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ABSTRACT
A hybrid-mixed, four-node, quadrilateral element for the three-dimensional (3D) stress analysis of function-
ally graded (FG) plates using the method of sampling surfaces (SaS) is developed. The SaS formulation is
based on choosing an inside the plate body N, not equally spaced SaS parallel to the middle surface, in
order to introduce the displacements of these surfaces as basic plate variables. Such a choice of unknowns,
with the consequent use of Lagrange polynomials of the degree N − 1 in the assumed distributions of dis-
placements, strains, and mechanical properties through the thickness leads to a robust FG plate formula-
tion. All SaS are located at Chebyshev polynomial nodes that permit one to minimize uniformly the error
due to the Lagrange interpolation. To avoid shear locking and spurious zero-energy modes, the assumed
natural strainmethod is employed. The proposed four-node quadrilateral element passes 3D patch tests for
FG plates and exhibits a superior performance in the case of coarse distortedmeshes. It can be useful for the
3D stress analysis of thin and thick metal/ceramic plates because the SaS formulation gives an opportunity
to obtain the solutions with a prescribed accuracy, which asymptotically approach the 3D exact solutions
of elasticity as the number of SaS tends to infinity.

1. Introduction

Functionally graded (FG) materials are a new class of advanced
materials in which the material properties vary continuously
from point to point. This property is achieved by varying
the volume fraction of constituents. One of the advantages of
the monotonic variation of the volume fraction of constituent
phases is the elimination of stress discontinuity that is often
encountered in laminated composites. The FGmaterials are usu-
ally made by mixing the metal and ceramic phases. The ceramic
with the low thermal conductivity serves as a thermal barrier
and is placed at high-temperature locations, whereas the metal
is placed at regions where the mechanical properties such as
toughness need to be high. The concept of the FG material was
proposed by Japanese material scientists in the 1980s, and this
is a subject of discussion in survey articles [1, 2]. However, most
of the publications in the open literature appeared in the last fif-
teen years. The progress in the analytical and numerical mod-
eling and analysis of FG materials and structures is reviewed in
[3–5].

Nowadays, the finite elementmethod (FEM) iswidely used in
bending, buckling and vibration analyses of FG plates and shells
because of its advantages compared with other numerical tech-
niques. The finite element formulations for the FG plates were
developed in [6–11] through the first-order shear deformation
theory (FSDT), also known as a Mindlin plate theory. Praveen
and Reddy [6] considered a four-node rectangular plate element
with five degrees of freedom (DOFs) per node to analyze the
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thermoelastic response of FG plates. The major problem in con-
structing the low-order triangular and quadrilateral plate ele-
ments is how to eliminate shear locking for thin plates. To solve
such problem, a simple locking-free discontinuous Galerkin tri-
angular element of nonconforming type can be utilized, taking
the piecewise linear nonconforming approximation for the rota-
tions and transverse displacement [8]. The triangular plate ele-
ments with a node-based strain smoothing have been developed
in [9]. The shear locking phenomenon is efficiently cured by
a discrete shear gap technique. The nodal integrated finite ele-
ment formulation is presented in [10]. The proposed triangu-
lar and quadrilateral plate elements are free of locking and show
little sensitivity to geometric distortions. The isogeometric FEM
based onnonuniform rational B-splines (NURBS) has been con-
sidered in [11]. It was established that shear locking can be over-
come employing the NURBS functions of high order.

El-Abbasi and Meguid [12] presented a four-node shell ele-
ment within the framework of FSDT accounting for thickness
stretching for the analysis of FG plates and shells. For this pur-
pose, they extended the isoparametric four-node finite element
based on the 7-parameter shell formulation [13] that makes it
possible to circumvent thickness locking. To avoid shear lock-
ing, the assumed natural strain (ANS) concept is employed.
Arciniega and Reddy [14] developed the exact geometry or geo-
metrically exact (GeX) shell elements on the basis of the 7-
parameter formulation. The term “GeX” reflects the fact that the
parametrization of the reference surface is known a priori and,
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therefore, the coefficients of the first and second fundamental
forms of its surface can be taken exactly at each element node.
The regular meshes of high-order finite elements with seven
DOFs per node are utilized. By increasing the p-level of the
finite element approximation within each element, they elimi-
nated shear locking and membrane locking because the exact
representation of the reference surface yields the explicit varia-
tion of curvatures and Christoffel symbols throughout the low-
order GeX shell elements.

The finite element models for the static and dynamic anal-
yses of FG plates and shells were developed in [15–21] through
the higher-order shear deformation theory (HSDT). Reddy
[15] proposed rectangular plate elements by using Lagrangian
and Hermitian interpolation functions to describe the in-
plane displacements, rotations and transverse displacement,
respectively. The shear locking phenomenon is avoided by
means of the reduced integration throughout the element.
A three-node triangular plate element with global and local
displacement components for the analysis of laminated plates
with an embedded FG layer has been built by Zhen and Wanji
[16]. It is assumed that the global displacement components
correspond to Reddy’s HSDT [15]. The most attractive feature
of the global-local approach is that the boundary conditions
on bottom and top surfaces and the continuity conditions at
interfaces for the transverse shear stresses are satisfied without
employing postprocessing procedures. The isogeometric finite
element formulation based on NURBS functions is discussed
in [21]. Because of the smoothness of NURBS, it is possible to
fulfill the C1-continuity requirement of Reddy’s HSDT that is
achieved by choosing at least the quadratic interpolation with
no repeated knot vector entries.

More general finite element formulations on the basis of
HSDT accounting for the transverse normal deformation for
bending, buckling and free vibration analyses of FG plates and
shells can be found in [22–24]. Talha and Singh [22] developed
a nine-node rectangular plate element with 13 DOFs per node
instead of 11 basic DOFs used in their HSDT in order to
construct the C0-continuous finite element. The NURBS-based
FEM for FG isotropic and sandwich plates has been proposed in
[23]. The feature of this approach is that only four displacement
DOFs are utilized. The C1-continuity requirement, however,
can be easily carried out with the help of NURBS functions,
and no shear locking occurs. An efficient nine-node rectangular
FG shell element with 15 DOFs per node [24] has been devel-
oped via Carrera’s unified formulation [25, 26]. The shear and
membrane-locking phenomena are prevented through the ANS
method. Note that all finite elements considered do not describe
well the through-thickness distribution of transverse stresses,
except for [24] where the fourth-order theory was utilized.
However, the authors [24] report that the transverse normal
stress is calculated with a large error in the case of thin plates
because of the small value of this stress compared to in-plane
stresses.

