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Abstract
A hybrid-mixed exact geometry four-node thermopiezoelectric solid-shell ele-
ment through the sampling surfaces (SaS) formulation is proposed. The SaS
formulation is based on the choice of an arbitrary number of SaS within lay-
ers parallel to the middle surface and located at Chebyshev polynomial nodes
in order to introduce the temperatures, displacements and electric potentials of
these surfaces as basic shell unknowns. Due to the variational formulation, the
outer surfaces and interfaces are also included into a set of SaS. Such choice
of unknowns with the use of Lagrange polynomials in the through-thickness
approximations of temperatures, temperature gradient, displacements, strains,
electric potential, and electric field leads to a very compact higher-order ther-
mopiezoelectric shell formulation. To implement efficient analytical integration
throughout the solid-shell element, the extended assumed natural strain method
is employed for all components of the temperature gradient, strain tensor, and
electric field vector. The developed hybrid-mixed four-node thermopiezoelectric
solid-shell element is based on the Hu–Washizu variational principle and shows
a superior performance in the case of coarse meshes. It can be useful for the
three-dimensional thermoelectroelastic analysis of thick and thin doubly curved
laminated piezoelectric shells under thermal loading, since the SaS formulation
allows one to obtain the numerical solutions with a prescribed accuracy, which
asymptotically approach exact solutions of the theory of thermopiezoelectricity
as a number of SaS tends to infinity.
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1 INTRODUCTION

The exact solutions of thermopiezoelectricity are of great importance for the analysis of laminated piezoelectric shells
under thermo-electro-mechanical loads due to the fact that the verification of approximate shell theories and shell
elements can be assessed by comparing their predictions with exact solutions. The exact analysis of laminated piezo-
electric plates and shells under thermal loading has received considerable attention during past 20 years (see review
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papers1,2). There are at least four approaches to three-dimensional (3D) exact solutions of thermoelectroelasticity for
piezoelectric plates, namely, the Pagano approach, the state space approach, the asymptotic expansion approach and
the sampling surfaces (SaS) approach. The first approach was implemented for thermopiezoelectric plates in papers.3-7

The most popular state space approach was effectively used in References 8-12. The 3D solution of thermoelectroelas-
ticity for piezoelectric rectangular plates using the asymptotic expansion approach was obtained by Cheng and Batra.13

The application of the SaS variational approach to the 3D-coupled thermoelectroelastic analysis of laminated piezo-
electric plates was carried out by the authors.14,15 In the thermopiezoelectric shell formulation, the coefficients of the
system of differential equations depend on the thickness coordinate. This means that the Pagano approach and the
state space approach cannot be applied to exact solutions for shells. To solve this problem for the thermoelectroelas-
tic cylindrical shells and panels, the power series expansion approach16-21 and the SaS variational approach22,23 can be
utilized.

Nowadays, the finite element method is a well-established tool for the analysis of smart structures. Since the pioneer-
ing work of Allik and Hughes,24 in which the piezoelectric tetrahedral element was proposed, the finite element analysis
of smart structures was carried out in many contributions described in review papers.25-27

The static and vibration analysis of composite plates and nanoplates with piezoelectric sensors and actuators using the
Kirchhoff plate theory was performed in References 28,29. The thermopiezoelectric shell elements based on the first-order
shear deformation theory were developed in papers.30-33 To describe the temperature and electric potential fields, the
layer-wise model is applied.30,31 The piezoelectric plate elements using the third-order shear deformation theory (TSDT)
with the layer-wise description of the electric potential are considered in papers.34-36 The laminated piezoelectric beam
element based on the zigzag TSDT theory with thickness stretching caused by the Poisson effect due to thermal and electric
fields is proposed in Reference 37. The finite element formulation in the frame work of the higher-order shear deformation
theory (HSDT) for estimating the dynamic response of functionally graded piezoelectric plates was developed in Reference
38. The HSDT layer-wise finite element models for the smart beams and plates under thermo-electro-mechanical loads
are considered in papers.39-43

Significant progress has been made in developing continuum-based finite elements that can handle the analysis of
smart shells satisfactorily.44-46 These elements are typically defined by two layers of nodes on the outer surfaces of the
shell with three displacement degrees of freedom (DOF) and are known as isoparametric six-parameter piezoelectric
solid-shell elements. However, the six-parameter solid-shell element formulation based on the complete constitutive
equations of thermopiezoelectricity47,48 is deficient because thickness locking occurs. This is due to the fact that the linear
displacement field in the thickness direction results in a constant transverse normal strain, which causes artificial stiff-
ening of the shell element in the case of nonzero Poisson’s ratios. To prevent thickness locking, the enhanced assumed
strain method can be applied, in which the transverse normal strain is enriched in the thickness direction by a linear
term.44,45

An effective way of using 3D constitutive equations of thermopiezoelectricity is to employ the higher-order shell
theory with seven displacement DOF.49 The seven-parameter solid-shell element formulation is based on the choice of
six displacements of the outer surfaces and the transverse displacement of the middle surface as basic shell unknowns.
Such finite element formulation is optimal with respect to the number of DOF. A more general nine-parameter shell
theory, in which nine displacements of the bottom, middle, and top surfaces are introduced as shell unknowns was devel-
oped later.50,51 The electric potential is distributed linearly50 and quadratically51 through the layers applying a layer-wise
description. This piezoelectric solid-shell element formulation is based on the SaS method22,23 using three equispaced
SaS. Such choice of SaS with the use of Lagrange polynomials of the second degree in the through-thickness distri-
butions of displacements, strains and stresses allows the representation of the nine-parameter piezoelectric solid-shell
element formulation in a very compact form. Moreover, this higher-order model makes it possible to obtain the
Green–Lagrange strain tensor, which exactly represents large rigid-body motions of the shell in any convected curvilinear
coordinate system.52 Taking into account that the displacement vectors of SaS are resolved in the middle surface basis,
the nine-parameter shell theory is very promising for the development of exact geometry or geometrically exact (GeX)
solid-shell elements.50,51 The term GeX means that the parametrization of the middle surface is known a priori and, there-
fore, the coefficients of the first and second fundamental forms and Christoffel symbols are taken exactly at the element
nodes.

It is well known that seven- and nine-parameter solid-shell elements cannot be used to evaluate transverse compo-
nents of the stress tensor and the electric displacement vector in laminated piezoelectric shell structures. For their correct
assessment, taking into account the boundary conditions on the outer surfaces and the continuity conditions on the inter-
faces, one should utilize solid-shell elements based on the higher-order layer-wise theory or solid elements. The solid
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elements for piezoelectric beams and plates under thermal loading are discussed in References 53-58. Some authors56,57

use brick elements from the ABAQUS and ANSYS software packages for static and dynamic thermoelectroelastic
analysis of piezoelectric plates. However, the results on the through-thickness distributions of the transverse components
of the stress tensor and the electric displacement vector are not documented in these papers. To the authors’ knowledge,
there are also no results in the literature concerning the prediction of these components in piezoelectric shells under ther-
mal loading using higher-order layer-wise models owing to the inability of these models to take into account thickness
stretching.

This paper is intended to solve this problem by developing GeX solid-shell elements based on the SaS layer-wise
theory22,23 to accurately calculate stresses and electric displacements in thick and thin laminated thermopiezoelectric
shell structures. This is one of the main motivations for the present research. Due to the SaS concept, we introduce in the
nth layer In SaS parallel to the middle surface in order to introduce temperatures T(n)in , displacements u(n)in

i and electric
potentials𝜑(n)in of these surfaces as fundamental shell unknowns, where in = 1, 2, … , In; n = 1, 2, … , N; N is the number
of layers. Such choice of unknowns with the use of Lagrange polynomials of degree In − 1 in the through-the-thickness
approximations of temperature, temperature gradient and heat flux vector, displacements, strains and stresses, electric
potential, electric field and electric displacement vector, as well as the entropy density of the nth layer leads to a reliable
higher-order layer-wise shell formulation, in which all basic variables are related to SaS. Recently, the SaS formulation was
utilized to develop GeX four-node solid-shell elements for the geometrically linear and nonlinear analysis of piezoelectric
shell structures.59-61 Here, these studies are extended to analyze coupled thermo-electro-mechanical fields in laminated
piezoelectric shells.

To prevent shear and membrane locking in the GeX SaS-based four-node solid-shell element, the assumed interpola-
tions of stresses and displacement-independent strains are employed. Therefore, it is necessary to apply the Hu-Washizu
mixed variational principle of thermopiezoelectricity.49 The developed finite element formulation has some computa-
tional advantages compared with isoparametric hybrid-mixed piezoelectric solid-shell element formulations.44-47 This is
due to the fact that all elemental matrices are evaluated without costly numerical matrix inversion. It is impossible within
the framework of the isoparametric hybrid-mixed shell element formulation.62,63 The important feature of the GeX ther-
mopiezoelectric solid-shell element is the use of effective analytical integration throughout the finite element using the
extended assumed natural strain (ANS) method.51,59,60

2 HIGHER- ORDER HEAT TRANSFER THEORY OF LAMINATED SHELLS

Consider a laminated shell of the thickness h. Let the middle surfaceΩ be described by orthogonal curvilinear coordinates
𝜃1 and 𝜃2, which are referred to the lines of principal curvatures of its surface. The coordinate 𝜃3 is oriented along the
unit vector e3(𝜃1, 𝜃2) normal to the middle surface. Introduce the following notations: e𝛼(𝜃1, 𝜃2) are the orthonormal base
vectors of the middle surface; A𝛼(𝜃1, 𝜃2) are the coefficients of the first fundamental form; k𝛼(𝜃1, 𝜃2) are the principal
curvatures of the middle surface; c𝛼 = 1+ k𝛼𝜃3 are the components of the shifter tensor; c(n)in

𝛼 (𝜃1, 𝜃2) are the components
of the shifter tensor on SaS of the nth layer Ω(n)in given by

c(n)in
𝛼 = 1 + k𝛼𝜃

(n)in
3 , (1)

where 𝜃(n)in
3 are the distances from the middle surface to the SaS of the nth layer defined as

𝜃
(n)1
3 = 𝜃[n−1]

3 , 𝜃
(n)In
3 = 𝜃[n]3 , (2)

