conditions on outer surfaces for transverse shear
components are fulfilled properly. However, it cannot be employed for
the calculation of the transverse normal stress because the plate is very
thin with the slenderness ratio of 𝐿∕ℎ = 425. For thicker plates, there is
no such problem as established in works [35,36] using exact geometry
SaS solid-shell elements.
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Fig. 19. Through-thickness distribution of the second Piola–Kirchhoff stress tensor for the circular plate at point A in a post-buckling state: SaSH4 element using three and five
SaS and mesh parameter 𝑘 = 24.
5.4. Circular plate under uniform in-plane pressure

To evaluate the effect of mesh distortion on performance of SaS
elements, we consider a circular plate with simply supported boundary
conditions subjected to uniform in-plane pressure 𝑃 (force per unit
length) as depicted in Fig. 17. Due to symmetry, only one quarter
of the plate is modeled by distorted meshes of 3𝑘2 elements, where
𝑘 = 1, 2, 4, 8, 16 and 24. The geometric parameters and mechanical
properties are taken as 𝑅 = 50, ℎ = 1, 𝐸 = 70 × 109 and 𝜈 = 0.3. The
in-plane pressure is applied with a very small eccentricity to trigger the
secondary equilibrium path.

Table 5 presents the results of the convergence study for the SaS
quadrilateral elements. The critical load is defined as the intersection
13
point of primary equilibrium path and quadratic fitting of the load–
displacement curve. It is seen that both SaS elements allow the use
of coarse meshes and the results agree closely with the exact solution
of Timoshenko and Gere [43]. The results listed in Table 6 have been
found for NStat = 1 and demonstrate again that the SaSH4 element
is the best performer especially for far states. Fig. 18 shows the load–
displacement curve using the SaSH4 element with three and five SaS
and mesh parameter 𝑘 = 8 compared with the semi-analytical so-
lution [57]. In this work, a first-order shear deformation theory and
von Karman strain–displacement equations are applied. Therefore, the
results are close only in a region 𝑢3(𝐴) ≤ 1. Fig. 19 displays the through-
thickness distribution of the second Piola–Kirchhoff stress tensor at
point A in a state of post-buckling regime (𝑃 = 13.3 × 106and 𝑢 (A) =
3
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0.99) using the SaSH4 element with three and five SaS inside the plate
and a fine mesh with the mesh parameter 𝑘 = 24. As can be seen, the
use of the 15-parameter model with five SaS inside the plate leads to
good accuracy in fulfilling the boundary conditions on the bottom and
top surfaces for transverse shear stresses. However, this model describes
worse boundary conditions for the transverse normal stress. This is due
to the fact that this stress is very small and the use of distorted meshes
does not allow us to find a better solution of the problem. Note also
that again the 9-parameter model with three SaS yields unacceptable
results for the transverse stress components.

6. Conclusions

This paper presents the ANS displacement-based (SaSD4) and
hybrid-mixed (SaSH4) quadrilateral elements based on the SaS formu-
lation for the 3D stress analysis of plate-type structures in instability
conditions. Two key points are considered in the SaS formulation: the
displacements, strains and stresses are interpolated in the thickness
direction using Lagrange polynomials, and the locations of SaS are
associated with Chebyshev polynomial nodes. The nonlinear equilib-
rium equations are solved by the Newton–Raphson method combined
with the Crisfield arc-length algorithm. The obtained results indicate
convincingly the high potential of both SaS elements in predicting
different critical points. However, the SaSH4 element converges faster
and the number of Newton iterations can be significantly reduced
compared to the SaSD4 element. In addition, the SaSH4 element can
be applied for the 3D stress analysis of different states such as pre-
buckling, bifurcation and post-buckling with high accuracy in fulfilling
boundary conditions.
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Appendix A

Using interpolation (15), we can represent the SaS strain parameters
(6) as

𝜆𝐼𝑖𝛼 =
∑

𝑟

𝜕𝑁𝑟
𝜕𝑥𝛼

𝑢𝐼𝑖𝑟,

𝐼
𝑖 =

∑

𝐽
𝑀𝐽 (𝑥𝐼3 )

∑

𝑟
𝑁𝑟𝑢

𝐽
𝑖𝑟 .