The present paper is intended to overcome the above men-
tioned difficulties and develop the finite element that makes it
possible to evaluate all stress components effectively for the thick
and very thin FG plates. To solve such a problem, the four-node
quadrilateral plate element using the method of sampling sur-
faces (SaS) [27, 28] is proposed. The SaS formulation is based

on choosing inside the plate bodyN not equally spaced surfaces
�1, �2, . . . , �N parallel to themiddle surface in order to intro-
duce the displacement vectors u1, u2, . . . ,uN of these surfaces
as basic plate variables, where N ≥ 3. Such choice of unknowns
with the consequent use of Lagrange polynomials of degree
N − 1 in the assumed distributions of displacements, strains
andmechanical properties through the thickness allows the pre-
sentation of governing equations of the SaS formulation in a
very compact form. Recently, the SaS formulation was utilized
to evaluate analytically the 3D stress state in FG plates and shells
[29–34].

It should be noted that the SaS formulation with equally
spaced SaS does not work properly with the Lagrange polynomi-
als of high degree because of the Runge’s phenomenon [35]. This
phenomenon can yield the wild oscillation at the edges of the
interval when the user deals with any specific functions. If the
number of equispaced nodes is increased, then the oscillations
become even larger. However, the use of the Chebyshev polyno-
mial nodes [36] inside the plate body can help to improve signif-
icantly the behavior of the Lagrange polynomials of high degree
because such a choice permits one to minimize uniformly the
error due to the Lagrange interpolation. This fact gives an oppor-
tunity to derive displacements and stresses with a prescribed
accuracy employing the sufficient number of SaS. It means in
turn that the numerical solutions based on the SaS technique
asymptotically approach the exact solutions of elasticity as the
number of SaS N → ∞.

It is well established that the isoparametric low-order plate
elements are sensitive to shear locking. To avoid shear lock-
ing and have no spurious zero-energy modes, the ANS method
can be employed. According to this method, the constant-linear
interpolations for assumed transverse shear strains are utilized
to represent the pure bending deformations with no parasitic
transverse shear strains. The ANS concept has been developed
for the isoparametric plate elements in [37–39] (see also the text
books [40, 41]) and provides an excellent performance in the
case of distorted meshes.

To improve the computational efficiency of ANS low-
order plate elements, a hybrid-mixed FEM can be applied.
This method pioneered by Pian [42] is based on the robust
interpolation of displacements on the element boundary to pro-
vide displacement compatibility between elements, whereas the
internal stresses are assumed so as to satisfy the differential equi-
librium equations. The Pian’s hybrid stress finite element was
originally based upon the principle of the stationary comple-
mentary energy. Alternatively, the assumed stress finite element
was proposed by applying the Hellinger–Reissner variational
principle that simplifies the evaluation of the element stiffness
matrix [43, 44]. Then, the assumed strain [45, 46] and the
assumed stress-strain [47, 48] finite elements were developed.
The former is based on the modified Hellinger–Reissner func-
tional in which displacements and strains are utilized as basic
plate variables, whereas the latter departs from the Hu-Washizu
functional depending on displacements, strains and stresses.
Here, following Pian we use the term “hybrid-mixed finite
element” that covers all finite elements, which are “formulated
by multivariable variational functional, yet the resulting matrix
equations consist of only the nodal values of displacements as
unknowns” [49].
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In a proposed hybrid-mixed four-node quadrilateral element
formulation, all SaS are located at Chebyshev polynomial nodes
that make it possible to use the Lagrange polynomials of high
degree. To avoid shear locking and have no spurious zero-energy
modes in the case of distorted meshes, the assumed interpola-
tions of displacement-independent strains and stress resultants
in conjunction with the ANS interpolation of displacement-
dependent transverse shear strains are utilized. To solve this
problem, the Hu-Washizu multivariable variational principle
is invoked. The developed isoparametric hybrid-mixed stress-
strain element for the 3D stress analysis of FG plates has com-
putational advantages compared to the hybrid-mixed strain and
hybrid-mixed stress finite elements. This is due to the fact that
here no expensive numerical inversion of elemental matrices
is needed; all matrix inversions can be done analytically. On
the contrary, in a conventional hybrid-mixed FEM [43–46] the
inversion of the flexibility matrix is required. In fact, it is the
most costly operation because the number of stress or strain
parameters (modes) to be introduced to analyze effectively the
FG composite plates can be sufficiently large [50]. Note also
that the proposed hybrid-mixed finite element model general-
izes authors’ displacement-based finite element models for the
stress analysis of plates and shells with equispaced SaS [51, 52]
and the hybrid-mixed quadrilateral four-node element model
for homogeneous plates with the SaS located at Chebyshev poly-
nomial nodes [53].

2. Three-dimensional description of FG plates

Consider an FGplate of the thickness h. The plate can be defined
as a 3D body of volume V bounded by two outer surfaces
�−, �+ and the edge surface �. Let the middle surface � be
described by Cartesian coordinates x1 and x2, whereas the coor-
dinate x3 is oriented in the thickness direction (Figure 1). Intro-
duce inside the plate body N not equally spaced SaS �I parallel
to the middle surface in order to introduce the displacements
of these surfaces as basic plate variables. The transverse coordi-
nates of SaS are defined as:

zI = −h
2
cos

(
π
2I − 1
2N

)
, (1)

where I = 1, 2, . . . ,N.

Figure . Geometry of the plate.

It is worth noting that the transverse coordinates of SaS (1)
coincide with the coordinates of Chebyshev polynomial nodes
[36]. This fact has a great meaning for a convergence of the SaS
method as proved analytically in [28, 54].

The strain tensor is given by:

2εi j = ui, j + uj,i, (2)

where ui are the displacements. Here and in the following devel-
opments, Latin indices i, j, k, l range from 1 to 3, whereas
Greek indices α, β range from 1 to 2.