𝜃
(n)mn
3 = 1

2
(
𝜃[n−1]

3 + 𝜃[n]3
)
− 1

2
hn cos

(
𝜋

2mn − 3
2 (In − 2)

)
, (3)

where hn = 𝜃[n]3 − 𝜃[n−1]
3 is the thickness of the nth layer; 𝜃[m]

3 are the distances from the middle surface to the interfaces
Ω[m] (Figure 1); the index n identifies the belonging of any quantity to the nth layer and runs from 1 to N; the index m
identifies the belonging of any quantity to the interface and runs from 1 to N − 1; the indices in, jn, kn running from 1 to In
describe the SaS of the nth layer, whereas the indices mn running from 2 to In − 1 describe the inner SaS of the nth layer;
N is the number of layers; In is the number of SaS of the nth layer; NSaS =

∑
nIn − N + 1 is the total number of SaS; Latin

indices i, j, k, l range from 1 to 3; Greek indices 𝛼, 𝛽 range from 1 to 2.
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F I G U R E 1 Geometry of the laminated shell

It is seen from Equation (3) that the inner SaS Ω(n)mn are located at Chebyshev polynomial nodes (roots
of the Chebyshev polynomial of degree In − 2). This fact has a great meaning for the convergence of the SaS
method.14,22

In an orthonormal basis ei, the relationship between the temperature T(n) and the temperature gradient Γ(n)
i of the nth

layer is given by

Γ(n)
𝛼 = 1

A𝛼c𝛼
T(n)
,𝛼 , Γ(n)

3 = T(n)
,3 , 𝜃[n−1]

3 ≤ 𝜃3 ≤ 𝜃[n]3 , (4)

where the symbol (… ),i stands for the partial derivatives with respect to coordinates 𝜃i.
As constitutive equations, we consider the Fourier heat conduction equations

q(n)
i = −𝜅(n)ij Γ(n)

j , 𝜃[n−1]
3 ≤ 𝜃3 ≤ 𝜃[n]3 , (5)

where q(n)
i are the components of the heat flux vector of the nth layer; 𝜅(n)ij are the components of the thermal con-

ductivity tensor of the nth layer. Here and in the following developments, the summation on repeated Latin indices is
implied.

Now we introduce the first assumption of the SaS thermopiezoelectric shell formulation. Assume that the
temperature, temperature gradient and heat flux are distributed through the thickness of the nth layer as
follows: [

T(n) Γ(n)
i q(n)

i

]
=
∑

in

L(n)in

[
T(n)in Γ(n)in

i q(n)in
i

]
, 𝜃[n−1]

3 ≤ 𝜃3 ≤ 𝜃[n]3 , (6)

where T(n)in (𝜃1, 𝜃2) are the temperatures of SaS of the nth layer; Γ(n)in
i (𝜃1, 𝜃2) and q(n)in

i (𝜃1, 𝜃2) are the components of the
temperature gradient and heat flux vector of SaS of the nth layer; L(n)in (𝜃3) are the Lagrange polynomials of degree In − 1
defined as

L(n)in =
∏
jn≠in

𝜃3 − 𝜃
(n)jn
3

𝜃
(n)in
3 − 𝜃(n)jn

3

. (7)

The use of Equations (4)–(7) leads to heat conduction equations in terms of SaS variables

Γ(n)in
𝛼 = 1

A𝛼c(n)in
𝛼

T(n)in
,𝛼 , Γ(n)in

3 =
∑

jn

M(n)jn

(
𝜃
(n)in
3

)
T(n)jn , (8)

q(n)in
i = −𝜅(n)ij Γ(n)in

j , (9)

where M(n)jn = L(n)jn
,3 are the polynomials of degree In − 2; their values on SaS are calculated as
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M(n)jn

(
𝜃
(n)in
3

)
= 1
𝜃
(n)jn
3 − 𝜃(n)in

3

∏
kn≠in,jn

𝜃
(n)in
3 − 𝜃(n)kn

3

𝜃
(n)jn
3 − 𝜃(n)kn

3

for jn ≠ in,

M(n)in

(
𝜃
(n)in
3

)
= −

∑
jn≠in

M(n)jn

(
𝜃
(n)in
3

)
. (10)

It is seen from Equation (8) that the transverse component of the temperature gradient Γ(n)in
3 is represented as a linear

combination of temperatures of SaS of the nth layer T(n)jn .
64

3 SOLID-SHELL ELEMENT FOR HEAT CONDUCTION ANALYSIS
OF SHELLS

The variational equation of the heat conduction theory for the laminated shell can be expressed as

𝛿J = 0, (11)

where J is the basic functional of the heat conduction theory22 given by

J = ∫ ∫
Ω

∑
n

𝜃[n]3

∫
𝜃[n−1]

3

1
2

q(n)
i Γ(n)

i A1A2c1c2d𝜃1d𝜃2d𝜃3

− ∫ ∫
Ω+

[
q̂+

3 T[N] + 1
2

h+
(

T[N] − T̂+
c

)2
]

A1A2c+1 c+2 d𝜃1d𝜃2

+ ∫ ∫
Ω−

[
q̂−

3 T[0] − 1
2

h−
(

T[0] − T̂−
c

)2
]

A1A2c−1 c−2 d𝜃1d𝜃2 − ∫ ∫
Σ

q̂nTΣd𝛴, (12)

where T[0] and T[N] are the temperatures of the bottom and top surfaces Ω− = Ω[0] and Ω+ = Ω[N] (Figure 1); T̂−
c and T̂+

c
are the prescribed temperatures for the convective transfer on the outer surfaces; q̂−

3 and q̂+
3 are the prescribed heat fluxes

on the outer surfaces; TΣ and q̂n are the temperature and prescribed heat flux at the edge surface Σ; h− and h+ are the
convective heat transfer coefficients; c−𝛼 = 1 − k𝛼h∕2 and c+𝛼 = 1 + k𝛼h∕2 are the components of the shifter tensor of outer
surfaces. Each outer surface is divided into three parts on which the temperature, heat flux and convective heat transfer
are prescribed.

Substituting through-the-thickness distributions of the temperature gradient and heat flux (6) in Equation (12) and
considering the first-type boundary conditions on the edge surface, and introducing weighted coefficients64

Λ(n)injn =

𝜃[n]3

∫
𝜃[n−1]

3

L(n)in L(n)jn c1c2d𝜃3, (13)

we obtain the variational equation of the heat conduction theory in terms of the SaS variables

𝛿∫ ∫
Ω

∑
n

∑
in

∑
jn

1
2
Λ(n)injn

(
𝚪(n)in

)T𝛋(n)𝚪(n)jn A1A2d𝜃1d𝜃2

= −∫ ∫
Ω+

[
q̂+

3 + h+
(

T[N] − T̂+
c

)]
𝛿T[N]A1A2c+1 c+2 d𝜃1d𝜃2

+ ∫ ∫
Ω−

[
q̂−

3 − h−
(

T[0] − T̂−
c

)]
𝛿T[0]A1A2c−1 c−2 d𝜃1d𝜃2, (14)
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where

𝚪(n)in =
[
Γ(n)in

1 Γ(n)in
2 Γ(n)in

3

]T
,

𝛋(n) =
⎡⎢⎢⎢⎣
𝜅
(n)
11 𝜅

(n)
12 0

𝜅
(n)
21 𝜅

(n)
22 0

0 0 𝜅
(n)
33

⎤⎥⎥⎥⎦ . (15)

The finite element formulation is based on simple interpolation of temperatures of SaS of the nth layer by a GeX
four-node solid-shell element52,60

T(n)in =
∑

r
NrT(n)in

r , (16)

Nr =
1
4
(1 + n1r𝜉1) (1 + n2r𝜉2), (17)

n1r =

{
1 for r = 1, 4

−1 for r = 2, 3
, n2r =

{
1 for r = 1, 2

−1 for r = 3, 4
,

where Nr(𝜉1, 𝜉2) are the bilinear shape functions of the element; T(n)in
r are the temperatures of SaS of the nth layer at the

element nodes; 𝜉1 and 𝜉2 are the normalized curvilinear coordinates 𝜃1 and 𝜃2 (Figure 2); the nodal index r runs from 1
to 4.

To implement analytical integration throughout the element, the extended ANS method52,60 can be applied to
interpolate temperature gradients of SaS of the nth layer

𝚪(n)in =
∑

r
Nr𝚪(n)in

r , (18)

𝚪(n)in
r =

[
Γ(n)in

1r Γ(n)in
2r Γ(n)in

3r

]T
,

where 𝚪(n)in
r are the temperature gradients of SaS of the nth layer at element nodes, which are evaluated as

𝚪(n)in
r = B(n)in

𝜃 r T, (19)

F I G U R E 2 Biunit square in (𝜉1, 𝜉2 )-space mapped into the middle surface
of the geometrically exact four-node solid-shell element in (x1, x2, x3)-space
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where B(n)in
𝜃 r are the constant matrices of order 3× 4NSaS presented in Appendix A; T is the temperature vector of the

solid-shell element given by

T =
[
TT

1 TT
2 TT

3 TT
4
]T
, (20)

Tr = [T[0]
r T(1)2

r … T(1)I1−1
r T[1]

r T(2)2
r … T(N−1)IN−1−1

r T[N−1]
r T(N)2

r … T(N)IN−1
r T[N]

r

]T
,

where T[0]
r and T[N]

r are the temperatures of the outer surfaces at element nodes; T[m]
r and T(n)mn

r are the temperatures of
interfaces and inner SaS of the nth layer at element nodes.

To represent the GeX thermal solid-shell element formulation in a compact form, we write the ANS interpolation (18)
as follows:

𝚪(n)in =
∑
r1,r2

(
𝜉1)r1(𝜉2)r2𝚪(n)in

r1r2
, (21)

𝚪(n)in
r1r2

=
[
Γ(n)in

1r1r2
Γ(n)in

2r1r2
Γ(n)in

3r1r2

]T
.

