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Independent kinematic and static hypotheses were used in [I] to construct a variant of 
the theory of elastic multilaminate anisotropic shells in which the order of the resolvent 
equations depends on the number of layers. This makes it possible to study local effects in 
shells made of composite materials. When the broken line hypothesis is employed, the tangen- 
tial components of the displacement vector and stress and strain tensors are distributed 
linearly through the thickness of each layer. Here, we examine a variant of the theory of 
multilayered anisotropic shells in which the tangential displacements are distributed non- 
linearly through the thickness of the layers in accordance with a generalized broken line 
hypothesis [2]. This approach is of interest in calculations of the stress-strain state in 
the immediate vicinity of the ends of a composite shell. 

i. Let a shell of constant thickness h be composed of N elastic anisotropic layers. 
Each layer is of the thickness h k. The inside surface of the shell is referred to curvilinear 
orthogonal coordinates al that are reckoned along the lines of principal curvature. We 
reckon the transverse coordinate z in the direction of an increase in the external normal to 
the reference surface. We use the equation z - 62 (~ - i, 2 ..... N - I) to specify the 
interface between adjacent layers of the shell. We also introduce the standard notation: k i 
represents the curvatures of the coordinate lines; A i represents the Lamd parameters; q is 
the normal load; 6k, is the Kronecker symbol. Here and below, i, j - i, 2; k, n - I, 2 ...... 
N. 

We will use the approximation from [I] for the transverse shear stresses ai3 (x) . We will 
assume that they are distributed through the thickness of the k-th layer in accordance with 
the law 

~8(k) = ~  (z) ~d~ + h  (z) ~d h) , (1 .1)  

where f0(z) and fk(z) are functions which are continuous in the region [0, h] and which 
satisfy the conditions (6 0 - 0, 6~ - h) 

~(O)=~(h)=O; h(z)=O; z~[O, ~-,]U[~h, h]. (1.2) 
No limitations are placed on the form of the functions f0(z) and fk(z), and only in solving 
specific problems do we assume that they are quadratic parabolas. It is specific from Eq. 
(i.I) and (1.2) that (k) the stresses ai3 are continuous functions of the coordinate z in the 
region [0, h], including on the interfaces z - 6~. 

For the components of the displacement vector ui ~), us (~) , we adopt an independent ap- 
proximation [2] 

N 

U~lk~=Ui+zOi+~"~kn~il~l+g(Z)~i(~; u3(k)=w. (1.3) 

Here ,  u i a n d  w a r e  t h e  t a n g e n t i a l  a n d  n o r m a l  d i s p l a c e m e n t s  o f  p o i n t s  o f  t h e  r e f e r e n c e  p l a n e ;  
rkn a r e  e l e m e n t s  o f  a s q u a r e  N • N m a t r i x .  The sum o f  t h e  e l e m e n t s  o f  t h e  k - t h  l i n e  i s  e q u a l  
t o  z e r o  (~ - 0 ) :  
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We determine the remaining quantities from the formulas 

z 
1 Ow r 

Oi=k~u~- A~ O~i" g(z)= J~o(y)dy; ~m=g(fm) (m=0,1 . . . . .  N). (1.4) 
o 

Kinematic hypothesis (1.3) as sufficiently general in character, since it naturally 
leads to the familiar hypotheses of shell theory. Thus, having set g(z) - z in (1.3) and 
considering the above-noted property of the matrix ll~k, ll, we arrive at the broken line 
hypothesis [3]. Here, for the functions al (k) introduced in [3], we have the formula ~(k)= 
hk(~i(k)+ei). If we take fls . ~i and again use the property of the matrix ll~knll, we obtain 
a kinematic hypothesis which is often used in refined shell theories - in particular, in [4, 
5]. The order of the resolvent equations in this case is obviously independent of the number 
of layers�9 Finally, assuming that ~i (k) - 0, we arrive at the Kirchhoff-Love kinematic 
hypothesis [6]. 