Let us introduce displacements of SaS uIi (x1, x2) as basic
plate unknowns:

uIi = ui(zI ). (3)

Using the displacements (3), we can define strains of SaS
εIi j(x1, x2) as:

2εIαβ = 2εαβ (zI ) = uIα,β + uIβ,α,

2εIα3 = 2εα3(zI ) = βI
α + uI3,α,

εI33 = ε33(zI ) = βI
3, (4)

where βI
i (x1, x2) are the derivatives of displacements with

respect to the thickness coordinate at SaS defined as:

βI
i = ui,3(zI ). (5)

3. Displacement and strain distributions in thickness
direction

Up to this moment, no assumptions concerning the displace-
ment field have been made. We start now with the first assump-
tion of the proposed higher-order plate formulation. Let us
assume that the displacements are distributed through the thick-
ness in the following form:

ui =
∑
I

LIuIi , (6)

where LI(x3) are the Lagrange polynomials of degree N − 1
given by:

LI =
∏
J �=I

x3 − zJ

zI − zJ
. (7)

The use of Eqs. (5)–(7) yields:

βI
i =

∑
J

MJ (zI )uJi , (8)

whereMI = LI,3 are the polynomials of degree N − 2; their val-
ues on SaS can be expressed as:

MJ (zI ) = 1
zJ − zI

∏
K �=I, J

zI − zK

zJ − zK
(J �= I) ,

MI(zI ) = −
∑
J �=I

MJ (zI ) , (9)

where I, J, K = 1, 2, . . . ,N. Thus, the key functions βI
i of

the proposed higher-order plate formulation are represented
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according to Eq. (8) as a linear combination of displacements
of SaS uJi .

Proposition 1. The functions β1
i , β2

i , . . . , β
N
i are linearly

dependent, that is there exist numbers α1, α2, . . . , αN , which
are not all zero, such that:

αTβi = 0, (10)

α = [α1 α2 . . . αN] T, βi = [
β1
i β2

i . . . βN
i
]T

. (11)

The proof of this proposition follows from a homogeneous
system of linear equations:

MTα = 0, (12)

M =

⎡
⎢⎢⎢⎣
M1(z1) M2(z1) . . . MN (z1)
M1(z2) M2(z2) . . . MN (z2)

. . .

M1(zN ) M2(zN ) . . . MN (zN )

⎤
⎥⎥⎥⎦ , (13)

which has a nontrivial solution. This is due to the fact thatM is
a singular matrix that follows directly from the identity:∑

I

MI(x3) = 0. (14)

The details of the proof can be found in [53].
The following step consists in a choice of the consistent

approximation of strains through the thickness of the plate. It
is apparent that the strain distribution should be chosen similar
to the displacement distribution (6), that is,

εi j =
∑
I

LIεIi j. (15)

4. Hu-Washizumixed variational formulation

To develop the hybrid-mixed stress-strain finite element formu-
lation, we have to invoke the Hu-Washizu variational principal
in which displacements, strains and stresses are utilized as inde-
pendent variables [55]. It can be written as:

δJHW = 0, (16)

JHW =
∫∫

�

∫ h/2

−h/2

[
1
2
ei jCi jklekl − σi j(ei j − εi j)

]
dx1dx2dx3

−
∫∫

�

(
p+
i u

+
i − p−

i u
−
i
)
dx1dx2 −W�, (17)

where σi j are the stresses, ei j are the displacement-independent
strains, Ci jkl are the components of the material tensor, u−

i and
u+
i are the displacements of bottomand top surfaces�− and�+,
p−
i and p+

i are the tractions acting on the bottom and top sur-
faces,W� is the work done by external loads applied to the edge
surface�. Here and in the following developments, the summa-
tion on repeated Latin indices is implied.

Following the SaS technique, we introduce the third
assumption of the proposed hybrid-mixed plate formula-
tion. Assume that the displacement-independent strains are

distributed through the thickness similar to displacement-
dependent strains (15):

ei j =
∑
I

LIeIi j, (18)

where eIi j(x1, x2) are the displacement-independent strains of
SaS.

Next, we accept the last assumption of the SaS FG plate
formulation [29, 32]. Let the material constants be distributed
through the thickness of a plate as follows:

Ci jkl =
∑
I

LICI
i jkl, (19)

where CI
i jkl = CI

i jkl (z
I ) are the values of material constants on

SaS.
Substituting the through-thickness distributions of strains

andmaterial properties (15), (18) and (19) in the functional (17)
and introducing stress resultants:

HI
i j =

∫ h/2

−h/2
σi jLIdx3, (20)

the following variational equation is obtained:

∫∫
�

∑
I

[
δ(eI )T

(
HI −

∑
J,K


IJKCJeK
)

+ δ(HI )
T (eI − εI

)− δ(εI )
THI

]
dx1dx2

+
∫∫
�

(
p+
i δu+

i − p−
i δu−

i
)
dx1dx2 + δW� = 0, (21)

where

εI = [
εI11 εI22 εI33 2εI12 2εI13 2εI23

]T
,

eI = [
eI11 eI22 eI33 2eI12 2eI13 2eI23

]T
,

HI = [
HI

11 HI
22 HI

33 HI
12 HI

13 HI
23
]T

,

CJ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CJ
1111 CJ

1122 CJ
1133 CJ

1112 0 0

CJ
2211 CJ

2222 CJ
2233 CJ

2212 0 0

CJ
3311 CJ

3322 CJ
3333 CJ

3312 0 0

CJ
1211 CJ

1222 CJ
1233 CJ

1212 0 0

0 0 0 0 CJ
1313 CJ

1323

0 0 0 0 CJ
2313 CJ

2323

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,


IJK =
∫ h/2

−h/2
LILJLKdx3. (22)

5. Hybrid-mixed ANS finite element formulation

In the isoparametric four-node quadrilateral plate element for-
mulation, the position vector and the displacement vector are
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Figure . Quadrilateral plate element.

approximated according to the standard C0 interpolation:

xα =
∑
r

Nrxα
r , (23)

uIi =
∑
r

NruIir, (24)

Nr = 1
4
(
1 + n1rξ 1) (1 + n2rξ 2) , (25)

where Nr(ξ
1, ξ 2) are the bilinear shape functions of the

finite element with n11 = n14 = n21 = n22 = 1 and n12 = n13 =
n23 = n24 = −1, xα

r are the nodal coordinates, uIir are the dis-
placements of SaS at element nodes, the index r denotes the
number of nodes and ranges from 1 to 4. The surface traction
vector is also assumed to vary bilinearly throughout the element.
The local numbering of the corner nodes andmiddle side nodes
is shown in Figure 2.