Here and below, the indices r1 and r2 run from 0 to 1. Using Equations (18)–(21), we obtain

𝚪(n)in
r1r2

= B(n)in
𝜃 r1r2

T, (22)

where B(n)in
𝜃 r1r2

are the constant matrices of order 3× 4NSaS given by

B(n)in
𝜃 r1r2

= 1
4

[
B(n)in
𝜃1 + (1 − 2r1)B(n)in

𝜃2 + (1 − 2r1) (1 − 2r2)B(n)in
𝜃3 + (1 − 2r2)B(n)in

𝜃4

]
. (23)

Substituting interpolations (16) and (21) into the variational equation (14) and replacing the geomet-
ric parameters of the middle surface A𝛼 and k𝛼 with their values at the element center, we can analyt-
ically integrate throughout the finite element. As a result, the following system of algebraic equations is
obtained: (

Kb
𝜃𝜃 + Kc

𝜃𝜃

)
T = F𝜃, (24)

where Kb
𝜃𝜃

is the basic thermal stiffness matrix defined as

Kb
𝜃𝜃 =

∑
r1+r2≤2

1
3r1+r2

∑
n

∑
in

∑
jn

Λ(n)injn

(
B(n)in
𝜃 r1r2

)T
𝛋(n)B(n)jn

𝜃 r1r2
, (25)

Kc
𝜃𝜃

is the stiffness matrix corresponding to the convective heat transfer and F𝜃 is the thermal surface vector presented in
Appendix A.

4 HIGHER- ORDER THERMOELECTROELASTIC THEORY
OF LAMINATED SHELLS

Here, we introduce the second assumption of the SaS thermopiezoelectric shell formulation. Assume that the displace-
ments u(n)

i , strains 𝜀(n)ij , stresses 𝜎(n)ij , electric potential 𝜑(n), electric field E(n)
i , electric displacements D(n)

i , and entropy
density S(n) are distributed through the thickness of the nth layer14,22 as follows:

[
u(n)

i 𝜀
(n)
ij 𝜎

(n)
ij 𝜑(n) E(n)

i D(n)
i S(n)

]
=
∑

in

L(n)in

[
u(n)in

i 𝜀
(n)in
ij 𝜎

(n)in
ij 𝜑(n)in E(n)in

i D(n)in
i S(n)in

]
, 𝜃[n−1]

3 ≤ 𝜃3 ≤ 𝜃[n]3 , (26)
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where u(n)in
i (𝜃1, 𝜃2), 𝜀

(n)in
ij (𝜃1, 𝜃2), 𝜎

(n)in
ij (𝜃1, 𝜃2), 𝜑(n)in (𝜃1, 𝜃2), E(n)in

i (𝜃1, 𝜃2), D(n)in
i (𝜃1, 𝜃2), and S(n)in (𝜃1, 𝜃2) are the displace-

ments, strains, stresses, electric potential, electric field, electric displacements, and entropy density of SaS of the nth layer,
respectively.

In the orthonormal basis ei, the relations between strains and displacements of SaS of the nth layer52 can be written as

2𝜀(n)in
𝛼𝛽

= 1
c(n)in
𝛽

𝜆
(n)in
𝛼𝛽

+ 1
c(n)in
𝛼

𝜆
(n)in
𝛽𝛼

,

2𝜀(n)in
𝛼3 = 1

c(n)in
𝛼

𝜆
(n)in
3𝛼 + 𝛽(n)in

𝛼 , 𝜀
(n)in
33 = 𝛽

(n)in
3 , (27)

where 𝜆(n)in
i𝛼 (𝜃1, 𝜃2) and 𝛽(n)in

i (𝜃1, 𝜃2) are the strain parameters of SaS of the nth layer defined as

𝜆
(n)in
𝛼𝛼 = 1

A𝛼

u(n)in
𝛼,𝛼 + B𝛼u(n)in

𝛽
+ k𝛼u(n)in

3 for 𝛽 ≠ 𝛼,

𝜆
(n)in
𝛽𝛼

= 1
A𝛼

u(n)in
𝛽,𝛼

− B𝛼u(n)in
𝛼 for 𝛽 ≠ 𝛼,

𝜆
(n)in
3𝛼 = 1

A𝛼

u(n)in
3,𝛼 − k𝛼u(n)in

𝛼 , B𝛼 =
1

A𝛼A𝛽

A𝛼,𝛽 for 𝛽 ≠ 𝛼, (28)

𝛽
(n)in
i =

∑
jn

M(n)jn

(
𝜃
(n)in
3

)
u(n)jn

i . (29)

In the orthonormal basis ei, the relations between the electric field and electric potentials of SaS of the nth layer60 are
expressed as

E(n)in
𝛼 = − 1

A𝛼c(n)in
𝛼

𝜑
(n)in
,𝛼 ,

E(n)in
3 = −

∑
jn

M(n)jn

(
𝜃
(n)in
3

)
𝜑(n)jn . (30)

For simplicity, we consider the case of linear piezoelectric materials. Therefore, the constitutive equations of ther-
mopiezoelectricity in terms of SaS variables22 are

𝛔(n)in = C(n)𝛆(n)in −
(
e(n))TE(n)in − 𝛄(n)Θ(n)in , (31)

D(n)in = e(n)𝛆(n)in + ∈(n)E(n)in + r(n)Θ(n)in , (32)

S(n)in =
(
𝛄(n)

)T𝛆(n)in +
(
r(n)

)TE(n)in + 𝜒 (n)Θ(n)in , (33)

where

𝛆(n)in =
[
𝜀
(n)in
11 𝜀

(n)in
22 𝜀

(n)in
33 2𝜀(n)in

12 2𝜀(n)in
13 2𝜀(n)in

23

]T
,

𝛔(n)in =
[
𝜎
(n)in
11 𝜎

(n)in
22 𝜎

(n)in
33 𝜎

(n)in
12 𝜎

(n)in
13 𝜎

(n)in
23

]T
,

E(n)in =
[

E(n)in
1 E(n)in

2 E(n)in
3

]T
, D(n)in =

[
D(n)in

1 D(n)in
2 D(n)in

3

]T
,

C(n) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(n)
1111 C(n)

1122 C(n)
1133 C(n)

1112 0 0
C(n)

2211 C(n)
2222 C(n)

2233 C(n)
2212 0 0

C(n)
3311 C(n)

3322 C(n)
3333 C(n)

3312 0 0
C(n)

1211 C(n)
1222 C(n)

1233 C(n)
1212 0 0

0 0 0 0 C(n)
1313 C(n)

1323

0 0 0 0 C(n)
2313 C(n)

2323

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (34)
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e(n) =
⎡⎢⎢⎢⎣

0 0 0 0 e(n)113 e(n)123

0 0 0 0 e(n)213 e(n)223

e(n)311 e(n)322 e(n)333 e(n)312 0 0

⎤⎥⎥⎥⎦,

∈(n) =
⎡⎢⎢⎢⎣
∈(n)

11 ∈(n)
12 0

∈(n)
21 ∈(n)

22 0
0 0 ∈(n)

33

⎤⎥⎥⎥⎦,
𝛄(n) =

[
𝛾
(n)
11 𝛾

(n)
22 𝛾

(n)
33 𝛾

(n)
12 0 0

]T
, r(n) =

[
0 0 r(n)3

]T
,

where Θ(n)in = T(n)in − T0 is the temperature rise of the SaS of the nth layer from the initial reference temperature T0; C(n)
ijkl

are the elastic constants of the nth layer; e(n)ijk are the piezoelectric constants of the nth layer; 𝛾 (n)ij are the thermal stress
coefficients of the nth layer; ∈(n)

ij are the dielectric constants of the nth layer; r(n)i are the pyroelectric constants of the nth
layer; 𝜒 (n) is the entropy-temperature coefficient of the nth layer defined as

𝜒 (n) = 𝜌(n)c(n)v ∕T0, (35)

where 𝜌(n) and c(n)v are the mass density and the specific heat per unit mass of the nth layer at constant strain.
Substituting SaS distributions (26) into the enthalpy function65 and taking into account Equation (13), we obtain

H = 1
2∫ ∫

Ω

∑
n

∑
in

∑
jn

Λ(n)injn

[(
𝛔(n)in

)T𝛆(n)jn −
(
D(n)in

)TE(n)jn − S(n)inΘ(n)in

]
A1A2d𝜃1d𝜃2. (36)

The use of constitutive equations (31)–(33) in (36) leads to the final form of enthalpy in terms of SaS variables

H = ∫ ∫
Ω

∑
n

∑
in

∑
jn

Λ(n)injn

[1
2
(
𝛆(n)in

)TC(n)𝛆(n)jn −
(
E(n)in

)Te(n)𝛆(n)jn − 1
2
(
E(n)in

)T∈(n)E(n)jn

−
(
𝛆(n)in

)T𝛄(n)Θ(n)jn −
(
E(n)in

)Tr(n)Θ(n)jn − 1
2
Θ(n)in𝜒 (n)Θ(n)jn

]
A1A2d𝜃1d𝜃2. (37)

5 HYBRID-MIXED THERMOPIEZOELECTRIC SOLID-SHELL ELEMENT

To develop the hybrid-mixed piezoelectric solid-shell element formulation, we introduce the displacement-independent
strains 𝜂(n)ij and assume that they are distributed through the shell thickness according to the displacement-dependent
strain distribution (26):

𝜂
(n)
ij =

∑
in

L(n)in𝜂
(n)in
ij , (38)

where 𝜂(n)in
ij are the displacement-independent strains of SaS of the nth layer.

