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A paper focuses on implementation of the sampling surfaces (SaS) method for the three-dimensional (3D)
exact solutions for functionally graded (FG) piezoelectric laminated shells. According to this method, we
introduce inside the nth layer In not equally spaced SaS parallel to the middle surface of the shell and
choose displacements and electric potentials of these surfaces as basic shell variables. Such choice of
unknowns yields, first, a very compact form of governing equations of the FG piezoelectric shell formu-
lation and, second, allows the use of strain–displacement equations, which exactly represent rigid-body
motions of the shell in any convected curvilinear coordinate system. It is worth noting that the SaS are
located inside each layer at Chebyshev polynomial nodes that leads to a uniform convergence of the
SaS method. As a result, the SaS method can be applied efficiently to 3D exact solutions of electroelastic-
ity for FG piezoelectric cross-ply and angle-ply shells with a specified accuracy by using a sufficient num-
ber of SaS.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

In the last two decades, a considerable work has been carried
out on the three-dimensional (3D) exact analysis of piezoelectric
laminated shells. In the literature, there are at least five approaches
to 3D exact solutions of electroelasticity for piezoelectric shells,
namely, the Pagano approach (Vlasov, 1957; Pagano, 1969), the
state space approach, the series expansion approach, the asymp-
totic approach and the sampling surfaces (SaS) approach. The first
four approaches are discussed and critically assessed in a survey
article (Wu et al., 2008). Very recently, the SaS approach has been
also applied to 3D exact solutions for piezoelectric laminated
plates and shells by Kulikov and Plotnikova (2013b,c).

The functionally graded (FG) piezoelectric materials are at pres-
ent widely used in mechanical engineering due to their advantages
compared to traditional laminated piezoelectric materials (Birman
and Byrd, 2007). At the same time, the analysis of FG piezoelectric
shells is not a simple task because the material properties depend
on the transverse coordinate and some specific assumptions con-
cerning their variations in the thickness direction are required
(Reddy and Cheng, 2001; Zhong and Shang, 2003). This implies that
first three approaches, i.e., the Pagano approach, the state space
approach and the series expansion approach cannot be applied
directly to 3D exact solutions for FG piezoelectric shells. However,
this becomes possible if the shell is artificially divided into a large
number of individual layers (Soldatos and Hadjigeorgiou, 1990)
with constant material properties through the thickness (Wu and
Liu, 2007; Wu and Tsai, 2012). The use of such a technique means
that 3D solutions derived are approximate. On the contrary, the
asymptotic approach (Wu and Syu, 2007) and the SaS approach
(Kulikov and Plotnikova, 2013d) yield the exact results because
governing differential equations in both approaches are obtained
through definite integration in the thickness direction of a shell.

This paper is intended to show that the SaS method can be also
applied efficiently to 3D exact solutions of electroelasticity for FG
piezoelectric laminated shells. In accordance with this method,
we choose inside the nth layer In not equally spaced SaS
XðnÞ1;XðnÞ2; . . . ;XðnÞIn parallel to the middle surface of the shell and
introduce the displacement vectors uðnÞ1;uðnÞ2; . . . ;uðnÞIn and the
electric potentials uðnÞ1;uðnÞ2; . . . ;uðnÞIn of these surfaces as basic
shell variables, where In P 3. Such choice of unknowns with the
consequent use of Lagrange polynomials of degree In � 1 in the
thickness direction for each layer leads to a very compact form of
governing equations of the FG piezoelectric shell formulation.
Moreover, the proposed approach gives an opportunity to utilize
the strain–displacement equations, which describe exactly all ri-
gid-body shell motions in any convected curvilinear coordinate
system (Kulikov and Plotnikova, 2013a). Although the SaS method
has been already applied efficiently to the exact analysis of elastic
and piezoelectric shells (Kulikov and Plotnikova, 2012, 2013a,c),
the application of this method to FG shells cannot be found in
the current literature. Note also that an idea of using the SaS can
be traced back to papers (Kulikov, 2001; Kulikov and Carrera,
2008) in which three, four and five equally spaced SaS are
employed. In these contributions, the Lagrange polynomials are
utilized to derive approximate solutions of 3D shell problems. For
further information concerning the approximate solution of 3D
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electroelastic shell problems the reader refers to Carrera et al.
(2011) where the Legendre polynomials in the thickness direction
are employed.

It is necessary to mention that the proposed approach with
equally spaced SaS (Kulikov and Plotnikova, 2011) does not work
properly with Lagrange polynomials of high degree because the
Runge’s phenomenon can occur, which yields the wild oscillation
at the edges of the interval when the user deals with any specific
functions. If the number of equally spaced nodes is increased then
the oscillations become even larger. However, the use of Cheby-
shev polynomial nodes inside each layer can help to improve sig-
nificantly the behavior of Lagrange polynomials of high degree
for which the error will go to zero as In !1.

The authors restrict themselves to finding five right digits in all
examples presented. To achieve a better accuracy, the more SaS in-
side each layer should be taken.

2. Kinematic description of laminated shell

Consider a thick laminated shell of the thickness h. Let the mid-
dle surface X be described by orthogonal curvilinear coordinates h1

and h2, which are referred to the lines of principal curvatures of its
surface. The coordinate h3 is oriented along the unit vector e3 nor-
mal to the middle surface. Introduce the following notations: ea are
the orthonormal base vectors of the middle surface; Aa are the
coefficients of the first fundamental form; ka are the principal cur-
vatures of the middle surface; cðnÞina ¼ 1þ kah

ðnÞin
3 are the compo-

nents of the shifter tensor at SaS; hðnÞin3 are the transverse
coordinates of SaS inside the nth layer given by

hðnÞ13 ¼ h½n�1�
3 ; hðnÞIn

3 ¼ h½n�3 ;

hðnÞmn
3 ¼ 1

2
h½n�1�

3 þ h½n�3

� �
� 1

2
hn cos p 2mn � 3

2ðIn � 2Þ

� �
; ð1Þ

where h½n�1�
3 and h½n�3 are the transverse coordinates of layer inter-

faces X½n�1� and X½n� depicted in Fig. 1; hn ¼ h½n�3 � h½n�1�
3 is the thick-

ness of the nth layer.
Here and in the following developments, the index n identifies

the belonging of any quantity to the nth layer and runs from 1 to
N, where N is the number of layers; the index mn identifies the
belonging of any quantity to the inner SaS of the nth layer and runs
from 2 to In � 1, whereas the indices in, jn, kn describe all SaS of the
nth layer and run from 1 to In; Greek indices a; b range from 1 to 2;
Latin tensorial indices i; j; k; l range from 1 to 3.