To overcome shear locking and have no spurious zero-energy
modes, the robust ANS interpolation [37, 39] of transverse shear
strains of SaS with four sampling points can be utilized:

εIα3 = �β
αε̂Iβ3, (26)

ε̂I13 = 1
2
(1 − ξ 2) ε̂I13(B) + 1

2
(1 + ξ 2) ε̂I13(D),

ε̂I23 = 1
2
(1 − ξ 1) ε̂I23(A) + 1

2
(1 + ξ 1) ε̂I23(C), (27)

where ε̂Iα3 are the covariant components of the strain tensor
at SaS in the contravariant basis ai, which are defined by the
orthogonality condition ai · a j = δ

j
i :

aα = tβα kβ, aα = �α
βk

β, a3 = a3 = k3,

tβα = ∂xβ

∂ξα
, �β

α = ∂ξβ

∂xα
,

tα1 = 1
4
(1 + ξ 2)

(
xα
1 − xα

2
)+ 1

4
(1 − ξ 2)

(
xα
4 − xα

3
)
,

tα2 = 1
4
(1 + ξ 1)

(
xα
1 − xα

4
)+ 1

4
(1 − ξ 1)

(
xα
2 − xα

3
)
,

�11 = 1
�
t22 , �21 = − 1

�
t21 , �12 = − 1

�
t12 , �22 = 1

�
t11 ,

(28)

where � = det J is the determinant of the Jacobian matrix J =
[ tβα ], whereas J−1 = [�β

α] stands for the inverse Jacobianmatrix.
The transverse shear strains ε̂Iα3 at sampling points A, B, C and
D are evaluated according to Eqs. (4) and (8) as:

2ε̂I13(B) = 1
2
(
uI34 − uI33

)+ 1
4

∑
J

MJ (zI )
(
xα
4 − xα

3
) (

uJα3 + uJα4
)
,

2ε̂I13(D) = 1
2
(
uI31 − uI32

)+ 1
4

∑
J

MJ (zI )
(
xα
1 − xα

2
) (

uJα1 + uJα2
)
,

2ε̂I23(A) = 1
2
(
uI32 − uI33

)+ 1
4

∑
J

MJ (zI )
(
xα
2 − xα

3
) (

uJα2 + uJα3
)
,

2ε̂I23(C) = 1
2
(
uI31 − uI34

)+ 1
4

∑
J

MJ (zI )
(
xα
1 − xα

4
) (

uJα1 + uJα4
)
.

(29)

Substituting the approximation (24) in Eqs. (4) and (8), using
a formula for derivatives of the shape functions:

⎡
⎢⎢⎣

∂Nr

∂x1
∂Nr

∂x2

⎤
⎥⎥⎦ = J−1

⎡
⎢⎢⎣

∂Nr

∂ξ 1

∂Nr

∂ξ 2

⎤
⎥⎥⎦ (30)

and accounting for Eqs. (26), (27) and (29), one obtains:

εI = BIU, (31)

U = [
UT

1 U
T
2 UT

3 UT
4
]T

,

Ur = [
u11r u

1
2r u

1
3r u

2
1r u

2
2r u

2
3r . . . uN1r u

N
2r u

N
3r
]T

, (32)

where Ur are the nodal displacement vectors of the element,
BI(ξ 1, ξ 2) are the strain-displacement transformation matrices
of order 6 × 12N related to SaS.

To improve the computational efficiency of the ANS four-
node quadrilateral plate element, a hybrid-mixed method may
be employed. In order to fulfill the patch test [43], the assumed
stress resultants are interpolated throughout the element as
follows:

HI = Pσ�I, �I = [
�I

1 �I
2 . . . �I

12
]T

, (33)
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Pσ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

t̄11 t̄11 ξ̄ 2 t̄12 t̄12 ξ̄ 1 0 0 0 0
t̄21 t̄21 ξ̄ 2 t̄22 t̄22 ξ̄ 1 0 0 0 0
0 0 ξ̄ 1 ξ̄ 2 0 0

t̄11 t̄21 ξ̄ 2 t̄12 t̄22 ξ̄ 1 0 0 0 0
0 0 0 0 t̄11 ξ̄ 2 t̄12 ξ̄ 1

0 0 0 0 t̄21 ξ̄ 2 t̄22 ξ̄ 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (34)

where t̄βα are the elements of the Jacobian matrix (28) evaluated
at the element center, and ξ̄ α are the transformed coordinates
defined as:

t̄α1 = 1
4
(
xα
1 − xα

2 − xα
3 + xα

4
)
, t̄α2 = 1

4
(
xα
1 + xα

2 − xα
3 − xα

4
)
,

ξ̄ α = ξα − ξα
c , ξα

c = 1
Ael

∫ 1

−1

∫ 1

−1
ξα� dξ 1dξ 2,

Ael =
∫ 1

−1

∫ 1

−1
� dξ 1dξ 2,

� = c0 + c1ξ 1 + c2ξ 2,

c0 = 1
8
[(
x11 − x13

) (
x22 − x24

)− (
x12 − x14

) (
x21 − x23

)]
,

c1 = 1
8
[(
x11 − x12

) (
x23 − x24

)− (
x13 − x14

) (
x21 − x22

)]
,

c2 = 1
8
[(
x11 − x14

) (
x22 − x23

)− (
x12 − x13

) (
x21 − x24

)]
. (35)

The purpose of introducing ξ̄ α lies in the simplicity of some
elementalmatrices of the hybrid-mixedmethod [56, 57] because
a useful formula

∫ 1

−1

∫ 1

−1
ξ̄ α� dξ 1dξ 2 = 0 (36)

holds.
The displacement-independent strains of SaS are interpo-

lated throughout the element following [58, 59] as:

eI = Pe�
I, �I = [

�I
1 �I

2 . . . �I
12
]T

, (37)

Pe =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

�̄11�̄
1
1ξ̄

2 �̄21�̄
2
1ξ̄

1 0 0 0 0
�̄12�̄

1
2ξ̄

2 �̄22�̄
2
2ξ̄

1 0 0 0 0
0 0 ξ̄ 1 ξ̄ 2 0 0

2�̄11�̄12ξ̄ 2 2�̄21�̄22ξ̄ 1 0 0 0 0
0 0 0 0 �̄11ξ̄

2 �̄21ξ̄
1

0 0 0 0 �̄12ξ̄
2 �̄22ξ̄

1

⎤
⎥⎥⎥⎥⎥⎥⎦

(38)

that corresponds to the interpolation of stress resultants (33) and
(34), where �̄β

α are the elements of the inverse Jacobian matrix
evaluated at the element center:

�̄11 = 1
c0
t̄22 , �̄21 = − 1

c0
t̄21 , �̄12 = − 1

c0
t̄12 , �̄22 = 1

c0
t̄11 .