Using Equations (26), (37), and (38) in the Hu–Washizu variational principle of thermopiezoelectricity,49 in which dis-
placements, strains, stresses and electric potential are utilized as independent variables, the following variational equation
is obtained:

𝛿∫ ∫
Ω

∑
n

∑
in

∑
jn

Λ(n)injn

[1
2
(
𝛈(n)in

)TC(n)𝛈(n)jn −
(
E(n)in

)Te(n)𝛈(n)jn − 1
2
(
E(n)in

)T∈(n)E(n)jn

−
(
𝛈(n)in

)T𝛄(n)Θ(n)jn −
(
E(n)in

)Tr(n)Θ(n)jn − 1
2
Θ(n)in𝜒 (n)Θ(n)jn −

(
𝛔(n)in

)T (𝛈(n)jn − 𝛆(n)jn
)]

A1A2d𝜃1d𝜃2 = 𝛿W, (39)

where 𝛈(n)in =
[
𝜂
(n)in
11 𝜂

(n)in
22 𝜂

(n)in
33 2𝜂(n)in

12 2𝜂(n)in
13 2𝜂(n)in

23

]T
are the displacement-independent strain vectors of SaS of the nth

layer; W is the work done by external electromechanical loads:
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W = ∫ ∫
Ω

((
u[N])T𝛔̂+ + 𝜑[N]D̂+

3

)
A1A2c+1 c+2 d𝜃1d𝜃2

− ∫ ∫
Ω

((
u[0])T𝛔̂− + 𝜑[0]D̂−

3

)
A1A2c−1 c−2 d𝜃1d𝜃2 + WΣ, (40)

where u[0] =
[
u[0]

1 u[0]
2 u[0]

3
]T and u[N] =

[
u[N]

1 u[N]
2 u[N]

3
]T are the displacements vectors of the bottom and top surfaces;

𝜑[0] and 𝜑[N] are the electric potentials of the outer surfaces; c−𝛼 and c+𝛼 are the components of the shifter tensor on the
outer surfaces introduced in Section 3; 𝛔̂− =

[
𝜎−13 𝜎

−
23 𝜎

−
33
]T and 𝛔̂+ =

[
𝜎+13 𝜎

+
23 𝜎

+
33
]T are the prescribed stresses acting on

the outer surfaces; D̂−
3 and D̂+

3 are the prescribed electric displacements on the outer surfaces; WΣ is the work done by
electromechanical loads applied to the edge surface Σ.

The finite element formulation is based on a simple interpolation of displacements and electric potentials of SaS of
the nth layer by a GeX four-node solid-shell element52,60

u(n)in
i =

∑
r

Nru(n)in
ir , (41)

𝜑(n)in =
∑

r
Nr𝜑

(n)in
r , (42)

where u(n)in
ir and 𝜑(n)in

r are the displacements and electric potentials of SaS of the nth layer at element nodes; 𝜉1 and 𝜉2 are
the normalized curvilinear coordinates 𝜃1 and 𝜃2 depicted in Figure 2; the nodal index r runs from 1 to 4.

To implement analytical integration throughout the solid-shell element, the extended ANS method52 is used to
interpolate displacements of SaS of the nth layer

𝛆(n)in =
∑

r
Nr𝛆(n)in

r , (43)

where 𝛆(n)in
r =

[
𝜀
(n)in
11r 𝜀

(n)in
22r 𝜀

(n)in
33r 2𝜀(n)in

12r 2𝜀(n)in
13r 2𝜀(n)in

23r

]T
are the displacement-dependent strain vectors of SaS of the nth layer

at element nodes, which are evaluated as

𝛆(n)in
r = B(n)in

ur q, (44)

where B(n)in
ur are the constant matrices of order 6× 12NSaS presented in Reference 52; q is the displacement vector of the

solid-shell element given by

q =
[
qT

1 qT
2 qT

3 qT
4
]T
, (45)

qr =
[(

u[0]
r
)T (u(1)2

r

)T
…

(
u(1)I1−1

r

)T (
u[1]

r
)T (u(2)2

r

)T
…

(
u(N−1)IN−1−1

r

)T (
u[N−1]

r
)T(u(N)2

r

)T
…

(
u(N)IN−1

r

)T (
u[N]

r
)T
]T

,

u[m]
r =

[
u[m]

1r u[m]
2r u[m]

3r
]T
, u(n)mn

r =
[

u(n)mn
1r u(n)mn

2r u(n)mn
3r

]T
,

where u[0]
ir and u[N]

ir are the displacements of the outer surfaces at element nodes; u[m]
ir and u(n)mn

ir are the displacements of
interfaces and inner SaS of the nth layer at element nodes.

The extended ANS method60 can be also applied to interpolate the electric field of SaS of the nth layer

E(n)in =
∑

r
NrE(n)in

r , (46)

where E(n)in
r =

[
E(n)in

1r E(n)in
2r E(n)in

3r

]T
are the electric field vectors of SaS of the nth layer at element nodes defined as

E(n)in
r = −B(n)in

𝜑 r 𝚽, (47)
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where B(n)in
𝜑 r are the constant matrices of order 3× 4NSaS given in Appendix B; 𝚽 is the electric potential vector of the

solid-shell element:

𝚽 =
[
𝚽T

1 𝚽
T
2 𝚽

T
3 𝚽

T
4
]T
, (48)

𝚽r =
[
𝜑[0]

r 𝜑
(1)2
r ...𝜑

(1)I1−1
r 𝜑[1]

r 𝜑
(2)2
r ...𝜑

(N−1)IN−1−1
r 𝜑[N−1]

r 𝜑
(N)2
r ...𝜑

(N)IN−1
r 𝜑[N]

r

]T
,

where 𝜑[0]
r and 𝜑[N]

r are the nodal electric potentials on the outer surfaces; 𝜑[m]
r and 𝜑(n)mn

r are the electric potentials on
interfaces and inner SaS of the nth layer at element nodes.

The extended ANS interpolations (43) and (46) can be written in a more convenient form as

𝛆(n)in =
∑
r1,r2

(
𝜉1)r1(𝜉2)r2 B(n)in

ur1r2
q, (49)

E(n)in = −
∑
r1,r2

(𝜉1)r1(𝜉2)r2 B(n)in
𝜑 r1r2

𝚽, (50)

where B(n)in
ur1r2

are the matrices of order 6× 12NSaS and B(n)in
𝜑 r1r2

are the matrices of order 3× 4NSaS given by

B(n)in
ur1r2

= 1
4

[
B(n)in

u1 + (1 − 2r1)B(n)in
u2 + (1 − 2r1) (1 − 2r2)B(n)in

u3 + (1 − 2r2)B(n)in
u4

]
, (51)

B(n)in
𝜑 r1r2

= 1
4

[
B(n)in
𝜑1 + (1 − 2r1)B(n)in

𝜑2 + (1 − 2r1) (1 − 2r2)B(n)in
𝜑3 + (1 − 2r2)B(n)in

𝜑4

]
. (52)

Here and in the following developments, the indices r1 and r2 run from 0 to 1.
The similar interpolation is used for the temperature field:

Θ(n)in =
∑
r1,r2

(
𝜉1)r1(𝜉2)r2Θ(n)in

r1r2
, (53)

Θ(n)in
r1r2

= 1
4

[
Θ(n)in

1 + (1 − 2r1) Θ
(n)in
2 + (1 − 2r1) (1 − 2r2) Θ

(n)in
3 + (1 − 2r2) Θ

(n)in
4

]
, (54)

where Θ(n)in
r is the temperature rise of the SaS of the nth layer at element nodes.

To circumvent shear and membrane locking and avoid spurious zero energy modes, the assumed interpolation of
stresses52 is employed

𝛔(n)in =
∑

r1+r2<2
(𝜉1)r1(𝜉2)r2 Qr1r2

𝛔(n)in
r1r2

, (55)

𝛔(n)in
00 =

[
𝜇
(n)in
1 𝜇

(n)in
2 𝜇

(n)in
3 𝜇

(n)in
4 𝜇

(n)in
5 𝜇

(n)in
6

]T
,

𝛔(n)in
01 =

[
𝜇
(n)in
7 𝜇

(n)in
9 𝜇

(n)in
11

]T
, 𝛔(n)in

10 =
[
𝜇
(n)in
8 𝜇

(n)in
10 𝜇

(n)in
12

]T
,

where Qr1 r2
are the projective matrices given by

Q00 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Q01 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Q10 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
1 0 0
0 1 0
0 0 0
0 0 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (56)

The displacement-independent strains are interpolated in the same way
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𝛈(n)in =
∑

r1+r2<2
(𝜉1)r1(𝜉2)r2 Qr1r2

𝛈(n)in
r1r2

, (57)

𝛈(n)in
00 =

[
𝜓

(n)in
1 𝜓

(n)in
2 𝜓

(n)in
3 𝜓

(n)in
4 𝜓

(n)in
5 𝜓

(n)in
6

]T
,

𝛈(n)in
01 =

[
𝜓

(n)in
7 𝜓

(n)in
9 𝜓

(n)in
11

]T
, 𝛈(n)in

10 =
[
𝜓

(n)in
8 𝜓

(n)in
10 𝜓

(n)in
12

]T
,

Due to interpolation (57), we introduce 12 strain parameters 𝜓 (n)in
1 , 𝜓

(n)in
2 , … , 𝜓

(n)in
12 for each SaS, that is, 12NSaS for all

SaS. This seems excessive for a SaS-based four-node solid-shell element with 12NSaS displacement DOF. However, there
exist six dependent strain modes, which provide a correct rank of the element stiffness matrix in the purely mechanical
solid-shell element formulation.61 In the electromechanical SaS-based solid-shell element formulation, there are exactly
seven zero energy modes, namely six modes related to the rigid-body motions and one to the short circuit.61 All other
deformation modes are associated with nonzero eigenvalues.

Substituting interpolations (41), (42), (49), (50), (53), (55), and (57) into the Hu–Washizu variational equation (39) and
(40), and replacing the metric product A1A2 and components of the shifter tensor in surface integrals by their values at the
element center, we can analytically integrate throughout the element. Taking into account the fact that det

[
Λ(n)injn

] ≠ 0
for each layer,52 the following equilibrium equations of the GeX SaS-based hybrid-mixed thermopiezoelectric solid-shell
element are obtained:

𝛈(n)in
r1r2

= QT
r1r2

B(n)in
ur1r2

q for r1 + r2 < 2, (58)

𝛔(n)in
r1r2

= QT
r1r2

(
C(n)Qr1r2

𝛈(n)in
r1r2

+
(
e(n))TB(n)in

𝜑r1r2
𝚽 − 𝛄(n)Θ(n)in

r1r2

)
for r1 + r2 < 2, (59)∑

n

∑
in

∑
jn

Λ(n)injn
∑

r1+r2<2

1
3r1+r2

(
B(n)in

ur1r2

)T
Qr1r2

𝛔(n)jn
r1r2

= Fu, (60)

∑
n

∑
in

∑
jn

Λ(n)injn

[ ∑
r1+r2<2

1
3r1+r2

(
B(n)in
𝜑 r1r2

)T
e(n)Qr1r2

𝛈(n)jn
r1r2

−
∑

r1+r2≤2

1
3r1+r2

(
B(n)in
𝜑 r1r2

)T (
∈(n)B(n)jn

𝜑 r1r2
𝚽 − r(n)Θ(n)jn

r1r2

)]
= F𝜑, (61)

where Fu and F𝜑 are the mechanical and electric surface vectors of the element given in Appendix B.
Remark. To calculate the weighted coefficients Λ(n)injn , we employ the (In + 1)-point Gaussian quadrature rule to fulfill

exact integration in Equation (13). This is sufficient because L(n)in are the Lagrange basis polynomials of degree In − 1 and
c𝛼 are the first degree polynomials.