It is seen from (1) that transverse coordinates of inner SaS coin-
cide with coordinates of Chebyshev polynomial nodes (Burden and
Faires, 2010). This fact has a great meaning for a convergence of the
SaS method (Kulikov and Plotnikova, 2012, 2013a).
Fig. 1. Geometry of the laminated shell.
The strain tensor at SaS of the nth layer in a reference surface
frame ei (see, e.g. Kulikov and Plotnikova, 2013c) can be written
as follows:

2eðnÞinab ¼ 1

cðnÞinb

kðnÞinab þ
1

cðnÞina
kðnÞinba ; ð2Þ

2eðnÞina3 ¼ bðnÞina þ 1

cðnÞina
kðnÞin3a ; ð3Þ

eðnÞin33 ¼ bðnÞin3 : ð4Þ

Here, kðnÞinia are the strain parameters of SaS defined as

kðnÞinaa ¼ 1
Aa

uðnÞina;a þ BauðnÞinb þ kauðnÞin3 for b–a; ð5Þ

kðnÞinba ¼ 1
Aa

uðnÞinb;a � BauðnÞina for b–a; ð6Þ

kðnÞin3a ¼ 1
Aa

uðnÞin3;a � kauðnÞina ; Ba ¼
1

AaAb
Aa;b for b–a; ð7Þ

where uðnÞini ðh1; h2Þ are the displacements of SaS; bðnÞini ðh1; h2Þ are the
derivatives of displacements with respect to thickness coordinate at
SaS given by

uðnÞini ¼ ui hðnÞin3

� �
; ð8Þ

bðnÞini ¼ ui;3 hðnÞin3

� �
; ð9Þ

where ui are the components of the 3D displacement vector in a ref-
erence surface frame ei, which is always measured in accordance
with the total Lagrangian formulation from the initial configuration
to the current configuration directly.

Now, we start with the first assumption of the proposed piezo-
electric laminated shell formulation. Let us assume that the dis-
placements of the nth layer uðnÞi are distributed through the
thickness as follows:

uðnÞi ¼
X

in

LðnÞin uðnÞini ; h½n�1�
3 6 h3 6 h½n�3 ; ð10Þ

where LðnÞin ðh3Þ are the Lagrange polynomials of degree In � 1
expressed as

LðnÞin ¼
Y

jn–in

h3 � hðnÞjn3

hðnÞin3 � hðnÞjn3

: ð11Þ

Using relations (9) and (10) one obtains

bðnÞini ¼
X

jn

MðnÞjn hðnÞin3

� �
uðnÞjni ; ð12Þ

where MðnÞjn ¼ LðnÞjn;3 are the derivatives of Lagrange polynomials. The
values of these derivatives at SaS are calculated as

MðnÞjn hðnÞin3

� �
¼ 1

hðnÞjn3 � hðnÞin3

Y
kn–in ;jn

hðnÞin3 � hðnÞkn
3

hðnÞjn3 � hðnÞkn
3

for jn–in;

MðnÞin hðnÞin3

� �
¼ �

X
jn–in

MðnÞjn hðnÞin3

� �
: ð13Þ

It is seen that the key functions bðnÞini of the laminated shell for-
mulation are represented according to (12) as a linear combination
of displacements of SaS of the nth layer uðnÞjni .

The following step consists in a choice of the correct approxi-
mation of strains through the thickness of the nth layer. It is appar-
ent that the strain distribution should be chosen similar to the
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displacement distribution (10). Thus, the second assumption of the
developed shell formulation can be written as

eðnÞij ¼
X

in

LðnÞineðnÞinij ; h½n�1�
3 6 h3 6 h½n�3 : ð14Þ

The strain–displacement relationships (14) exactly represent all
rigid-body motions of the laminated shell in any convected curvi-
linear coordinate system. The proof of this statement is given by
Kulikov and Plotnikova (2013a).
3. Description of electric field

The relation between the electric field and the electric potential
u is given by

Ea ¼ �
1

Aað1þ kah3Þ
u;a; E3 ¼ �u;3: ð15Þ

In particular, the electric field vector at SaS of the nth layer is
presented as

EðnÞina ¼ Ea hðnÞin3

� �
¼ � 1

AacðnÞina
uðnÞin;a ;

EðnÞin3 ¼ E3 hðnÞin3

� �
¼ �wðnÞin ; ð16Þ

where uðnÞin ðh1; h2Þ are the electric potentials of SaS of the nth layer;
wðnÞin ðh1; h2Þ are the derivatives of the electric potential with respect
to thickness coordinate at SaS, that is,

uðnÞin ¼ u hðnÞin3

� �
; ð17Þ

wðnÞin ¼ u;3 hðnÞin3

� �
: ð18Þ

Following the SaS technique, we accept the third and fourth
assumptions of the proposed piezoelectric laminated shell formula-
tion. Let the electric potential and the electric field vector of the nth
layer be distributed through the thickness as follows:

uðnÞ ¼
X

in

LðnÞinuðnÞin ; h½n�1�
3 6 h3 6 h½n�3 ; ð19Þ

EðnÞi ¼
X

in

LðnÞin EðnÞini ; h½n�1�
3 6 h3 6 h½n�3 : ð20Þ

The use of (18) and (19) yields a simple formula

wðnÞin ¼
X

jn

MðnÞjn hðnÞin3

� �
uðnÞjn ; ð21Þ

which is similar to (12). This implies that the key functions wðnÞin of
the piezoelectric laminated shell formulation are represented as a
linear combination of electric potentials of SaS of the nth layer
uðnÞjn .
4. Variational formulation