(39)

Substituting interpolations (24), (31), (33) and (37) in the Hu-
Washizu variational Eq. (21) and taking into account relations:

u+
i =

∑
I

LI(h/2)uIi , u−
i =

∑
I

LI(−h/2)uIi , (40)

we arrive at the element equilibrium equations:

QT�I =
∑
J,K


IJKDJ�K, (41)

Q�I = RIU, (42)∑
I

(RI )
T
�I = F, (43)

where F is the element-wise surface traction vector; Q, DJ and
RI are the elemental matrices given by:

Q =
∫ 1

−1

∫ 1

−1
PT

σPe� dξ 1dξ 2, (44)

DJ =
∫ 1

−1

∫ 1

−1
PT
eC

JPe� dξ 1dξ 2,

RI =
∫ 1

−1

∫ 1

−1
PT

σB
I� dξ 1dξ 2. (45)

The use of transformed coordinates ξ̄ α in interpolations (33)
and (37) is of great importance because the flexibility matrix
becomes quasi-diagonal, that is,

Q = Ael diag
(
I6, ω22, ω11,

[
ω11 ω12
ω12 ω22

]
, ω22, ω11

)
,

(46)

where I6 is the unit matrix of order 6 × 6 and

Ael = 4c0, ωαβ = 1
Ael

∫ 1

−1

∫ 1

−1
ξ̄ αξ̄ β� dξ 1dξ 2

= 1
3

(
δαβ − cαcβ

3c0c0

)
. (47)
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Owing to interpolations (33) and (37), the stress resultants
and displacement-independent strains of SaS are discontinuous
at the element boundaries. Hence, the column matrices �I and
�I can be eliminated on the element level that yields finite ele-
ment equations:

KU = F, (48)

where K is the element stiffness matrix of order 12N × 12N
defined as:

K =
∑
I, J,K


IJK (RI )
TQ−1DJQ−1RK . (49)

Since thematrixQ is quasi-diagonal, its inversion can be eas-
ily fulfilled in a closed form:

Q−1 = 1
Ael

diag
(
I6, 1/ω22, 1/ω11,

[
ω22/d −ω12/d
−ω12/d ω11/d

]
,

1/ω22, 1/ω11

)
, (50)

where d = ω11ω22 − ω12ω12. Thus, no expensive numerical
inversion is needed if one uses the hybrid-mixed stress-strain
quadrilateral plate element developed.

Proposition 2. There is a link between displacement-
dependent and displacement-independent strains of SaS:∫ 1

−1

∫ 1

−1
PT

σ (εI − eI )� dξ 1dξ 2 = 0. (51)

This proposition can be proved simply considering the
orthogonality condition, which follows directly from the varia-
tional Eq. (21),∫ 1

−1

∫ 1

−1
δ(HI )

T
(eI − εI )� dξ 1dξ 2 = 0 (52)

and the assumed interpolation of stress resultants (33). The
orthogonality condition (51) will be employed below for assess-
ment of the rank of the stiffness matrix (49).

Remark 1. As we remember, LI are the Lagrange polynomi-
als of degree N − 1. This makes it possible to carry out exact
integration in (22) utilizing the n-point Gaussian quadrature
rule, where n = (3N − 2)/2 for evenN and n = (3N − 1)/2 for
odd N. It should be mentioned also that the elemental matrices
(45) are evaluated through the Gauss integration scheme with
2 × 2 sampling points.

Remark 2. The displacement-independent strains (37) are
selected such that the four-node quadrilateral plate element
would be free of shear locking and kinematically stable. It is
apparent that the assumed strain interpolation should be cho-
sen to be as simple as possible. Because of the strain inter-
polation (37), we introduced 12 assumed strain parameters
�I

1, �I
2, . . . , �

I
12 for each SaS, that is 12N for all SaS. It seems

to be excessive recalling about 3N displacement DOFs per node.
However, there exist six dependent strain modes exactly, which

provide a correct rank of the element stiffness matrix [53]:

αT [�1
3 �2

3 . . . �N
3
]T = 0, (53)

αT [�1
9 �2

9 . . . �N
9
]T = 0, (54)

αT [�1
10 �2

10 . . . �N
10
]T = 0, (55)

αT [�1
11 �2

11 . . . �N
11
]T = αT [�1

12 �2
12 . . . �N

12
]T

, (56)

2λTM
[
�1

5 �2
5 . . . �N

5
]T = λT[�1

9 �2
9 . . . �N

9
]T

, (57)

2λTM
[
�1

6 �2
6 . . . �N

6
]T = λT[�1

10 �2
10 . . . �N

10
]T

, (58)

where α = [α1 α2 . . . αN] T and λ = [λ1 λ2 . . . λN] T are col-
umn matrices that exist owing to Propositions 1 and 2. Six
coupling Eqs. (53)–(58) play a central role in the developed
hybrid-mixed finite element formulation because they imply
that only 12N − 6 assumed strain modes are independent of
12N ones introduced by (37). Therefore, the element stiffness
matrix has six zero eigenvalues as required for satisfaction of
the general rigid-body motion representation.

6. Numerical examples

The performance of the proposed hybrid-mixed four-node FG
plate element denoted by SaSQP4 element is evaluated with sev-
eral finite element and exact solutions of elasticity including 3D
patch tests.

6.1. Patch tests for an FG plate

The plate patch tests for the membrane behavior and out-of-
plane bending behavior of quadrilateral elements confirm that
the finite element formulation developed is able to reproduce the
constant stress-strain states for distorted mesh configurations.
Here, we consider a patch of five plate elements [60] with four
external and four internal nodes as depicted in Figure 3.

It is assumed that the elastic modulus is distributed through
the thickness according to the exponential law:

E = E−eα(z+0.5), −0.5 ≤ z ≤ 0.5, (59)

where E− is the elasticmodulus on the bottom surface, z = x3/h
is the dimensionless thickness coordinate, α is the material gra-
dient index defined as:

α = ln
(
E+/E−) , (60)

where E+ is the elastic modulus on the top surface.

6.1.1. Membrane patch test
To achieve the constant membrane stress-strain state at surfaces
parallel to the middle surface, the displacements of the FG plate
can be taken as:

u1 = e
(
x1 + 1

2
x2
)

, u2 = e
(
1
2
x1 + x2

)
, u3 = 0.

(61)
Such displacement distribution leads to a constant in-plane

strain field, that is,

ε11 = ε22 = e, 2ε12 = e, εi3 = 0. (62)
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Figure . Patch test for an FG plate.

Note that in the case of zero Poisson’s ratios, both outer sur-
faces of the plate are free of transverse stresses.