(A.1)

The derivatives of shape functions are taken as
[ 𝜕𝑁𝑟
𝜕𝑥1
𝜕𝑁𝑟
𝜕𝑥2

]

= 𝐉−1
[ 𝜕𝑁𝑟
𝜕𝜉1
𝜕𝑁𝑟
𝜕𝜉2

]

, (A.2)

where 𝐉 =
[

𝑡𝛽𝛼
]

is the Jacobian matrix and 𝐉−1 =
[

𝓁𝛽𝛼
]

is the inverse
Jacobian matrix; their elements are defined as

𝑡𝛼1 = 1
4
(

1 + 𝜉2
) (

𝑥𝛼1 − 𝑥
𝛼
2
)

+ 1
4
(

1 − 𝜉2
) (

𝑥𝛼4 − 𝑥
𝛼
3
)

,

𝑡𝛼2 = 1
4
(

1 + 𝜉1
) (

𝑥𝛼1 − 𝑥
𝛼
4
)

+ 1
4
(

1 − 𝜉1
) (

𝑥𝛼2 − 𝑥
𝛼
3
)

,

𝓁1
1 = 1

𝛥
𝑡22 𝓁2

1 = − 1
𝛥
𝑡21 𝓁1

2 = − 1
𝛥
𝑡12 𝓁2

2 = 1
𝛥
𝑡11,

(A.3)

where 𝛥 = 𝑡1𝑡2 − 𝑡2𝑡1.
1 2 1 2
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The application of Eqs. (5) and (16)–(18), (A1) and (A2) leads to
the presentation of SaS strains inside the quadrilateral plate element

𝜺𝐼 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐁𝐼1
𝐁𝐼2
𝐁𝐼3
𝐁𝐼4
𝐁𝐼5
𝐁𝐼6

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝐪 +

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜳 𝐼
1 (𝐪)

𝜳 𝐼
2 (𝐪)

𝜳 𝐼
3 (𝐪)

𝜳 𝐼
4 (𝐪)

𝜳 𝐼
5 (𝐪)

𝜳 𝐼
6 (𝐪)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (A.4)

where 𝐁𝐼𝑠𝐪 and 𝜳 𝐼
𝑠 (𝐪) are the linear and nonlinear parts of strain–

displacement equations, where 𝑠 = 1, 2,… , 6. The matrices 𝐁𝐼𝑠 are given
in paper [50].

The matrices 𝜫𝐼
𝑠 used in Eq. (21) are

(𝜫𝐼
𝑠 )𝜅𝜆 =

1
2
𝜕2𝜳 𝐼

𝑠 (𝐪)
𝜕𝑞𝑘𝜕𝑞𝜆

, 𝜅, 𝜆 = 1, 2,… , 12𝑁. (A.5)

It is apparent that matrices 𝜫𝐼
𝑠 are symmetric.

Appendix B

Proposition 1. For any vector 𝐰 =
[

𝑤1𝑤2𝑤3𝑤4𝑤5𝑤6
]T the identity

(

𝐀𝐼 (𝐪)
)T 𝐰 = 𝐇𝐼 (𝐰)𝐪 (B.1)

holds, where 𝐇𝐼 (𝐰) are the symmetric matrices of order 12𝑁 × 12𝑁 given
by

𝐇𝐼 (𝐰) =
∑

𝑠
𝑤𝑠𝜫𝐼

𝑠 . (B.2)

Proof. The symmetry of matrices 𝐇𝐼 (𝐰) follows from the symmetry
f matrices 𝜫𝐼

𝑠 (see Appendix A). Due to Eq. (21), we have
(

𝐀𝐼 (𝐪)
)T 𝐰 =

[

𝜫𝐼
1𝐪 𝜫𝐼

2𝐪 𝜫𝐼
3𝐪 𝜫𝐼

4𝐪 𝜫𝐼
5𝐪 𝜫𝐼

6𝐪
]

𝐰 = 𝐇𝐼 (𝐰)𝐪 (B.3)

that completes the proof.
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