The variational equation for the piezoelectric laminated shell in
the case of conservative loading can be written as

dP ¼ 0; ð22Þ

where P is the extended potential energy (see, e.g. Tzou, 1993) de-
fined as

P ¼ 1
2

ZZ
X

X
n

Z h½n�3

h½n�1�
3

rðnÞij eðnÞij � DðnÞi EðnÞi

� �
A1A2ð1þ k1h3Þ

� ð1þ k2h3Þdh1dh2dh3 �W; ð23Þ
W ¼
ZZ

X
pþi u½N�i þ qþu½N�
� �

A1A2c½N�1 c½N�2 dh1dh2

�
ZZ

X
p�i u½0�i þ q�u½0�
� �

A1A2c½0�1 c½0�2 dh1dh2 þWR; ð24Þ

where rðnÞij is the stress tensor of the nth layer; DðnÞi is the electric dis-
placement vector of the nth layer; u½0�i ¼ uð1Þ1i and u½N�i ¼ uðNÞIN

i are the dis-
placements of bottom and top surfaces X½0� and X½N�; u½0� ¼ uð1Þ1 and
u½N� ¼ uðNÞIN are the electric potentials of bottom and top surfaces;
c½0�a ¼ 1þ kah

½0�
3 and c½N�a ¼ 1þ kah

½N�
3 are the components of the shifter

tensor at outer surfaces; p�i and pþi are the loads acting on outer surfaces;
q� and qþ are the electric charges on outer surfaces; WR is the work done
by external electromechanical loads applied to the boundary surface R.

Substituting the strain and electric field distributions (14) and
(20) in the extended potential energy (23) and introducing stress
resultants

HðnÞinij ¼
Z h½n�3

h½n�1�
3

rðnÞij LðnÞin ð1þ k1h3Þð1þ k2h3Þdh3 ð25Þ

and electric displacement resultants

TðnÞini ¼
Z h½n�3

h½n�1�
3

DðnÞi LðnÞinð1þ k1h3Þð1þ k2h3Þdh3; ð26Þ

one obtains

P ¼ 1
2

ZZ
X

X
n

X
in

HðnÞinij eðnÞinij � TðnÞini EðnÞini

� �
A1A2dh1dh2 �W: ð27Þ

For simplicity, we consider the case of linear piezoelectric mate-
rials (see, e.g. Reddy, 2004) described as

rðnÞij ¼ CðnÞijk‘e
ðnÞ
k‘ � eðnÞkij EðnÞk ; h½n�1�

3 6 h3 6 h½n�3 ; ð28Þ

DðnÞi ¼ eðnÞik‘ e
ðnÞ
k‘ þ �

ðnÞ
ik EðnÞk ; h½n�1�

3 6 h3 6 h½n�3 ; ð29Þ

where CðnÞijkl, eðnÞkij and �ðnÞik are the elastic, piezoelectric and dielectric
constants of the nth layer.

Now, we accept the fifth and last assumption of the FG piezoelec-
tric laminated shell formulation. Let us assume that the material
constants are distributed through the thickness of the shell accord-
ing to the following law:

CðnÞijkl ¼
X

in

LðnÞin CðnÞinijkl ; ð30Þ

eðnÞkij ¼
X

in

LðnÞin eðnÞinkij ; ð31Þ

�ðnÞik ¼
X

in

LðnÞin�ðnÞinik ð32Þ

that is extensively utilized in this paper. Here, CðnÞinijkl , eðnÞinkij and �ðnÞinik

are the values of elastic, piezoelectric and dielectric constants on
SaS of the nth layer.

Inserting constitutive Eqs. (28) and (29) respectively in (25) and
(26) and taking into account the through-thickness distributions
(14), (20), (30)–(32), we arrive at the following expressions for
stress and electric displacement resultants:

HðnÞinij ¼
X
jn ;kn

KðnÞinjnkn CðnÞjnijk‘ eðnÞkn
k‘ � eðnÞjnkij EðnÞkn

k

� �
; ð33Þ

TðnÞini ¼
X
jn ;kn

KðnÞinjnkn eðnÞjnik‘ eðnÞkn
k‘ þ �ðnÞjnik EðnÞkn

k

� �
; ð34Þ

where

KðnÞinjnkn ¼
Z h½n�3

h½n�1�
3

LðnÞin LðnÞjn LðnÞknð1þ k1h3Þð1þ k2h3Þdh3: ð35Þ



Table 1
Elastic, piezoelectric and dielectric properties of materials.a

Material PZT-4
(Wu and Tsai)

PZT-4
(Heyliger)

PZT-5 ðPb;CaÞ
ðCo1=2W1=2ÞTiO3

Gr/Ep

C1111, GPa 138.499 139.0 120.0 150.0 183.443
C2222, GPa 138.499 139.0 120.0 150.0 11.662
C3333, GPa 114.745 115.0 111.0 128.0 11.662
C1122, GPa 77.371 77.8 75.2 37.1 4.363
C1133, GPa 73.643 74.3 75.1 32.3 4.363
C2233, GPa 73.643 74.3 75.1 32.3 3.918
C2323, GPa 25.6 25.6 21.1 55.2 2.87
C1313, GPa 25.6 25.6 21.1 55.2 7.17
C1212, GPa 30.6 30.6 22.6 56.5 7.17
e311, C/m2 �5.2 �5.2 �5.35 1.61 0
e322, C/m2 �5.2 �5.2 �5.35 1.61 0
e333, C/m2 15.08 15.08 15.78 8.5 0
e223, C/m2 12.72 12.72 – – 0
e113, C/m2 12.72 12.72 – – 0
�11/�0 1475 1475 1730 238 1728
�22/�0 1475 1475 1730 238 1728
�33/�0 1300 1300 1700 209 1728

a Vacuum permittivity �0 = 8.854 pF/m and according to Wu and Tsai (2012)
�11 = �22 = 13.06 nF/m and �33 = 11.51 nF/m.
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5. 3D exact solution for FG piezoelectric orthotropic cylindrical
shells

In this section, we study a simply supported FG piezoelectric
laminated orthotropic cylindrical shell. Let the middle surface of
the shell be described by axial and circumferential coordinates h1

and h2. The edge boundary conditions of the shell are assumed to
be fully supported and electrically grounded, that is,

rðnÞ11 ¼ uðnÞ2 ¼ uðnÞ3 ¼ uðnÞ ¼ 0 at h1 ¼ 0 and h1 ¼ L; ð36Þ

where L is the length of the shell. To satisfy boundary conditions
(36), we search an analytical solution of the problem by a method
of double Fourier series expansion

uðnÞin1 ¼
X1
r¼1

X1
s¼0

uðnÞin1rs cos
rph1

L
cossh2; uðnÞin2 ¼

X1
r¼1

X1
s¼0

uðnÞin2rs sin
rph1

L
sinsh2;

uðnÞin3 ¼
X1
r¼1

X1
s¼0

uðnÞin3rs sin
rph1

L
cossh2; uðnÞin ¼

X1
r¼1

X1
s¼0

uðnÞinrs sin
rph1

L
cossh2: ð37Þ

The external electromechanical loads are also expanded in dou-
ble Fourier series.