Eliminating stress and strain vectors 𝛔(n)in
r1r2

and 𝛈(n)in
r1r2

from Equations (58)–(61) at the element level, we arrive at the
system of algebraic equations [

Kuu Ku𝜑

K𝜑u K𝜑𝜑

] [
q
𝚽

]
=

[
Fu + Fu𝜃

F𝜑 + F𝜑𝜃

]
, (62)

where Kuu, Ku𝜑, K𝜑u = KT
u𝜑 and K𝜑𝜑 are the mechanical, piezoelectric, and dielectric stiffness matrices; Fu𝜃 and F𝜑𝜃 are

the thermal expansion and pyroelectric vectors of the solid-shell element defined as

Kuu =
∑

n

∑
in

∑
jn

Λ(n)injn
∑

r1+r2<2

1
3r1+r2

(
B(n)in

ur1r2

)T
Qr1 r2

QT
r1 r2

C(n)Qr1 r2 QT
r1 r2

B(n)jn
ur1r2

, (63)

Ku𝜑 =
∑

n

∑
in

∑
jn

Λ(n)injn
∑

r1+r2<2

1
3r1+r2

(
B(n)in

ur1r2

)T
Qr1 r2

QT
r1 r2

(
e(n))TB(n)jn

𝜑r1r2
, (64)

K𝜑𝜑 = −
∑

n

∑
in

∑
jn

Λ(n)injn
∑

r1+r2≤2

1
3r1+r2

(
B(n)in
𝜑 r1r2

)T
∈(n)B(n)jn

𝜑 r1r2
, (65)
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Fu𝜃 =
∑

n

∑
in

∑
jn

Λ(n)injn
∑

r1+r2<2

1
3r1+r2

(
B(n)in

ur1r2

)T
Qr1 r2

QT
r1 r2

𝛄(n)Θ(n)jn
r1 r2

, (66)

F𝜑𝜃 = −
∑

n

∑
in

∑
jn

Λ(n)injn
∑

r1+r2≤2

1
3r1+r2

(
B(n)in
𝜑 r1r2

)T
r(n)Θ(n)jn

r1 r2
. (67)

6 NUMERICAL EXAMPLES

The developed GeXSaS4 piezoelectric solid-shell element is evaluated using exact solutions extracted from the literature
and authors’ examples as well to demonstrate its ability to analyze the coupled thermo-electro-mechanical fields in thick
and thin laminated piezoelectric shell structures with particular attention to the 3D stress analysis.

6.1 Simply supported four-layer cylindrical shell under temperature loading

Here, we study a two-layer antisymmetric angle-ply cylindrical shell [45/−45] composed of the graphite/epoxy composite
and covered with PZT-5A layers on its bottom and top surfaces. This means that the hybrid four-layer cylindrical shell
[PZT5A/45/−45/PZT5A] with ply thicknesses [0.25 h/0.25 h/0.25 h/0.25 h] is considered. The boundary conditions for the
simply supported shell with electrically grounded edges maintained at the reference temperature are written as

Θ(n) = 𝜑(n) = 𝜎
(n)
11 = 𝜎

(n)
12 = u(n)

3 = 0 at 𝜃1 = 0 and 𝜃1 = L, (68)

where 𝜃1 is the axial coordinate; L is the length of the shell; n = 1, 2, 3, 4. The cylindrical shell is subjected to sinusoidally
distributed temperature loading on the top surface, while the bottom surface is maintained at the reference temperature.
The boundary conditions on the bottom and top surfaces are expressed as follows:

Θ− = D−
3 = 𝜎−13 = 𝜎−23 = 𝜎−33 = 0,

Θ+ = Θ0 sin 𝜋𝜃1

L
, D+

3 = 𝜎+13 = 𝜎+23 = 𝜎+33 = 0, (69)

where Θ0 = 1 K. It is assumed that both interfaces between the piezoelectric layers and the composite shell are grounded.
The mechanical properties of the PZT-5A10 are

C1111 = C2222 = 99.201 GPa, C3333 = 86.856 GPa, C1122 = 54.016 GPa,

C1133 = C2233 = 50.778 GPa, C1313 = C2323 = 21.1 GPa, C1212 = 22.593 GPa,

𝛾11 = 𝛾22 = 3.314 × 105 Pa∕K, 𝛾33 = 3.26 × 105 Pa∕K, 𝜅11 = 𝜅22 = 𝜅33 = 1.8 W∕mK,

e311 = e322 = −7.209 C∕m2, e333 = 15.118 C∕m2, e113 = e223 = 12.322 C∕m2,

∈11 = ∈22 = 1.53 × 10−8 F∕m, ∈33 = 1.5 × 10−8 F∕m, r3 = 7.0 × 10−4 C∕m2K.

The material properties of the graphite-epoxy composite18 are

EL = 172.5 GPa, ET = 6.9 GPa, GLT = 3.45 GPa, GTT = 1.38 GPa, 𝜈LT = 𝜈TT = 0.25,

𝛼L = 0.57 × 10−6 1∕K, 𝛼T = 35.6 × 10−6 1∕K, 𝜅L = 36.42 W∕mK, 𝜅T = 0.96 W∕mK,

∈L = 3.095 × 10−11 F∕m, ∈T = 2.653 × 10−11 F∕m,

where EL, ET, GLT and GTT are the elastic moduli; 𝜈LT and 𝜈TT are the Poisson’s ratios; 𝛼L and 𝛼T are the coefficients of
thermal expansion; L and T indicate fiber and transverse directions.
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To compare the results with the exact SaS-based solution,22 we introduce dimensionless variables at crucial points as
follows:

Θ = Θ (L∕2, z) ∕Θ0, q3 = 100hq3 (L∕2, z) ∕𝜅rΘ0,

𝜑 = 103dr𝜑 (L∕2, z) ∕h𝛼rΘ0, D3 = 103SD3 (L∕2, z) ∕Erdr𝛼rΘ0,

u1 = 100u1 (0, z) ∕R𝛼rΘ0, u2 = 100u2 (0, z) ∕R𝛼rΘ0,

u3 = 10u3 (L∕2, z) ∕R𝛼rΘ0, 𝜎11 = 𝜎11 (L∕2, z) ∕Er𝛼rΘ0,

𝜎22 = 𝜎22 (L∕2, z) ∕Er𝛼rΘ0, 𝜎13 = 10S𝜎13 (0, z) ∕Er𝛼rΘ0,

𝜎23 = 10S𝜎23 (0, z) ∕Er𝛼rΘ0, 𝜎33 = 10S𝜎33 (L∕2, z) ∕Er𝛼rΘ0, z = 𝜃3∕h,

where Er = 6.9 GPa, 𝛼r = 35.6× 10−6 1/K, 𝜅r = 36.42 W/mK, and dr = 374× 10−12 m/V are the representative moduli;
S = R/h is the slenderness ratio. The geometric parameters of the shell are taken to be L = 4 m and R = 1 m, where R is
the radius of the middle surface.

Due to symmetry of the problem, one half of the shell (0≤ 𝜃1 ≤L/2) with the following boundary conditions:

Θ(n) (0) = 𝜑(n) (0) = u(n)
3 (0) = 0,

u(n)
1 (L∕2) = u(n)

2 (L∕2) = 0 (70)

is modeled by regular meshes of axisymmetric GeXSaS4 elements. Tables 1 and 2 list the results of the convergence study
due to mesh refinement for thick and moderately thick cylindrical shells using seven SaS for each layer. The obtained
results are compared with the exact SaS-based solution22 using the same number of SaS. Additionally, Figure 3 shows the
results of the convergence study for different slenderness ratios including thin shells with S= 100 and 1000. The analytical
answer is provided by the exact solution.22 It is seen that the GeXSaS4 element behaves very well even for coarse meshes.
Figures 4 and 5 display the distributions of temperature, electric potential, displacements, heat flux, electric displacement
and stresses using five SaS for each layer and 256 elements compared with the exact solution.22 These results demonstrate
convincingly the high potential of the proposed GeX SaS-based hybrid-mixed solid-shell element formulation. This is
because of the fact that the boundary conditions on the bottom and top surfaces and the continuity conditions on the
interfaces for the transverse components of the stress tensor and the electric displacement vector are satisfied for thick
and thin shells properly.