Considering the solution (61), the displacements of SaS at
exterior nodes can be prescribed as follows:

uI1 = e
(
x1 + 1

2
x2
)

, uI2 = e
(
1
2
x1 + x2

)
, uI3 = 0

(63)
that yield

εI11 = εI22 = e, 2εI12 = e, εIi3 = 0. (64)

As a numerical example, we consider an FG plate with
E− = 106, α = 2 and e = 10−5. The calculations show that the
SaSQP4 element passes the membrane patch test for an FG
plate. The maximum relative error for displacements of the
top surface is reached at point P7 for N = 3 and at point P8
for N = 7 and is equal to 7.5 × 10−10 and 5.3 × 10−9, cor-
respondingly. It should be mentioned that the computations
were performed on a standard PC employing the 16-digit
calculation.

6.1.2. Bending patch test
To achieve the constant 3D bending stress-strain state, the dis-
placements are chosen as:

u1 = ex3
(
x1 + 1

2
x2
)

, u2 = ex3
(
1
2
x1 + x2

)
,

u3 = −1
2
e [(x1)2 + x1x2 + (x2)2]. (65)

Substituting (65) in strain-displacement Eq. (2), we arrive
at the constant strain state at surfaces parallel to the middle
surface:

ε11 = ε22 = ex3, 2ε12 = ex3, εi3 = 0. (66)

Using (66) in constitutive equations, one can verify that the
3D equilibrium equations of an FG plate are fulfilled exactly for
the zero Poisson’s ratio. Moreover, both outer surfaces of the
plate will be free of surface tractions.

Taking into account (65), the displacements of SaS at exterior
nodes are:

uI1 = ezI
(
x1 + 1

2
x2
)

, uI2 = ezI
(
1
2
x1 + x2

)
,

uI3 = −1
2
e [(x1)2 + x1x2 + (x2)2] (67)

that result in

εI11 = εI22 = ezI, 2εI12 = ezI, εIi3 = 0. (68)

Applying the prescribed displacements (67) to exterior nodes
of the FG plate with E− = 106, α = 2 and e = 10−5, one can
observe that the displacements and strains at interior nodes are
identical to analytical answers. This is partially confirmed by
displacements of the top surface u+

i at interior nodes listed in
Table 1 for three and seven SaS. Thus, the SaSQP4 element passes
the bending patch test for the FG plate.

6.2. Cantilever FG trapezoidal plate

A trapezoidal plate is clamped on one side, whereas the opposite
side is subjected to a distributed in-plane load [61], as shown
in Figure 4. This test is an excellent ability to verify the proper
representation of the membrane dominated stress state with
skewedmeshes. In the framework of 2D elasticity, the cantilever

Table . Displacements at interior nodes in the bending patch test for an FG plate.

Formulation Node 106 × u+
1 106 × u+

2 −104 × u+
3

Exact values P5 . . .
P6 . . .
P7 . . .
P8 . . .

N = 3 P5 . . .
P6 . . .
P7 . . .
P8 . . .

N = 7 P5 . . .
P6 . . .
P7 . . .
P8 . . .
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Figure . Cantilever trapezoidal plate.

Table . In-plane tip displacement u1 at point P of the homogeneous trapezoidal
plate.

Formulation 2 × 2 4 × 4 8 × 8 16 × 16 32 × 32 64 × 64 128 × 128

N = 3 . . . . . . .
N = 5 . . . . . . .
N = 7 . . . . . . .
Hueck [] .

Table . Maximum principal stress σmax at point Q and minimum principal stress
σmin at point R of the homogeneous trapezoidal plate for N = 5.

Stress 4 × 4 8 × 8 16 × 16 32 × 32 64 × 64 128 × 128 Hueck []

σmax(Q) . . . . . . .
−σmin(R) . . . . . . .

trapezoidal plate has been investigated by many researchers
(see, e.g., [61–63]).

First, we consider a homogeneous trapezoidal plate with E =
1, ν = 1/3, h = 1 and F = 1. Table 2 lists the results of the con-
vergence study due to increasing the number of SaS inside the
plate body by using the in-plane tip displacement at point P
belonging to the middle surface. A comparison with the results
of Hueck andWriggers [63] is also presented. As can be seen, the
SaS formulation gives the possibility to calculate the displace-
ments with four right digits by using not very large number of
SaS. The results of the convergence study owing to mesh refine-
ment utilizing the maximum principal stress at point Q and the
minimumprincipal stress at point Rwith five SaS inside the plate
are listed in Table 3. It is seen that the values of principal stresses
are slightly larger than those reported in [63], where the authors
restrict themselves to the plane stress problem. Herein, the finite
element plate formulation in the framework of 3D elasticity is
considered.

Then, we study an FG trapezoidal plate fabricated by mixing
the metal and ceramic phases. For evaluating the effective mate-
rial properties through the thickness of a two-phase plate, the

Mori–Tanaka method [64, 65] is adopted:

K = Km + Vc(Kc − Km)

1 +Vm(Kc − Km)/(Km + 4Gm/3)
,

G = Gm + Vc(Gc − Gm)

1 +Vm(Gc − Gm)/(Gm + fm)
,

fm = Gm(9Km + 8Gm)

6(Km + 2Gm)
,Km = Em

3(1 − 2νm)
,

Kc = Ec
3(1 − 2νc)

, Gm = Em
2(1 + νm)

, Gc = Ec
2(1 + νc)

, (69)

where Em and Ec are the Young moduli of metal and ceramic
phases, νm and νc are the Poisson’s ratios, Gm and Gc are the
shear moduli, Km and Kc are the bulk moduli, Vm and Vc are
the volume fractions defined as:

Vm = 1 −Vc, Vc = V−
c + (V+

c −V−
c )(0.5 + z)γ , z = x3/h,

(70)

whereV−
c andV+

c are the volume fractions of the ceramic phase
on the bottom and top surfaces and γ is the material gradient
index.

It is supposed that the metal phase is aluminum with
the material properties Em = 7 × 1010 Pa and νm = 0.3,
whereas the material properties of the ceramic (SiC) are
Ec = 4.27 × 1011 Pa and νc = 0.17. The calculations were per-
formed in the case ofV−

c = 0 and γ = 2 for three values of the
volume fraction on the top surfaceV+

c = 0, 0.4 and 0.8. The first
value corresponds to the homogeneous plate. To analyze the
results derived efficiently, we introduce dimensionless variables
at point Q as functions of the thickness coordinate z as follows:

ūi = Emhui(Q, z)/F, σ̄αβ = 10h2σαβ (Q, z)/F,
σ̄i3 = 103h2σi3(Q, z)/F, (71)

where h = 1 m and F = 1 N.
Table 4 presents the data obtained by increasing the num-

ber of SaS inside the metal/ceramic plate with V+
c = 0.8

Table . Convergence study for a metal/ceramic trapezoidal plate withV+
c = 0.8 using 64 × 64mesh.