Substituting (37) and Fourier series corresponding to electro-
mechanical loading in (24) and (27) with WR ¼ 0 and using rela-
tions (2)–(7), (12), (16), (21), (33), and (34), one finds

P ¼
X1
r¼1

X1
s¼0

Prs uðnÞinirs ;uðnÞinrs

� �
: ð38Þ

Invoking the variational Eq. (22), the following system of linear
algebraic equations of order 4

P
nIn � N þ 1

� �
is obtained:

@Prs

@uðnÞinirs

¼ 0;
@Prs

@uðnÞinrs

¼ 0: ð39Þ

The linear system (39) can be easily solved by a method of
Gaussian elimination.

The described algorithm was performed with the Symbolic
Math Toolbox, which incorporates symbolic computations into
the numeric environment of MATLAB. This gives an opportunity
to derive the exact solutions of 3D electroelasticity for FG piezo-
electric laminated orthotropic cylindrical shells with a specified
accuracy.

As a numerical example, we consider a symmetric three-layer
cylindrical shell (N = 3) with ply thicknesses h1 ¼ h2 ¼ h3 ¼ h=3
subjected to mechanical loading acting on the top surface

r½0�13 ¼ r½0�23 ¼ r½0�33 ¼ u½0� ¼ r½3�13 ¼ r½3�23 ¼ u½3� ¼ 0;

r½3�33 ¼ p0 sin
ph1

L
cos h2 ð40Þ

or electric loading acting on the same surface

r½0�13 ¼ r½0�23 ¼ r½0�33 ¼ D½0�3 ¼ r½3�13 ¼ r½3�23 ¼ r½3�33 ¼ 0;

D½3�3 ¼ q0 sin
ph1

L
cos h2; ð41Þ

where p0 ¼ �1 Pa and q0 ¼ 1 C=m2. The bottom and top layers are
composed of the FG piezoelectric material, whereas the central
layer is made of the homogeneous piezoelectric material. It is as-
sumed that the FG material properties are distributed in the thick-
ness direction according to the exponential law (Wu and Tsai,
2012):

Cð1Þijkl ¼ Cð2Þijkle
l1ðzÞ; eð1Þikl ¼ eð2Þikl el1ðzÞ; �ð1Þik ¼ �

ð2Þ
ik el1ðzÞ; �1=2 6 z 6 �1=6;

Cð3Þijkl ¼ Cð2Þijkle
l3ðzÞ; eð3Þikl ¼ eð2Þikl el3ðzÞ; �ð3Þik ¼ �

ð2Þ
ik el3ðzÞ; 1=6 6 z 6 1=2;

l1ðzÞ ¼ �að6zþ 1Þ=2; l3ðzÞ ¼ að6z� 1Þ=2; z ¼ h3=h; ð42Þ

where Cð2Þijkl, eð2Þikl and �ð2Þik are the elastic, piezoelectric and dielectric
constants of the central layer, which are considered to be the same
as those of the PZT-4 given in Wu and Tsai (2012) and Table 1; a is
the material gradient index.

The geometric parameters of the shell are taken as L ¼ 4 m and
R ¼ 1 m, where R is the radius of the middle cylindrical surface. To
compare the results derived with the 3D solution (Wu and Tsai,
2012) of piezoelectricity in the case of mechanical loading, the fol-
lowing dimensionless variables are introduced:

u1 ¼1010�u1ð0;0;zÞp�=hp0; u2 ¼109�u2ðL=2;p=2;zÞp�=hp0;

u3 ¼109�u3ðL=2;0;zÞp�=hp0; u¼103�uðL=2;0;zÞq�=hp0;

r11 ¼r11ðL=2;0;zÞ=p0; r22 ¼r22ðL=2;0;zÞ=p0; r33 ¼r33ðL=2;0;zÞ=p0;

r12 ¼r12ð0;p=2;zÞ=p0; r13 ¼r13ð0;0;zÞ=p0; r23 ¼102�r23ðL=2;p=2;zÞ=p0;

D3 ¼109�D3ðL=2;0;zÞp�=q�p0; z¼ h3=h; ð43Þ

where p� ¼ 1 N=m2 and q� ¼ 1 C=m2. In the case of electric loading,
we have

u1 ¼103�u1ð0;0;zÞq�=hq0; u2 ¼102�u2ðL=2;p=2;zÞq�=hq0;

u3 ¼102�u3ðL=2;0;zÞq�=hq0; u¼10�8�uðL=2;0;zÞðq�Þ2=hp�q0;

r11 ¼10�8�r11ðL=2;0;zÞq�=p�q0; r22 ¼10�8�r22ðL=2;0;zÞq�=p�q0;

r33 ¼10�6�r33ðL=2;0;zÞq�=p�q0;

r12 ¼10�8�r12ð0;p=2;zÞq�=p�q0;

r13 ¼10�6�r13ð0;0;zÞq�=p�q0;

r23 ¼10�6�r23ðL=2;p=2;zÞq�=p�q0;

D3 ¼D3ðL=2;0;zÞ=q0; z¼ h3=h: ð44Þ

The data listed in Tables 2–5 show that the SaS method permits
one to find the 3D exact solution for thick FG piezoelectric lami-
nated orthotropic shells with a prescribed accuracy by using a suf-
ficient number of SaS inside the nth layer In. Here, the field
variables u; ri3 and D3 are evaluated at the second layer interface
h½2�3 ¼ h=6. Figs. 2 and 3 display the distributions of transverse shear
stresses, electric potential and electric displacement in the thick-
ness direction for different values of the slenderness ratio R/h
employing nine SaS for each layer. These results demonstrate con-
vincingly the high potential of the proposed FG piezoelectric shell
formulation. This is due to the fact that the boundary conditions on
the bottom and top surfaces for transverse shear stresses and con-
tinuity conditions at layer interfaces for transverse stress and elec-
tric displacement components are satisfied exactly. As we
remember, the transverse stresses and electric displacements are
evaluated through the constitutive Eqs. (28) and (29).