2. Let us present the strain relations of the problem. We insert the displacements from 
(1.3) into equations in [7] which determine the strain tensor in the case of the simplest 
nonlinear variant of shell theory, using a quadratic approximation. Then ignoring the terms 
klz compared to unity, we obtain the formulas 

N 

8i~(~)=Eij+zKi~ + Z a~"Ri~(n)+g(z)Ri~ (~); si~(~}=~0(z)~ t(~); ss~(~)=O. (2.1) 

I n  ( 2 . 1 ) ,  we used the n o t a t i o n  

1 Oul 1 OAl 1 Ou2 1 OAt ul; ~1=--~-1• 
81=A--~ &z---~ + AtA----~ Oez'---~ u2+klw; ~ O(z, AtA= Oo~- 

OOt 1 OAt 1 002 1 OAt 1 Ofh(t') 
X "~l-) AIA2 0tz2 02; *t = AI O~l AIA2 0~2 01; Rntl')' = AI --0ctt 4"- 

1 OAt [~2(k) ; Rl2tk) = A20(A2-1D9 ~k)) "~ At  0(AI-I[~t  {k)) ( l  ':~:~ 2) .  
+ AIA"-~ 0~2 A1 Otzl A2 O(z2 

(2.2) 

Equations (2.1) and (2.2) permit an asymptotic solution to the corresponding relations 
of a refined shell theory of the Timoshenko type [5]. For this, we should set Pl - ill. 
Additionally assuming fllm 0 and omitting the nonlinear terms in (2.2), we arrive at the 
classical strain relations in [6]. 

It should be noted that the presence of the load terms in Eqs. (2.1) seriously compli- 
cates the entire subsequent analysis, but it also makes it possible to describe the nonlinear 
dependence of the strain-tensor components on the transverse coordinate z. 

3. We will use the mixed variational principle to obtain the equations of equilibrium of 
multilayered anisotropic shells and the corresponding boundary conditions. This approach 
naturally allows for reduction of the three-dimensional problem of elasticity theory to a 
t~o-dimensional problem of shell theory while simultaneously resolving the contradictions 
inherent in the original system of independent static and kinematic hypotheses (I.I), (1.3). 
The approach was discussed quite thoroughly in [l, 5, 8] and thus will not be explained in 
detail here. Without showing their derivation, we will present the equations of equilibrium 
in the unit forces and moments 

O(A2TI) OA2 T2-~ 1 O(AI2S) O(thAIH) + OAx 
- -  k2-x--'-H + 

O~l Oo~l Ai 0o~ ~ Oez2 c.z2 , 

0 (A2NI) 0 (A,N2) 
+klAiA2Nl=O; + 

O(zl d(z2 
- AmA2(k, Ta + k2T~) = - AiA2q; 

(3.1) 
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O(A20~ ~ )  OA2 1 O(AI~W (~)) 1 
- -  @2t~).+ - -  A~A2Q,(~)=O; N,= A--~>< Oal Oa~ A~ c)a2 

[ O(A2M1) OA= M=.+I O(At2H) ] 
X &z~ &z----~ At Oa2 A~A2(T~OI+S02) (1 ~ 2), 

along with integral elastic relations for the transverse components of the stress and strain 
tensors 

N 6 k 

h - I  5k_ t 
6~ ( 3 . 2 )  

~(e,3(~i--a45(a)(~2a(k)-ass(h)(~tala))fk(z)dz=O (1 ~-- 2; 4 ~-  5), 

where arm(k) (l, m=4, 5) are the transverse shear compliances of the k-th layer. For the tangen- 
tial components of the stress and strain tensors, the relations of the generalized Hooke's 
law are satisfied exactly: 

on(hl=bu(h)et1(~)+b,=(k)8=:(k)+b~6(a)et2(h); ~=2(h)=b~2(k)8,1(a)+b22(k)s:2(h) + 
+~b26(h)et2(h); 012(hl=blo(h)elt(k)+b26(h)~22{n)+b66(h)812 (k). 

( 3 . 3 )  

Let us return to the equilibrium equations of the shell. We will express the unit 
forces and moments used in (3.1) as follows 

N N N N 8k 

Tl(k); S.= Z S(M; I~41= E MI(k); H= E H,~); Tl(k)= I Ull(k,dz; 
k-I h - I  h -1  k - I  5k_l 

8~ b~ 6 a 

S(k)= ~ 612(k)dz; MI(h)=  j" ffll{h)ZdZ; ~-](k)= I (~l=(k)zdz; 
8k--i 6k-- I 6h-- ! 

6 k 6 h N 

QI | h ) -  ~Ol3{h)fo(Z)dZ; (DI (k)w Iffll(k)g(z)dz+ Z~nhTl(n); 
Oa_ 1 6~_ t . - 1  

8 h N 

6a_ 1 n = l  

Ti2(~,) = SIh} +k2H(k) (1 ~ 2). 