Formulation ū1(0.5) ū2(0.5) ū3(0.5) σ̄11(0.5) σ̄11(−0.5) σ̄22(0.5) σ̄22(−0.5) σ̄12(0.5) σ̄12(−0.5) σ̄13(0) σ̄23(0) 10σ̄33(0)

N = 3 . . –. . . . . . . –. –. .
N = 5 . . –. . . . . . . –. –. –.
N = 7 . . –. . . . . . . –. –. –.
N = 9 . . –. . . . . . . –. –. –.
N = 11 . . –. . . . . . . –. –. –.
N = 13 . . –. . . . . . . –. –. –.
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employing a mesh 64 × 64. It is seen that the SaSQP4 element
provides five right digits for displacements of the top surface
using seven or nine SaS. Figure 5 displays the through-thickness
distributions of displacements and stresses choosing nine SaS
inside the plate body and the same finemesh. These results show
convincingly the high potential of the SaSQP4 element because
the boundary conditions for transverse stresses on the bottom
and top surfaces are satisfied correctly. The transverse stresses

are calculated through the constitutive equations without the
use of any postprocessing procedures. Figure 6 presents the
results of the convergence study due to mesh refinement for the
homogeneous and metal/ceramic trapezoidal plates. As can be
seen, the SaSQP4 element demonstrates good convergence char-
acteristics even in the case of a metal/ceramic plate with V+

c =
0.8, except for the transverse shear stress σ̄13 that requires finer
meshes.

Figure . Through-thickness distributions of displacements and stresses for metal and metal/ceramic trapezoidal plates with N = 9 using 64 × 64mesh.
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Figure . Results of the convergence study for metal and metal/ceramic trapezoidal plates with N = 9 by using n × nmeshes of SaSQP elements.

6.3. Simply supported FG rectangular plate under
sinusoidal loading

Consider a simply supported FG rectangular plate subjected to
transverse sinusoidal loading acting on its top surface:

p+
3 = p0 sin

πx1

a
sin

πx2

b
, p−

3 = 0, (72)

where a and b are the plate dimensions.
Here, we study an FG plate composed of mixing the metal

and ceramic phases. For evaluating the effectivematerial proper-
ties through the thickness of the plate, theMori–Tanakamethod
(69) with volume fractions (70) is adopted. The material prop-
erties of the metal and ceramic are given in the previous section.
To compare the obtained results with the exact 3D solution of
Vel and Batra [66], we acceptV−

c = 0,V+
c = 0.5 and γ = 2, and

introduce dimensionless variables at crucial points as functions
of the dimensionless thickness coordinate:

ū1 = 100h2Emu1(0, b/2, z)/a3p0,

ū3 = 100h3Emu3(a/2, b/2, z)/a4p0,

σ̄11 = 10h2σ11(a/2, b/2, z)/a2p0,

σ̄12 = 10h2σ12(0, 0, z)/a2p0,

σ̄13 = 10hσ13(0, b/2, z)/ap0,

σ̄33 = σ33(a/2, b/2, z)/p0, z = x3/h, (73)

where a = b = 1 m and p0 = 1 Pa.
Due to symmetry, only one quarter of the plate is modeled by

a uniform 64 × 64 mesh of SaSQP4 elements. The data listed in
Tables 5 and 6 show that the SaSQP4 element allows reproduc-
ing the exact solution of elasticity [66] for thick and moderately
thick plates with a very high accuracy utilizing the sufficiently
large number of SaS inside the plate body and fine mesh
configurations. As can be seen, the SaSQP4 element provides
from four to six right digits for displacements and stresses of the
thick metal/ceramic plate comparing to authors’ exact SaS solu-
tion [33]. Figure 7 displays the distributions of displacements
and stresses (73) through the thickness of the plate for different
values of the slenderness ratio a/h by using nine SaS and the
same 64 × 64 mesh. These results demonstrate again the high
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Table . Convergence study for a metal/ceramic square plate with a/h = 5 using a uniform 64 × 64mesh.

Formulation ū1(0.5) ū1(−0.5) ū3(0.5) ū3(−0.5) σ̄11(0.5) σ̄12(0.5) σ̄13(0) σ̄33(0.5) σ̄33(0.25)

N = 3 . − . . . . − . − . . .
N = 5 . − . . . . − . − . . .
N = 7 . − . . . . − . − . . .
N = 9 . − . . . . − . − . . .
N = 11 . − . . . . − . − . . .
Exact SaS [] . . . − . − . .
Exact D [] . . . − . − . .

Table . Convergence study for a metal/ceramic square plate with a/h = 10 using a uniform 64 × 64mesh.

Formulation ū1(0.5) ū1(−0.5) ū3(0.5) ū3(−0.5) σ̄11(0.5) σ̄12(0.5) σ̄13(0) σ̄33(0.5) σ̄33(0.25)

N = 3 . − . . . . − . − . . .
N = 5 . − . . . . − . − . . .
N = 7 . − . . . . − . − . . .
N = 9 . − . . . . − . − . . .
N = 11 . − . . . . − . − . . .
Exact SaS [] . . . − . − . .
Exact D [] . . . − . − . .

Figure . Through-thickness distributions of displacements and stresses of the simply supported metal/ceramic square plate with N = 9 using a uniform 64 × 64mesh.
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Figure . One quarter of the simply supported metal/ceramic square plate modeled by distorted 4n × 4n meshes with cn = δ a/8n and dn = δ b/8n, where n =
1, 2, . . . , 16 and δ ∈ [0, 0.6].

potential of the SaSQP4 element because the boundary condi-
tions on the bottom and top surfaces for transverse stresses are
satisfied properly.

To investigate the performance of the SaSQP4 element more
carefully, we consider the distorted 4n × 4n finite element
meshes composed of 2n × 2n squares with distorted 2 × 2
meshes inside them as depicted in Figure 8. The element mesh
inside each square is distorted by moving the inner node along
the diagonal. As a result, the generated meshes are defined
by distortion parameters cn = δ a/8n and dn = δ b/8n, which
are dependent on a single distortion parameter δ ∈ [0, 0.6].
Figures 9 and 10 show the results of the convergence study
due to mesh refinement and mesh distortion through the use
of normalized displacements and stresses for slenderness ratios
of 10 and 100 by choosing nine SaS inside the plate. The ana-
lytical answers are provided by the exact SaS solution [33]. It
is seen that the SaSQP4 element behaves practically insensi-
tive with respect to the extremely high mesh distortion includ-
ing δ = 0.6 except for transverse stresses in the case of thin
plates.