6.2 Simply supported piezoelectric cylindrical panel under heat flux loading

Consider a piezoceramic cylindrical panel composed of the PZT-5A with the material properties presented in the previous
section. The boundary conditions for the simply supported cylindrical panel with electrically grounded edges maintained
at the reference temperature can be written as

T A B L E 1 Convergence study for a hybrid four-layer cylindrical shell with R/h = 2 using seven sampling surfaces for each layer
Number of
elements 𝚯 (0.25) q3 (0.375) 𝝋 (0.5) D3 (0.375) u1 (0.5) u2 (0.5) u3 (0.5) 𝝈11 (0.5) 𝝈22 (0.5) 𝝈13 (0.125) 𝝈23 (0.125) 𝝈33 (0.125)

16 0.80115 −3.9763 35.029 25.462 −14.619 −8.5813 1.3793 −1.3501 −1.4143 −1.6691 −0.59156 1.6498

64 0.80120 −3.9252 35.026 16.555 −14.630 −8.5865 1.3788 −1.3537 −1.3838 −1.6725 −0.56996 1.6355

256 0.80120 −3.9257 35.026 16.583 −14.631 −8.5868 1.3788 −1.3538 −1.3840 −1.6727 −0.57009 1.6357

Exact 0.80120 −3.9257 35.026 16.583 −14.631 −8.5869 1.3788 −1.3538 −1.3840 −1.6727 −0.57009 1.6357
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T A B L E 2 Convergence study for a hybrid four-layer cylindrical shell with R/h = 10 using seven sampling surfaces for each layer
Number
of elements 𝚯(0.25) q3 (0.375) 𝝋 (0.5) D3 (0.375) u1 (0.5) u2 (0.5) u3 (0.5) 𝝈11 (0.5) 𝝈22 (0.5) 𝝈13 (0.125) 𝝈23 (0.125) 𝝈33 (0.125)

16 0.83003 −3.4027 50.311 35.960 −9.5225 −1.5452 0.81243 −2.0229 −2.0457 −3.1551 −0.91505 3.8510

64 0.83005 −3.3592 50.312 6.0975 −9.5344 −1.5462 0.81185 −2.0276 −2.0117 −3.1560 −0.87724 3.8328

256 0.83005 −3.3597 50.312 6.2066 −9.5352 −1.5463 0.81182 −2.0279 −2.0120 −3.1603 −0.87745 3.8333

Exact 0.83005 −3.3597 50.312 6.2011 −9.5352 −1.5463 0.81181 −2.0279 −2.0120 −3.1603 −0.87745 3.8333

F I G U R E 3 Convergence study
due to mesh refinement for a four-layer
cylindrical shell using five SaS for each
layer: reference values are provided by
the exact SaS-based solution22 using
seven SaS

Θ(n) = 𝜑(n) = 𝜎
(n)
11 = u(n)

2 = u(n)
3 = 0 at 𝜃1 = 0 and 𝜃1 = a,

Θ(n) = 𝜑(n) = u(n)
1 = 𝜎

(n)
22 = u(n)

3 = 0 at 𝜃2 = 0 and 𝜃2 = b, (71)

where 𝜃1 and 𝜃2 are the axial and circumferential coordinates; a is the length of the panel; b = 𝜙R is the length of
the circular arc; 𝜙 is the arc angle and n = 1. The shell is loaded on the top surface by a sinusoidally distributed
heat flux, whereas the bottom surface is heat-insulating. The boundary conditions on the bottom and top surfaces
are

q−
3 = D−

3 = 𝜎−13 = 𝜎−23 = 𝜎−33 = 0,

q+
3 = q0 sin 𝜋𝜃1

a
sin 𝜋𝜃2

b
, D+

3 = 𝜎+13 = 𝜎+23 = 𝜎+33 = 0, (72)

where q0 = 1 W/m2. The geometric parameters of the shell are chosen to be R = 1 m, a = 4 m, and
b = 𝜋/2 m.

To compare the results with the exact SaS-based solution,22 we introduce dimensionless variables at crucial points as
functions of the thickness coordinate z = 𝜃3/h as
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F I G U R E 4 Through-thickness distributions of
temperature, electric potential and displacements for a
four-layer cylindrical shell using 256 elements and five SaS
for each layer compared with the exact solution22 using
seven SaS (○)

F I G U R E 5 Through-thickness distributions of heat
flux, electric displacement and stresses for a four-layer
cylindrical shell using 256 elements and five SaS for each
layer compared with the exact solution22 using seven SaS
(○)
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Θ = 10𝜅rΘ (a∕2, b∕2, z) ∕SRq0, q3 = q3 (a∕2, b∕2, z) ∕q0,

𝜑 = 𝜅rdr𝜑 (a∕2, b∕2, z) ∕R2𝛼rq0, D3 = 𝜅rSD3 (a∕2, b∕2, z) ∕RErdr𝛼rq0,

u1 = 𝜅ru1 (0, b∕2, z) ∕SR2𝛼rq0, u2 = 𝜅ru2 (a∕2, 0, z) ∕SR2𝛼rq0,

u3 = 𝜅ru3 (a∕2, b∕2, z) ∕SR2𝛼rq0, 𝜎11 = 𝜅r𝜎11 (a∕2, b∕2, z) ∕REr𝛼rq0,

𝜎22 = 𝜅r𝜎22 (a∕2, b∕2, z) ∕REr𝛼rq0, 𝜎13 = 𝜅r𝜎13 (0, b∕2, z) ∕REr𝛼rq0,

𝜎23 = 𝜅r𝜎23 (a∕2, 0, z) ∕REr𝛼rq0, 𝜎33 = 𝜅r𝜎33 (a∕2, b∕2, z) ∕REr𝛼rq0,

where Er = 10.3 GPa, 𝛼r = 1.5× 10−6 1/K, 𝜅r = 1.8 W/mK, and dr = 374× 10−12 m/V are the representative moduli; S = R/h
is the slenderness ratio.

Due to symmetry of the problem, one quarter of the shell (0≤ 𝜃1 ≤ a/2, 0≤ 𝜃2 ≤ b/2) is discretized by regular meshes
shown in Figure 6. Tables 3 and 4 list the results of the convergence study due to mesh refinement for thick and mod-
erately thick cylindrical panels compared with the exact SaS-based solution.22 The results of the convergence study for
different slenderness ratios using five SaS and regular k× k meshes with the mesh parameter k = 2, 4, 8, 16, 32 and 64
are presented in Figure 7. The reference values are provided by Reference 22 using seven SaS. It is seen that the GeXSaS4

F I G U R E 6 One quarter of the cylindrical panel modeled by 4× 4 mesh

T A B L E 3 Convergence study for a piezoelectric cylindrical panel with R/h = 4 using seven sampling surfaces

Mesh 𝚯(0) q3 (0) 𝝋 (0.5) D3 (0) u1 (0.5) u2 (0.5) u3 (0) 𝝈11 (0.5) 𝝈22 (0.5) 𝝈13 (0) 𝝈23 (0) 𝝈33 (0)

4× 4 −2.4678 1.0909 −1.1121 −45.088 0.74397 0.14724 −1.9619 10.507 −8.4638 −0.91354 −4.3622 8.8847

16× 16 −2.4093 0.57555 −1.0818 −17.960 0.74069 0.11028 −1.9907 10.767 −10.496 −0.97364 −2.3390 1.0864

64× 64 −2.4057 0.56839 −1.0799 −17.584 0.74050 0.10796 −1.9925 10.791 −10.556 −0.97763 −2.3118 0.97666

128× 128 −2.4055 0.56834 −1.0798 −17.580 0.74049 0.10785 −1.9926 10.792 −10.558 −0.97784 −2.3117 0.97620

Exact −2.4055 0.56834 −1.0798 −17.575 0.74049 0.10781 −1.9926 10.788 −10.563 −0.97777 −2.3114 0.97613

T A B L E 4 Convergence study for a piezoelectric cylindrical panel with R/h = 10 using seven sampling surfaces

Mesh 𝚯(0) q3 (0) 𝝋 (0.5) D3 (0) u1 (0.5) u2 (0.5) u3 (0) 𝝈11 (0.5) 𝝈22 (0.5) 𝝈13 (0) 𝝈23 (0) 𝝈33 (0)

4× 4 −2.3278 1.0207 −1.0053 −146.80 1.0629 −1.3054 −4.5759 −8.1928 −50.633 −1.1892 −5.6695 32.176

16× 16 −2.2724 0.53834 −0.97589 −18.153 1.0599 −1.3462 −4.5695 −8.7253 −47.246 −1.2328 −2.9716 1.7949

64× 64 −2.2690 0.53164 −0.97408 −16.277 1.0597 −1.3487 −4.5689 −8.7439 −47.272 −1.2357 −2.9329 1.3403

128× 128 −2.2689 0.53159 −0.97399 −16.261 1.0597 −1.3488 −4.5689 −8.7447 −47.276 −1.2359 −2.9325 1.3366

Exact −2.2688 0.53159 −0.97396 −16.261 1.0597 −1.3488 −4.5689 −8.7447 −47.276 −1.2359 −2.9324 1.3366
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F I G U R E 7 Convergence study
due to mesh refinement for a cylindrical
panel using five SaS and regular meshes
k× k: reference values are provided by
the exact SaS-based solution22 using
seven SaS

element behaves well for coarse meshes. Figures 8 and 9 display the through-thickness distributions of temperature, elec-
tric potential, displacements, heat flux, electric displacement, and stresses using a fine 128× 128 mesh and five SaS for
S = 100, and seven SaS for S = 2, 4, and 10 compared with the exact solution.22 As can be seen, the boundary conditions
on the bottom and top surfaces for the transverse stresses and electric displacement are satisfied again with a very high
accuracy.

6.3 Piezoelectric spherical shell under axisymmetric thermal loading

Next, we study a piezoceramic spherical shell made of the PZT-5A with the material properties given in Section 6.1. The
coefficients of the first and second fundamental forms, and Christoffel symbols of the spherical surface with holes at the
poles are defined as

A1 = R, A2 = R sin 𝜃1, k1 = 1∕R, k2 = 1∕R,

B1 = 0, B2 = cos 𝜃1

R sin 𝜃1
, 𝜃1 ∈ [𝜗, 𝜋 − 𝜗] (73)

that can be readily found using the mapping of the rectangle in (𝜃1, 𝜃2)-space into a spherical surface in (x1, x2, x3)-space
given by

x1 = R sin 𝜃1 cos 𝜃2, x2 = R sin 𝜃1 sin 𝜃2, x3 = R cos 𝜃1, (74)

where R is the radius of the middle surface; 𝜃1 and 𝜃2 are the meridional and circumferential coordinates of the middle
surface. The angle 𝜗 = 0.001◦ is chosen small that allows us to avoid singularity.