Table 2
Results for a FG piezoelectric three-layer cylindrical shell with R=h ¼ 5 and a ¼ �1:5 under mechanical loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð�0:5Þ uð1=6Þ r11ð�0:5Þ r22ð�0:5Þ r12ð�0:5Þ r13ð1=6Þ r23ð1=6Þ r33ð1=6Þ D3ð1=6Þ

5 �4.9541 �3.0974 3.3074 �4.1272 0.94189 0.51702 �2.5703 0.10585
0.10489

�2.2706
�2.3535

0.77434
0.76913

�1.1188
�1.1142

7 �4.9540 �3.0974 3.3074 �4.1288 0.93828 0.51341 �2.5703 0.10574
0.10589

�2.2596
�2.2474

0.77446
0.77456

�1.1186
�1.1186

9 �4.9540 �3.0974 3.3074 �4.1288 0.93829 0.51342 �2.5703 0.10576
0.10578

�2.2609
�2.2591

0.77445
0.77447

�1.1186
�1.1186

11 �4.9540 �3.0974 3.3074 �4.1288 0.93830 0.51343 �2.5703 0.10576
0.10576

�2.2610
�2.2606

0.77445
0.77445

�1.1186
�1.1186

13 �4.9540 �3.0974 3.3074 �4.1288 0.93831 0.51344 �2.5703 0.10576
0.10576

�2.2610
�2.2609

0.77445
0.77445

�1.1186
�1.1186

Wu �3.0974 3.3074 �4.1 0.5133 �2.5703 �2.26 0.7745 �1.1188

Table 3
Results for a FG piezoelectric three-layer cylindrical shell with R=h ¼ 5 and a ¼ 1:5 under mechanical loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð�0:5Þ uð1=6Þ r11ð�0:5Þ r22ð�0:5Þ r12ð�0:5Þ r13ð1=6Þ r23ð1=6Þ r33ð1=6Þ D3ð1=6Þ

5 �1.7721 �1.1006 1.1750 7.9060 15.475 12.381 �18.308 0.22654
0.22675

�6.2111
�6.1333

0.57065
0.57025

�1.0980
�1.0952

7 �1.7721 �1.1006 1.1750 7.9050 15.472 12.378 �18.308 0.22651
0.22642

�6.2069
�6.2181

0.57070
0.57058

�1.0979
�1.0979

9 �1.7721 �1.1006 1.1750 7.9050 15.472 12.378 �18.308 0.22651
0.22650

�6.2073
�6.2090

0.57070
0.57068

�1.0979
�1.0979

11 �1.7721 �1.1006 1.1750 7.9050 15.472 12.378 �18.308 0.22651
0.22651

�6.2074
�6.2078

0.57070
0.57069

�1.0979
�1.0979

13 �1.7721 �1.1006 1.1750 7.9050 15.472 12.378 �18.308 0.22651
0.22651

�6.2074
�6.2076

0.57070
0.57070

�1.0979
�1.0979

Wu �1.1006 1.1750 7.9 12.378 �18.308 �6.21 0.5707 �1.0980

Table 4
Results for a FG piezoelectric three-layer cylindrical shell with R=h ¼ 5 and a ¼ �1:5 under electric loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð�0:5Þ uð1=6Þ r11ð�0:5Þ r22ð�0:5Þ r12ð�0:5Þ r13ð1=6Þ r23ð1=6Þ r33ð1=6Þ D3ð1=6Þ

5 �19.216 11.205 �7.5907 �12.962 1.5648 2.2486 1.4933 �5.1543
�4.8146

3.6287
3.3692

�6.8473
�7.0749

0.79383
0.78867

7 �19.216 11.205 �7.5908 �12.962 1.5581 2.2418 1.4933 �5.1015
�5.1017

3.5600
3.5404

�6.9305
�6.9487

0.79379
0.79384

9 �19.216 11.205 �7.5908 �12.962 1.5585 2.2422 1.4933 �5.1073
�5.1079

3.5674
3.5656

�6.9230
�6.9248

0.79379
0.79380

11 �19.216 11.205 �7.5908 �12.962 1.5585 2.2423 1.4933 �5.1078
�5.1080

3.5681
3.5676

�6.9223
�6.9227

0.79379
0.79380

13 �19.216 11.205 �7.5908 �12.962 1.5585 2.2423 1.4933 �5.1080
�5.1080

3.5682
3.5680

�6.9221
�6.9223

0.79379
0.79379

Table 5
Results for a FG piezoelectric three-layer cylindrical shell with R=h ¼ 5 and a ¼ 1:5 under electric loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð�0:5Þ uð1=6Þ r11ð�0:5Þ r22ð�0:5Þ r12ð�0:5Þ r13ð1=6Þ r23ð1=6Þ r33ð1=6Þ D3ð1=6Þ

5 �6.8782 3.5063 �2.3484 �4.7479 10.534 14.623 9.6493 �64.090
�63.982

73.114
72.895

52.928
52.712

0.62399
0.62307

7 �6.8781 3.5062 �2.3484 �4.7479 10.577 14.666 9.6491 �64.075
�64.084

73.094
73.117

52.903
52.926

0.62397
0.62392

9 �6.8781 3.5062 �2.3484 �4.7479 10.576 14.665 9.6491 �64.077
�64.079

73.097
73.101

52.906
52.909

0.62397
0.62397

11 �6.8781 3.5062 �2.3484 �4.7479 10.576 14.664 9.6491 �64.077
�64.078

73.097
73.098

52.906
52.907

0.62397
0.62397

13 �6.8781 3.5062 �2.3484 �4.7479 10.576 14.664 9.6491 �64.077
�64.078

73.097
73.098

52.906
52.906

0.62397
0.62397
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6. 3D exact solution for FG piezoelectric anisotropic cylindrical
shells

Consider next a symmetric deformation of the simply supported
FG piezoelectric laminated anisotropic shell. The boundary condi-
tions of the shell with electrically grounded edges are taken as
rðnÞ11 ¼ rðnÞ12 ¼ uðnÞ3 ¼ uðnÞ ¼ 0 at h1 ¼ 0 and h1 ¼ L ð45Þ
to simulate the simple supports. In the case of a monoclinic pie-
zoelectric material with the poling direction coincident with h3

axis, we can search an analytical solution of the problem as
follows:



Fig. 2. Distributions of transverse shear stresses, electric potential and electric displacement through the thickness of the FG piezoelectric three-layer cylindrical shell under
mechanical loading for I1 ¼ I2 ¼ I3 ¼ 9: present analysis (�) and Wu and Tsai (s).
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Fig. 3. Distributions of transverse shear stresses, electric potential and electric displacement through the thickness of the FG piezoelectric three-layer cylindrical shell under
electric loading for I1 ¼ I2 ¼ I3 ¼ 9: present analysis (�) and Wu and Tsai (s).
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Fig. 4. Through-thickness distribution of elastic constants of the top FG piezoelec-
tric layer.
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uðnÞin1 ¼
X1
r¼1

uðnÞin1r cos
rph1

L
; uðnÞin2 ¼

X1
r¼1

uðnÞin2r cos
rph1

L
;

uðnÞin3 ¼
X1
r¼1

uðnÞin3r sin
rph1

L
; uðnÞin ¼

X1
r¼1

uðnÞinr sin
rph1

L
: ð46Þ

The external electromechanical loads are also expanded in Fou-
rier series.

Substituting (46) and Fourier series corresponding to electro-
mechanical loading in (24) and (27) with WR ¼ 0 and taking into
account relations (2)–(7), (12), (16), (33), (34), we have

P ¼
X1
r¼1

Pr uðnÞinir ;uðnÞinr

� �
: ð47Þ

The use of the variational equation for the piezoelectric lami-
nated shell (22) leads to a system of linear algebraic equations

@Pr

@uðnÞinir

¼ 0;
@Pr

@uðnÞinr

¼ 0 ð48Þ

of order 4
P

nIn � N þ 1
� �

, which is solved by a method of Gaussian
elimination.

The described algorithm was performed with the Symbolic
Math Toolbox, which incorporates symbolic computations into
the numeric environment of MATLAB. That allows one to derive
the 3D exact solutions of electroelasticity for FG piezoelectric lam-
inated anisotropic cylindrical shells with a specified accuracy.
Table 6
Results for a FG piezoelectric angle-ply shell with b ¼ �1 under mechanical loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð0Þ uð�0:5Þ r11ð�0:5Þ r22ð�0:5

5 3.3289 0.93263 7.4317 �2.6981 �3.7068 2.0244
7 3.3289 0.93264 7.4316 �2.6984 �3.7070 2.0244
9 3.3289 0.93264 7.4316 �2.6984 �3.7069 2.0242
11 3.3289 0.93264 7.4316 �2.6984 �3.7069 2.0242

Table 7
Results for a FG piezoelectric angle-ply shell with b ¼ 1 under mechanical loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð0Þ uð�0:5Þ r11ð�0:5Þ r22ð�0:5

5 1.5528 1.2698 4.1558 3.9143 �6.3030 5.2026
7 1.5528 1.2698 4.1558 3.9143 �6.3015 5.2042
9 1.5528 1.2698 4.1558 3.9143 �6.3015 5.2042
11 1.5528 1.2698 4.1558 3.9143 �6.3015 5.2042
As a numerical example, we study an angle-ply cylindrical shell
with the stacking sequence [45/�45] composed of the graphite-
epoxy composite and covered with two FG piezoelectric ceramic
layers on its bottom and top surfaces. This means that a four-layer
cylindrical shell [PZT/45/�45/PZT] with equal thicknesses hn ¼ h=4
is considered, where n ¼ 1;2;3;4. The material properties of the
graphite-epoxy composite are given in Table 1. Concerning both
FG piezoelectric layers it is assumed that their material properties
are distributed in the thickness direction according to a power law,
that is

Cð1Þijkl ¼ C0
ijklV1ðzÞ; eð1Þikl ¼ e0

iklV1ðzÞ;

�ð1Þik ¼ �
0
ikV1ðzÞ; V1ðzÞ ¼ ð�4zÞb; �0:5 6 z 6 �0:25;

Cð4Þijkl ¼ C0
ijklV4ðzÞ; eð4Þikl ¼ e0

iklV4ðzÞ;

�ð4Þik ¼ �
0
ikV4ðzÞ; V4ðzÞ ¼ ð4zÞb; 0:25 6 z 6 0:5; ð49Þ

where C0
ijkl , e0

ikl and �0
ik are the elastic, piezoelectric and dielec-

tric constants at layer interfaces between piezoelectric and
substrate layers, which are considered to be the same as those
of the PZT-4 given in Heyliger (1997) and Table 1; b is the
material gradient index; z ¼ h3=h is the dimensionless thick-
ness coordinate. To investigate a response of the FG piezoelec-
tric angle-ply cylindrical shell more carefully, we consider five
values of the material index b (Fig. 4) including the case of
b ¼ 0 that corresponds to an angle-ply shell with homoge-
neous piezoelectric layers; see the 3D exact solution (Kulikov
and Plotnikova, 2013c).

The shell is subjected to mechanical loading

r½0�13 ¼ r½0�23 ¼ r½0�33 ¼ D½0�3 ¼ r½4�13 ¼ r½4�23 ¼ u½4� ¼ 0;

r½4�33 ¼ p0 sin
ph1

L
ð50Þ

or electric loading acting on the top surface

r½0�13 ¼ r½0�23 ¼ r½0�33 ¼ D½0�3 ¼ r½4�13 ¼ r½4�23 ¼ r½4�33 ¼ 0;

u½4� ¼ u0 sin
ph1

L
; ð51Þ

where p0 ¼ 100 Pa and u0 ¼ 1 V. In both loading cases, the inter-
faces between the piezoelectric and substrate layers are electroded
and grounded.