6.4. FG circular plate supported at two points

Here, we study a circular plate of the radius R supported at two
diametrically opposite points and subjected to a concentrated
load F at its center [67]. Such a problem is an excellent test to

verify the ability of the SaSQP4 element to model rigid-body
motions and to assess additionally the effect of mesh distortion.

Owing to symmetry of the problem, one quarter of the plate
is discretized by distorted meshes depicted in Figure 11. The
geometrical and mechanical data of the plate are taken to be
R = 1, h = 0.01, E = 105, ν = 0.25 and F = 1. Table 7 shows
the transverse displacement of the middle surface at points A
and B for the different number of SaS by using a finite element
mesh from Figure 11 with n = 24. A comparison with the ana-
lytical solution of the Kirchhoff plate theory [67] is presented
because in the literature there is no available 3D analytical
solution.

Finally, we consider an FG circular plate subjected to a con-
centrated load F at its center on the top surface. The plate is
made of the transversely isotropic material with material prop-
erties distributed in the thickness direction according to a power
law:

Ci jkl = C−
i jklV

− +C+
i jklV

+, C+
i jkl = 2C−

i jkl,

V+ = 1 −V−, V− = (0.5 − z)γ , − 0.5 ≤ z ≤ 0.5,
(74)

whereC−
i jkl andC

+
i jkl are the elastic constants on the bottom and

top surfaces, γ is the material gradient index, z = x3/h is the
dimensionless thickness coordinate. The elastic constants on the
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Figure . Convergence study due to mesh refinement and mesh distortion for a simply supported metal/ceramic square plate with a/h = 10 and N = 9.
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Figure . Convergence study due to mesh refinement and mesh distortion for a simply supported metal/ceramic square plate with a/h = 100 and N = 9.
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Figure . One quarter of the circular plate supported at two points under a concentrated load at the center modeled by distorted meshes with 3n2 elements, where
n = 2, 4, . . . , 24.

Table . Transversedisplacement ū3(P) = Eh3u3(P, 0)/R2F at anypointP(x1, x2)
belonging to the middle surface of the homogeneous circular plate supported at
two points with R/h = 100 using a mesh from Figure  with n = 24.

Formulation N = 3 N = 5 N = 7 Kirchhoff plate []

ū3(A) . . . .
ū3(B) . . . .

bottom surface are:

C−
1111 = C−

2222 = 41.3GPa, C−
1122 = 14.7GPa,

C−
1133 = C−

2233 = 10.1GPa, C−
3333 = 36.2GPa,

C−
1313 = C−

2323 = 10.0GPa, C−
1212 = 13.3GPa.

Due to symmetry, only one quarter of the plate with R = 1m
and γ = 2 is modeled by distorted meshes from Figure 11. It
is convenient to introduce dimensionless variables at any point

P(x1, x2) belonging to the middle surface as functions of the
dimensionless thickness coordinate as follows:

ū1(P) = 103C−
1313hu1(P, z)/SF,

ū2(P) = 100C−
1313hu2(P, z)/SF,

ū3(P) = 10C−
1313hu3(P, z)/S2F,

σ̄11(P) = 100h2σ11(P, z)/F, σ̄22(P) = h2σ22(P, z)/F,
σ̄12(P) = 10h2σ12(P, z)/F, σ̄α3(P) = 10Sh2σα3(P, z)/F,

(75)

where F = 1 N and S = R/h is the slenderness ratio.
Tables 8 and 9 list the displacements and stresses at points

A(0, 0), B(1, 0) and C(
√
2/4,

√
2/4) for the different num-

ber of SaS by using a mesh from Figure 11 with n = 20.
Figure 12 displays the through-thickness distributions of dis-
placements and stresses at point C for three values of the

Table . Convergence study for an FG circular plate supported at two points with R/h = 4 using a mesh from Figure  with n = 20.

Formulation ū1(C, 0.5) ū2(C, 0.5) ū3(A, 0) ū3(B, 0) ū3(C, 0) σ̄11(C, 0.5) σ̄22(C, 0.5) σ̄12(C, 0.5) σ̄13(C, 0) σ̄23(C, 0)

N = 3 − . . . . . . . − . − . − .
N = 5 − . . . . . . . − . − . − .
N = 7 − . . . . . . . − . − . − .
N = 9 − . . . . . . . − . − . − .
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Table . Convergence study for an FG circular plate supported at two points with R/h = 10 using a mesh from Figure  with n = 20.

Formulation ū1(C, 0.5) ū2(C, 0.5) ū3(A, 0) ū3(B, 0) ū3(C, 0) σ̄11(C, 0.5) σ̄22(C, 0.5) σ̄12(C, 0.5) σ̄13(C, 0) σ̄23(C, 0)

N = 3 − . . . . . . . − . − . − .
N = 5 − . . . . . . . − . − . − .
N = 7 − . . . . . . . − . − . − .
N = 9 − . . . . . . . − . − . − .

Figure . Through-thickness distributions of displacements and stresses for an FG circular plate supported at two points for N = 7 using a distorted mesh from Figure 
with n = 24.
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Figure . Convergence study due to mesh refinement for an FG circular plate supported at two points for N = 7 using distorted meshes from Figure .

slenderness ratio S employing seven SaS and a mesh with
n = 24. It is seen that the boundary conditions for transverse
stresses on the bottom and top surfaces are satisfied again cor-
rectly, especially for thick plates. Figure 13 shows the results
of the convergence study due to mesh refinement through
displacements and stresses of the middle surface or the top sur-
face at point C taking seven SaS inside the plate body. One
can see that the SaSQP4 element represents rigid-body plate
motions properly, and it is free from locking in thin plate
limits.

7. Conclusions

The article describes a hybrid-mixed ANS four-node
quadrilateral element based on the SaS formulation in which the

displacement vectors of SaS are utilized as basic plate unknowns.
The SaS are located at Chebyshev polynomial nodes inside the
plate body thatmake it possible tominimize uniformly the error
because of the Lagrange interpolation of displacements, strains
and material properties through the thickness. It is important
that the element stiffness matrix is evaluated without using the
expensive numericalmatrix inversion that is impossible in avail-
able hybrid-mixed finite element formulations. The SaSQP4
element developed passes 3D patch tests for the FG plates and
exhibits a superior performance in the case of coarse distorted
mesh configurations for all 3D benchmarks considered. It can
be recommended for the 3D stress analysis of thin and thick
FG plates due to the fact that the SaS solutions asymptotically
approach the solutions of elasticity as the number of SaS goes to
infinity.
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