Axisymmetric convective boundary conditions on the inner and outer surfaces14 are written as
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F I G U R E 8 Through-thickness
distributions of temperature, electric
potential and displacements for a
cylindrical panel using 128× 128 mesh
with five SaS for S = 100 and seven SaS
for S = 2, 4, and 10 compared with the
exact solution22 using 11 SaS (○)

Θ(n)
,3 (−h∕2 ) − 𝛼−Θ− = 0, 𝜑− = 𝜎−33 = 0,

Θ(n)
,3 (h∕2 ) + 𝛼+Θ+ = 𝛼+Θ0, 𝜑+ = 𝜎+33 = 0, (75)

where 𝛼− = h−/𝜅33, 𝛼+ = h+/𝜅33, Θ0 = 1 K, h𝛼− = 0.2, h𝛼+ = 2, and n = 1.
Owing to symmetry, one sixteenth of the shell is discretized by regular meshes shown in Figure 10. To compare

the results with the exact solution of thermopiezoelectricity (see Appendix C), we introduce dimensionless vari-
ables at point P(𝜋/4, 0) belonging to the middle surface as functions of the dimensionless thickness coordinate as
follows:

Θ = Θ (P, z) ∕Θ0, q3 = 100hq3 (P, z) ∕𝜅rΘ0,

𝜑 = 10dr𝜑 (P, z) ∕h𝛼rΘ0, D3 = D3 (P, z) ∕10Erdr𝛼rΘ0, u3 = 10u3 (P, z) ∕R𝛼rΘ0,

𝜎11 = 𝜎11 (P, z) ∕Er𝛼rΘ0, 𝜎33 = R𝜎33 (P, z) ∕hEr𝛼rΘ0, z = 𝜃3∕h,

where Er = 10.3 GPa, 𝛼r = 1.5× 10−6 1/K, 𝜅r = 1.8 W/mK, and dr = 374× 10−12 m/V are the representative moduli and
R = 1 m.

Tables 5 and 6 list the results of the convergence study due to increasing a number of SaS for thick and thin
spherical shells using 128× 1 mesh. As can be seen, the developed piezoelectric solid-shell element provides four
right digits for the fundamental variables using nine and five SaS for thick and thin shells, respectively. Figure 11
shows the through-thickness distributions of temperature, heat flux, electric potential, electric displacement, trans-
verse displacement, and transverse normal stress using nine SaS and the same mesh. It is seen that the boundary
conditions on the inner and outer surfaces for the transverse normal stress are satisfied very well for thick and thin
shells.
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F I G U R E 9 Through-thickness
distributions of heat flux, electric
displacement and stresses for a
cylindrical panel using 128× 128 mesh
with five SaS for S = 100 and seven SaS
for S = 2, 4, and 10 compared with the
exact solution22 using 11 SaS (○)

F I G U R E 10 One sixteenth of the spherical shell modeled by 4× 1 mesh
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Number of sampling
surfaces 𝚯(0) q3 (0) 𝝋 (0) D3 (0) u3 (0) 𝝈11 (−0.5) 𝝈33 (0)

3 0.9296 −10.35 −12.20 11.54 10.09 16.82 9.077

5 0.9299 −9.717 −12.72 10.80 10.18 22.82 10.27

7 0.9299 −9.735 −12.72 10.82 10.16 23.43 10.06

9 0.9299 −9.734 −12.72 10.82 10.16 23.39 10.04

Exact solution 0.9299 −9.732 −12.72 10.82 10.16 23.39 10.04

T A B L E 5 Convergence study for the
piezoelectric spherical shell with R/h = 2
using 128× 1 mesh

Number of sampling
surfaces 𝚯(0) q3 (0) 𝝋 (0) D3 (0) u3 (0) 𝝈11 (−0.5) 𝝈33 (0)

3 0.8484 −15.28 −2.254 10.40 8.486 4.446 1.402

5 0.8484 −15.28 −2.254 10.40 8.486 4.451 2.219

Exact solution 0.8484 −15.28 −2.254 10.40 8.486 4.451 2.219

T A B L E 6 Convergence study for the
piezoelectric spherical shell with
R/h = 100 using 128× 1 mesh

F I G U R E 11 Through-thickness
distributions of temperature, heat flux,
electric potential, electric displacement,
transverse displacement and transverse
normal stress for the axisymmetric
spherical shell at point P(𝜋/4, 0) using
nine SaS and 128× 1 mesh compared
with the exact solution of
thermopiezoelectricity (○)
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6.4 Piezoelectric spherical shell under general thermal load conditions

Let us consider more general thermal loading of the piezoceramic spherical shell with small holes at the poles (𝜗= 0.001◦)
analyzed in the previous section. The asymmetric convective boundary conditions on the inner and outer surfaces are

Θ(n)
,3 (−h∕2 ) − 𝛼−Θ− = 0, 𝜑− = 𝜎−13 = 𝜎−23 = 𝜎−33 = 0,

Θ(n)
,3 (h∕2 ) + 𝛼+Θ+ = 𝛼+Θ0𝜃1 (𝜋 − 𝜃1) sin2 (2𝜃2) , 𝜑+ = 𝜎+13 = 𝜎+23 = 𝜎+33 = 0, (76)

where Θ0 = 1 K, h𝛼− = 0.2, h𝛼+ = 2, and n = 1.
Due to symmetry of the problem, we consider only one sixteenth of the spherical shell (Figure 10). To analyze the

obtained results, we utilize dimensionless variables from the previous section at point P(𝜋/2,𝜋/4) belonging to the middle
surface and introduce additional variables

𝜎22 = 𝜎22 (P, z) ∕Er𝛼rΘ0, 𝜎13 = 100R𝜎13 (P, z) ∕hEr𝛼rΘ0, 𝜎23 = 100R𝜎23 (P, z) ∕hEr𝛼rΘ0

as functions of the thickness coordinate z = 𝜃3/h. Figure 12 shows the results of the convergence study for thick and thin
shells using seven SaS and regular k× k meshes with the mesh parameter k = 2, 4, 8, 16, 32 and 64. The reference values are
provided by using seven SaS and 96× 96 mesh. It is seen that the GeXSaS4 element behaves very well for coarse meshes.
Figures 13 and 14 display distributions of the temperature, heat flux, electric potential, electric displacement, transverse
displacement, and stresses using seven SaS and 96× 96 mesh. It can be seen that the boundary conditions on the inner
and outer surfaces for transverse stresses are again fulfilled correctly.

6.5 Three-layer hyperbolic shell under thermal loading

Next, we study a two-layer composite hyperbolic shell with the PZT-5A layer attached to its upper surface. Therefore, the
hybrid three-layer shell [0/90/PZT5A] with equal thicknesses is considered. The fibers of the lower and upper layers are
oriented respectively in the meridional and circumferential directions. The interface between the shell and the piezoce-
ramic layer is grounded. This problem allows us to test the proposed analytical integration schemes, since we deal here
with a doubly-curved shell with variable coefficients of the first and second fundamental forms and Christoffel symbols
of the middle surface:

A1 =

√
1 +

𝜏2𝜃2
1

𝜌2 , A2 = 𝜌, k1 = − 𝜏 r2

𝜌3A3
1
, k2 = 1

𝜌A1
,

B1 = 0, B2 = 𝜏𝜃1

𝜌2A1
, 𝜃1 ∈ [−L,L], 𝜃2 ∈ [0, 2𝜋], (77)

which are obtained using the mapping of the rectangle in (𝜃1, 𝜃2)-space into a hyperbolic surface in (x1, x2, x3)-space
defined as

F I G U R E 12 Convergence study
due to mesh refinement for the
asymmetric spherical shell using seven
SaS and regular meshes k× k: reference
values are provided by using seven SaS
and 96× 96 mesh
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F I G U R E 13 Through-thickness
distributions of temperature, heat flux,
electric potential and electric
displacement for the asymmetric
spherical shell at point P(𝜋/2, 𝜋/4) using
seven SaS and 96× 96 mesh

x1 = 𝜌 sin 𝜃2, x2 = 𝜌 cos 𝜃2, x3 = 𝜃1,

𝜌 =
√

r2 + 𝜏𝜃2
1 , 𝜏 =

(
R2 − r2) ∕L2, (78)

where 2 L is the length of the shell; r and R are the radii of the hyperbolic surface (see Figure 15); 𝜃1 and 𝜃2 are the
meridional and circumferential coordinates of the middle surface.

The boundary conditions on the lower and upper surfaces are written as

Θ− = Θ0
(
1 − 𝜃2

1∕L2) sin2𝜃2, D−
3 = 𝜎−13 = 𝜎−23 = 𝜎−33 = 0,

Θ+ = D+
3 = 𝜎+13 = 𝜎+23 = 𝜎+33 = 0, (79)

where Θ0 = 1 K. The material properties of the graphite-epoxy composite and PZT-5A are presented in Section 6.1. The
geometric parameters of a shell are L = 200 mm, R = 150 mm, r = 75 mm, and h1 = h2 = h3 = 2 mm.

For convenience, we introduce dimensionless variables at any point P(𝜃1, 𝜃2) belonging to the middle surface as
functions of the thickness coordinate z = 𝜃3/h as follows:

Θ = Θ (P, z) ∕Θ0, 𝜑 = 103dr𝜑 (P, z) ∕h𝛼rΘ0, D3 = 103D3 (P, z) ∕Erdr𝛼rΘ0,

u1 = 100u1 (P, z) ∕R𝛼rΘ0, u3 = 10u3 (P, z) ∕R𝛼rΘ0,

𝜎13 = 103𝜎13 (P, z) ∕Er𝛼rΘ0, 𝜎23 = 103𝜎23 (P, z) ∕Er𝛼rΘ0, 𝜎33 = 102𝜎33 (P, z) ∕Er𝛼rΘ0,

where Er = 6.9 GPa, 𝛼r = 35.6× 10−6 1/K and dr = 374× 10−12 m/V are the representative moduli.
Owing to symmetry of the problem, only one octant of the shell is modeled by regular meshes (Figure 15). The

results of the convergence study using five SaS for each layer and regular k× k meshes with the mesh parameter k = 4,
8, 16, 32, and 64 are presented in Figure 16. Figure 17 shows the through-thickness distributions of temperature, elec-
tric potential, electric displacement and transverse stresses using five SaS for each layer and 64× 64 mesh. As can be
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F I G U R E 14 Through-thickness
distributions of transverse displacement
and stresses for the asymmetric
spherical shell at point P(𝜋/2, 𝜋/4) using
seven SaS and 96× 96 mesh

F I G U R E 15 One octant of the three-layer hyperbolic shell modeled by
4× 4 mesh
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F I G U R E 16 Convergence study
due to mesh refinement for a three-layer
hyperbolic shell at points A(0, π/2),
B(L/2, π/2), C(L/2, 3π/8), and D(0, 3π/8)
using five SaS for each layer and regular
meshes k× k: reference values are
provided by using five SaS and 96× 96
mesh

seen, the GeXSaS4 element describes very well the boundary conditions on the lower and upper surfaces and the con-
tinuity conditions at the interfaces for the transverse components of the stress tensor and the electric displacement
vector.