The geometric parameters are taken to be L ¼ R ¼ 0:1 m and
h ¼ 0:025 m. To analyze the derived results efficiently, we intro-
duce the following scaled field variables:
Þ r12ð�0:5Þ r13ð�0:125Þ r23ð0:125Þ r33ð0:125Þ D3ð0:25Þ

�4.4828 62.895 �9.9884 62.693 �5.9486
�4.4828 62.891 �9.9855 62.693 �5.9535
�4.4829 62.891 �9.9855 62.693 �5.9536
�4.4829 62.891 �9.9855 62.693 �5.9536

Þ r12ð�0:5Þ r13ð�0:125Þ r23ð0:125Þ r33ð0:125Þ D3ð0:25Þ

�2.4414 52.534 �5.3417 60.071 �6.4591
�2.4414 52.533 �5.3404 60.070 �6.4810
�2.4414 52.533 �5.3404 60.070 �6.4818
�2.4414 52.533 �5.3404 60.070 �6.4819



Table 8
Results for a FG piezoelectric angle-ply shell with b ¼ �1 under electric loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð0Þ uð�0:5Þ r11ð�0:5Þ r22ð�0:5Þ r12ð�0:5Þ r13ð�0:125Þ r23ð0:125Þ r33ð0:125Þ D3ð0:25Þ

5 2.4020 �0.92166 7.4115 18.401 �2.0989 2.7989 0.44301 �2.8587 �24.129 63.358 �165.68
7 2.4019 �0.92155 7.4109 18.399 �2.0990 2.7962 0.44295 �2.8635 �24.121 63.353 �165.81
9 2.4019 �0.92155 7.4109 18.399 �2.0990 2.7962 0.44295 �2.8635 �24.121 63.353 �165.82
11 2.4019 �0.92155 7.4109 18.399 �2.0990 2.7962 0.44295 �2.8635 �24.121 63.353 �165.82

Table 9
Results for a FG piezoelectric angle-ply shell with b ¼ 1 under electric loading.

In u1ð�0:5Þ u2ð�0:5Þ u3ð0Þ uð�0:5Þ r11ð�0:5Þ r22ð�0:5Þ r12ð�0:5Þ r13ð�0:125Þ r23ð0:125Þ r33ð0:125Þ D3ð0:25Þ

5 2.1244 0.58752 7.8724 26.175 �6.2103 12.716 �1.1296 �6.0595 �17.931 108.42 �363.48
7 2.1244 0.58752 7.8724 26.175 �6.2084 12.718 �1.1296 �6.0650 �17.925 108.42 �364.66
9 2.1244 0.58752 7.8724 26.175 �6.2084 12.718 �1.1296 �6.0650 �17.925 108.42 �364.70
11 2.1244 0.58752 7.8724 26.175 �6.2084 12.718 �1.1296 �6.0650 �17.925 108.42 �364.71

Fig. 5. Distributions of displacements, transverse stresses and electric displacement in the thickness direction of the FG piezoelectric angle-ply cylindrical shell under
mechanical loading for I1 ¼ I2 ¼ I3 ¼ I4 ¼ 9: present analysis (�) and authors’ 3D exact solution (s).
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Fig. 6. Distributions of displacements, transverse stresses and electric displacement in the thickness direction of the FG piezoelectric angle-ply cylindrical shell under electric
loading for I1 ¼ I2 ¼ I3 ¼ I4 ¼ 9: present analysis (�) and authors’ 3D exact solution (s).

Table 10
Results for a FG piezoelectric two-ply spherical shell with a ¼ �1 under mechanical loading.

In 1013 � u3ð0Þ 1013 � u3ð0:5Þ 107 �uð0Þ r11ð�0:5Þ r11ð0:5Þ r33ð�0:5Þ r33ð0:5Þ 105 � D3ð�0:5Þ 105 � D3ð0:5Þ

5 1.8375 2.6585 �418.09 0.75443 1.1132 1.1047 0.9988 16.460 4.1386
7 1.8373 2.6584 �418.21 0.75614 1.1223 1.1061 1.0002 16.561 4.1409
9 1.8373 2.6584 �418.21 0.75671 1.1220 1.1072 1.0000 16.564 4.1409
11 1.8373 2.6584 �418.21 0.75676 1.1220 1.1072 1.0000 16.564 4.1409
13 1.8373 2.6584 �418.21 0.75677 1.1220 1.1073 1.0000 16.564 4.1409

Table 11
Results for a FG piezoelectric two-ply spherical shell with a ¼ 1 under mechanical loading.

In 1013 � u3ð0Þ 1013 � u3ð0:5Þ 107 �uð0Þ r11ð�0:5Þ r11ð0:5Þ r33ð�0:5Þ r33ð0:5Þ 105 � D3ð�0:5Þ 105 � D3ð0:5Þ

5 0.88509 1.9427 9.3314 0.97469 0.98015 1.4377 0.9984 20.653 5.1599
7 0.88510 1.9427 9.3401 0.97276 0.98167 1.4341 1.0002 20.653 5.1632
9 0.88510 1.9427 9.3401 0.97313 0.98157 1.4348 1.0000 20.653 5.1632
11 0.88510 1.9427 9.3401 0.97318 0.98155 1.4349 1.0000 20.653 5.1632
13 0.88510 1.9427 9.3401 0.97319 0.98155 1.4349 1.0000 20.653 5.1632
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Table 12
Results for a FG piezoelectric two-ply spherical shell with a ¼ �1 under electric loading.

In 1012 � u3ð0Þ 1012 � u3ð0:5Þ uð0Þ r11ð�0:5Þ r11ð0:5Þ r33ð�0:5Þ r33ð0:5Þ 102 � D3ð�0:5Þ 102 � D3ð0:5Þ

5 �6.8676 �41.410 0.35972 �114.64 �100.71 296.20 0.52460 �29.787 �7.5039
7 �6.8676 �41.409 0.35972 �114.77 �101.12 300.03 �0.05577 �30.027 �7.5080
9 �6.8676 �41.409 0.35972 �114.79 �101.10 300.09 �0.00683 �30.032 �7.5081
11 �6.8676 �41.409 0.35972 �114.79 �101.10 300.09 �0.00179 �30.032 �7.5081
13 �6.8676 �41.409 0.35972 �114.79 �101.10 300.08 �0.00066 �30.032 �7.5081

Table 13
Results for a FG piezoelectric two-ply spherical shell with a ¼ 1 under electric loading.