6.6 Three-layer hyperbolic shell under combined thermal and electric loading

Finally, we study a two-layer composite hyperbolic shell with the PZT-5A layer attached to its upper sur-
face considered in the previous section. The shell is subjected to combined thermal and electric loading as
follows:

Θ− = Θ0
(
1 − 𝜃2

1∕L2) , D−
3 = 𝜎−13 = 𝜎−23 = 𝜎−33 = 0,

𝜑+ = 𝜑0
(
1 − 𝜃2

1∕L2) , Θ+ = 𝜎+13 = 𝜎+23 = 𝜎+33 = 0, (80)

where Θ0 = 1 K, 𝜑0 = 0 V,− 10 V and− 20 V.
Due to symmetry, only one sixteenth of the shell (0≤ 𝜃1 ≤L/2, 0≤ 𝜃2 ≤𝜋/4) is modeled by regular meshes.

To analyze the results, we employ dimensionless variables from the previous section and introduce additional
variables

𝜎11 = 10𝜎11 (P, z) ∕Er𝛼rΘ0, 𝜎22 = 10𝜎22 (P, z) ∕Er𝛼rΘ0

at point P(L/2, 0) belonging to the middle surface.
Figure 18 shows the dependence of the meridional and transverse displacements of the upper and middle surfaces on

the meridional coordinate using five SaS for each layer and 64× 1 mesh. Figure 19 displays the electric potential, electric
displacement and stresses using five SaS for each layer and 96× 1 mesh. It is seen that the GeXSaS4 element correctly
describes the boundary conditions on the outer surfaces and the continuity conditions at the interfaces for the transverse
stresses in the case of combined loading.
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F I G U R E 17 Through-thickness
distributions of temperature, electric
potential, electric displacement and
transverse stresses for a three-layer
hyperbolic shell at points A(0, π/2),
B(L/2, π/2), C(L/2, 3π/8), and D(0, 3π/8)
using five SaS for each layer and 64× 64
mesh

F I G U R E 18 Meridional and
transverse displacements of the upper
and middle surfaces versus the
meridional coordinate for a three-layer
hyperbolic shell under combined
thermal and electric loading using five
SaS for each layer and 64× 1 mesh
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F I G U R E 19 Through-thickness
distributions of electric potential,
electric displacement and stresses at
point P(L/2, 0) for a three-layer
hyperbolic shell under combined
thermal and electric loading using five
SaS for each layer and 96× 1 mesh

7 CONCLUSIONS

This paper presents a GeX hybrid-mixed four-node thermopiezoelectric solid-shell element based on the SaS formula-
tion in which temperatures, displacements and electric potentials of SaS are utilized as shell unknowns. The SaS are
located at the Chebyshev polynomial nodes within the layers and interfaces as well that significantly improves the behav-
ior of higher-order Lagrange interpolations. To implement efficient analytical integration throughout the element, the
extended ANS method for all components of the temperature gradient, strain tensor and electric field vector is applied.
The developed thermopiezoelectric solid-shell element exhibits superior performance for coarse meshes due to the exact
description of its middle surface. The feature of the proposed GeX hybrid-mixed solid-shell element is that the elemental
matrices are evaluated without costly numerical matrix inversion. It can be useful for the 3D analysis of very thick and
thin laminated piezoelectric shells under thermo-electro-mechanical loading, since the SaS shell formulation makes it
possible to obtain the numerical solutions, which asymptotically approach the solutions of thermopiezoelectricity as a
number of SaS tends to infinity.
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APPENDIX A

Here, we present some elemental matrices used in Section 3. The nodal thermal matrices B(n)in
𝜃 r introduced in Equation (19)

to determine the temperature gradients on SaS of the nth layer at element nodes can be written using Equations (8), (16),
(19), and (20) as (

B(n)in
𝜃 r

)
𝛼,1+𝜇n+NSaS(s−1)

= 1
2a𝛼A𝛼rc

(n)in
𝛼r

n𝛼s,(
B(n)in
𝜃 r

)
3,1+𝜈n+NSaS(s−1)

= 𝛿rsM(n)jn

(
𝜃
(n)in
3

)
,

𝜇n = in +
n−1∑
𝛾=1

I𝛾 − n, 𝜈n = jn +
n−1∑
𝛾=1

I𝛾 − n, (A1)

where A𝛼r, k𝛼r and c(n)in
𝛼r = 1 + k𝛼r𝜃

(n)in
3 are the nodal values of geometric parameters of the shell element; 2a1 and 2a2 are

the lengths of the element (Figure 2); 𝛿rs is the Kronecker delta. The coefficients n𝛼s are defined by Equation (17) and, as
we remember, the indices n = 1, 2, … , N; in, jn = 1, 2, … , In; r, s = 1, 2, 3, 4 and 𝛼 = 1, 2. The remaining components of
matrices B(n)in

𝜃 r not written out explicitly are zero.
The stiffness matrix Kc

𝜃𝜃
corresponding to the convective heat transfer from Equation (24) is given by(

Kc
𝜃𝜃

)
1+NSaS(r−1),1+NSaS(s−1) = c−1 c−2 h−Rrs,(

Kc
𝜃𝜃

)
rNSaS,sNSaS

= c+1 c+2 h+Rrs, (A2)

Rrs =
1
4

1

∫
−1

1

∫
−1

NrNsd𝜉1d𝜉2, (A3)

where c−𝛼 = 1 − k𝛼h∕2 and c+𝛼 = 1 + k𝛼h∕2 are the components of the shifter tensor on the bottom and top surfaces at the
element center.

The element-wise thermal surface vector F𝜃 from Equation (24) is written as

F𝜃 =
[
FT
𝜃 1 FT

𝜃 2 FT
𝜃 3 FT

𝜃 4
]T
, F𝜃 r =

[
f −𝜃 r 0 0 … 0 f +

𝜃 r
]T
, (A4)
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where

f −𝜃 r =
1
4

c−1 c−2

1

∫
−1

1

∫
−1

Nrq̂−
3 d𝜉1d𝜉2, f +

𝜃 r = −1
4

c+1 c+2

1

∫
−1

1

∫
−1

Nrq̂+
3 d𝜉1d𝜉2 (A5)

for the prescribed heat flux on the outer surfaces and

f −𝜃 r =
1
4

c−1 c−2 h−

1

∫
−1

1

∫
−1

NrT̂−
c d𝜉1d𝜉2, f +

𝜃 r =
1
4

c+1 c+2 h+

1

∫
−1

1

∫
−1

NrT̂+
c d𝜉1d𝜉2 (A6)

in the case of the convective heat transfer.

APPENDIX B

The nodal piezoelectric matrices B(n)in
𝜑 r introduced in Section 5 to define the electric field of SaS of the nth layer at element

nodes (47) can be written in a closed form. Using Equations (30), (42), (47), and (48) leads to(
B(n)in
𝜑r

)
𝛼,1+𝜇n+NSaS(s−1)

= 1
2a𝛼A𝛼rc(n)in

𝛼r

n𝛼s,(
B(n)in
𝜑 r

)
3,1+𝜈n+NSaS(s−1)

= 𝛿rsM(n)jn

(
𝜃
(n)in
3

)
, (B1)

𝜇n = in +
n−1∑
𝛾=1

I𝛾 − n, 𝜈n = jn +
n−1∑
𝛾=1

I𝛾 − n,

where A𝛼r, k𝛼r, and c(n)in
𝛼r are the nodal values of geometric parameters of the shell element utilized in Appendix A. The

components of matrices B(n)in
𝜑 r not written out explicitly are zero.

The mechanical and electric surface vectors Fu and F𝜑 from Equations (60) and (61) are defined as

Fu =
[
FT

u1 FT
u2 FT

u3 FT
u4
]T
, Fur =

[
f −1r f −2r f −3r 0 0 … 0 f +1r f +2r f +3r

]T
, (B2)

F𝜑 =
[
FT
𝜑1 FT

𝜑2 FT
𝜑3 FT

𝜑4

]T
, F𝜑 r =

[
f −𝜑 r 0 0...0 f +𝜑 r

]T
, (B3)

where

f −ir = −1
4

c−1 c−2

1

∫
−1

1

∫
−1

Nr𝜎
−
i3d𝜉1d𝜉2, f +ir = 1

4
c+1 c+2

1

∫
−1

1

∫
−1

Nr𝜎
+
i3d𝜉1d𝜉2, (B4)

f −𝜑 r = −1
4

c−1 c−2

1

∫
−1

1

∫
−1

NrD̂−
3 d𝜉1d𝜉2, f +𝜑 r =

1
4

c+1 c+2

1

∫
−1

1

∫
−1

NrD̂+
3 d𝜉1d𝜉2. (B5)

APPENDIX C

The differential equation of the axisymmetric heat conduction problem for a single-layer sphere can be expressed as

d2Θ
d𝜍2 + 2

𝜍

dΘ
d𝜍

= 0, (C1)

where 𝜍 ∈ [R1, R2] is the radial coordinate; R1 = R− h/2 and R2 = R+ h/2 are the inner and outer radii of the sphere. The
solution of Equation (C1) is written as

Θ = A + B
𝜍
. (C2)



KULIKOV and PLOTNIKOVA 2477

Substituting Equation (C2) in boundary conditions (77), we obtain

A =
𝛼+R2

2 (1 + 𝛼−R1)
d

Θ0, B = −
𝛼−𝛼+R1

2R2
2

d
Θ0, (C3)

d = 𝛼−R2
1 + 𝛼

+R2
2 + 𝛼

−𝛼+hR1R2.

Due to Equations (5) and (C2), the heat flux is

q3 = k33
B
𝜍2 . (C4)

Using the radial temperature distribution (C2) and (C3) in the governing equations of the theory of thermopiezoelec-
tricity, we can obtain an analytical solution of the axisymmetric problem for the piezoelectric sphere. This can done using
the Symbolic Math Toolbox, which incorporates symbolic computations into the numeric environment of MATLAB.