In 1012 � u3ð0Þ 1012 � u3ð0:5Þ uð0Þ r11ð�0:5Þ r11ð0:5Þ r33ð�0:5Þ r33ð0:5Þ 102 � D3ð�0:5Þ 102 � D3ð0:5Þ

5 �4.9536 �51.633 0.15189 �160.87 �127.47 382.58 0.71321 �39.855 �9.9622
7 �4.9537 �51.632 0.15189 �160.68 �127.55 383.19 �0.07424 �39.871 �9.9678
9 �4.9537 �51.632 0.15189 �160.71 �127.54 383.15 �0.00913 �39.871 �9.9678
11 �4.9537 �51.632 0.15189 �160.71 �127.54 383.14 �0.00239 �39.871 �9.9678
13 �4.9537 �51.632 0.15189 �160.71 �127.54 383.14 �0.00088 �39.871 �9.9678

Fig. 7. Through-thickness distributions of transverse displacement, transverse normal stress, electric potential and electric displacement of the FG piezoelectric two-ply
spherical shell under mechanical loading for I1 ¼ I2 ¼ 9: present analysis (�), Heyliger and Wu (h), and Kulikov and Plotnikova (s).
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u1¼1010�u1ð0;zÞ; u2¼1011�u2ð0;zÞ; u3 ¼1010�u3ðL=2;zÞ;
r11¼10�2�r11ðL=2;zÞ; r22 ¼10�2�r22ðL=2;zÞ; r33 ¼r33ðL=2;zÞ;
r12¼10�1�r12ðL=2;zÞ; r13 ¼r13ð0;zÞ; r23 ¼r23ð0;zÞ;
u¼103�uðL=2;zÞ; D3¼108�D3ðL=2;zÞ: ð52Þ

The results from Tables 6–9 show that the SaS method
gives the possibility to find the 3D exact solution of electroelas-
ticity for thick angle-ply cylindrical shells with a prescribed
accuracy using a large number of SaS inside each layer. Figs. 5
and 6 present the distributions of the displacements, transverse
stresses and electric displacement through the thickness of the
shell for different values of the material index b employing
nine SaS exactly. As can be seen, the boundary conditions on
the outer surfaces for transverse stress and electric displacement
components and the continuity conditions at layer interfaces for
transverse stresses are satisfied with a high accuracy.
7. 3D exact solution for FG piezoelectric laminated spherical
shells

Finally, we study a symmetric deformation of the FG piezoelec-
tric laminated spherical shell subjected to mechanical and electric
loads acting on its bottom and top surfaces considering the most
general boundary conditions



Fig. 8. Through-thickness distributions of transverse displacement, transverse normal stress, electric potential and electric displacement of the FG piezoelectric two-ply
spherical shell under electric loading for I1 ¼ I2 ¼ 9: present analysis (�), Heyliger and Wu (h), and Kulikov and Plotnikova (s).
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u½0�3 ¼ u�0 or r½0�33 ¼ p�0 ; u½N�3 ¼ uþ0 or r½N�33 ¼ pþ0 ; ð53Þ
u½0� ¼ u�0 or D½0�3 ¼ q�0 ; u½N� ¼ uþ0 or D½N�3 ¼ qþ0 ð54Þ

Due to spherical symmetry, we search a solution of the problem
as follows:

uðnÞin1 ¼ 0; uðnÞin2 ¼ 0; uðnÞin3 ¼ uðnÞin30 ; uðnÞin ¼ uðnÞin0 : ð55Þ

The use of (55) in Eqs. (2)–(7), (12), (16), (21), (22), (24), (27),
(33), and (34) yields a system of linear algebraic equations

@P

@uðnÞin30

¼ 0;
@P

@uðnÞin0

¼ 0: ð56Þ

The linear system (56) is solved by a method of Gaussian elim-
ination. The described algorithm was performed with the Symbolic
Math Toolbox of MATLAB to address efficiently the symbolic
computations.

As a numerical example, we consider a piezoelectric spherical
shell consisting of two layers of equal thicknesses with
R ¼ 0:045 m and h ¼ 0:03 m, where R is the radius of the middle
surface. The inner layer is composed of the FG piezoelectric cera-
mic, while the outer layer is made of ðPb;CaÞðCo1=2W1=2ÞTiO3 with
the material properties given in Heyliger and Wu (1999) and
Table 1. The material properties of the inner layer are assumed
to obey the exponential law:

Cð1Þijkl¼C0
ijkle

�2az; eð1Þikl ¼ e0
ikle
�2az; �ð1Þik ¼ �

0
ike�2az; �0:56 z60; ð57Þ

where C0
ijkl, e0

ikl and 20
ik are the elastic, piezoelectric and dielectric

constants at the layer interface, which are considered to be the
same as those of the PZT-5 also given in Heyliger and Wu (1999)
and Table 1; a is the material gradient index; z ¼ h3=h is the dimen-
sionless thickness coordinate.

Let the shell be subjected to mechanical loading acting on the
outer surface

u½0�3 ¼ 0; u½0� ¼ 0; r½2�33 ¼ p0; u½2� ¼ 0 ð58Þ

or electric loading

u½0�3 ¼ 0; u½0� ¼ 0; r½2�33 ¼ 0; u½2� ¼ u0; ð59Þ

where p0 ¼ 1 Pa and u0 ¼ 1 V. Five values of the material index a are
utilized to analyze the behavior of the shell including the case of a ¼ 0
corresponding to a homogeneous spherical shell with the same piezo-
electric materials. This in turn allows a comparison with a closed form
solution of Heyliger and Wu (1999) and authors’ 3D exact solution
(Kulikov and Plotnikova, 2013c) based on the SaS technique.

Tables 10–13 list the results of the convergence study using a
various number of SaS for a very thick FG piezoelectric spherical
shell. Figs. 7 and 8 present the distributions of transverse displace-
ment and transverse normal stress, electric potential and electric
displacement through the thickness of the shell employing nine
SaS. As can be seen, the boundary conditions on the outer surface
of the shell and the continuity conditions at the layer interface
are fulfilled again properly.

8. Conclusions

An efficient approach to 3D exact solutions of electroelasticity
for FG piezoelectric laminated shells has been proposed. It is based
on the new method of SaS located at Chebyshev polynomial nodes
inside each layer of the shell and layer interfaces as well. The stress
analysis is based on the 3D constitutive equations of piezoelectric-
ity and gives the opportunity to obtain the 3D exact solutions for
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thick and thin FG piezoelectric cross-ply and angle-ply shells with
a specified accuracy.
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