( 3 . 4 )  

Having inserted the tangential stresses from (3.3) into Eqs. (3.4) and having integrated with 
allowance for the strain relations (2.1), we arrive at other relations which link the unit 
forces and moments with the kinematic characteristics of the shell. We will write these new 
relations in matrix form: 

lo: l 
T= [Tt, T2, S] r; 

E=  [En, Eu2, E12]T; 

[E 
B C K 
W {1 ) V (1) R (  1 ) 

I UIN) VCN} W(NI) . . .  W(N~'I _ R(^') 

M= [M,, M2, H]T; O(h)= [O~{k,, O&), qmqr; 
K= [Kll, K:2, K12]T; R (h)= [Rn (~}, R22 I"), Rl:(a)] T, 

U(II . . .  U(,~') 
V O) . . .  V(m 
Will) . . .  Wo:r 

(3.5) 

where A, B, C, Uc~),F <h), W (kn) are square 3 x 3 stiffness matrices of the multilayered anisotropic 
shell. The elements of the matrix can be expressed through the tangential stiffnesses of the 
layers btm (k) (l, m= I, 2, 6) by means of simple but rather cumbersome formulas. The latter are 
therefore not presented here. 

539 



We insert the transverse components of the stress and strain tensors from (I.i), (1.2) 
i n t o  Eqs. ( 3 . 2 ) ,  (3 .4)  and, c o n s i d e r i n g  the  n o t a t i o n  

J" J 
6~_~ 6~_~ 

(r=0, k); 

Qlm (hn) =. 

N 
(3.6)  

~~ E ~=Ak-- ~----~; x~= z~a~(~) U,m=4,5); 
k~l 

X~X,~x~m + ~  L~~ a~(~) (l, m=4,  5), 
T44T55 -- T452 ~nn a44(n)a55 ( n ) -  (G45(n)) 2 

we arrive at formulas for the generalized transverse forces of the k=th layer 
N 

Ql(h}= ~ (q44(~n)~l(n)--q451kn)~2 (n)) (1~-~-2; 4 = 5 ) .  (3 .7)  
n~l 

Here, qt~ (~n), are the generalized transverse-shear coefficients. Equations (3.6) and (3.7) 
permit an asymptotic solution to the corresponding relations of the refined Timoshenko shell 
theory in [5]. Taking ~iIh)=~i in (3.7) and summing Q~(~) over k from 1 to N, we obtain the 
formula for the transverse-shear coefficients qs from [5]: 

N N 

q Ira= E E qlm(kn) (l, m=4, 5). 

It should be noted that integral elastic relations (3.2) played an important role in the 
derivation of Eqs. (3.7). They are a link between the independent static and kinematic 
hypotheses (i.I) and (1.3), since they allow the "excess" functions ~t(0) and ~s to be 
expressed in terms of the independent functions ~(k)~ 

4. We will examine the axisymmetric deformation of a multilayered anisotropic shell of 
revolution. In this case, all of the quantities characterizing the stress-strain state of 
the shell will be functions of only a single variable a~. We introduce the 4N + 8 solution 
vector: 

Y-- [T~, N~, M~, (:/h(t) . . . . .  (DI (N), S+2k2H, Vo) . . . . .  V(~r), 
u~, w, 0~, ~(~) . . . . .  I~(~'), u~, I~o) . . . . .  l~(~r)] r. 

(4.1) 

In accordance with Eq. (4.1), this makes it possible to represent the resolvent equations of 
the problem in the form of a normal system of ordinary differential equations of the order 
4N + 8. We write this system in matrix form: 

1 dY 
A1 d~l 

-- - - = F ( u ~ ,  Y). (4.2) 

We have the following formulas for the components of the vector of the right sides F 

FI=p(YI-T2)-klY2; f2=klYl+pY2+k2T2-q; F3=p(Y3-M2)+Y~+ 
+ YIY2~'+r+S02; F3+h=p(Y3+h--lD2 ~h~) +QlIk); F~+4=2pY~r+4+ k2(T~02+ 

+SY2N+7); F~r+4+k=2pYN+++k+Q2(kl; F2N+S=EU--k, Y2N+6-- 1/2Y~N+r; 
F2N+6=klY2~r+s- Y2N+r; F~N+7=K1,; F2~+r+k=Rt,(k); 

F3~r+s=EI2-pY3N+s- Y2~r+~02; FsN+s+k=R12(k)-pY3~r++~. 
1 dA2 

(4.3) 

Here, p= AIA2 d~l" The first 2N + 4 equations of system (4.2), (4.3) follow from the 

equilibrium equations (3.1), while the other group of 2N + 4 equations follows directly from 
strain relations (2.2) and Eqs. (1.4). 

The force characteristics of the shell T2, S, M2, ~(k), Ql(h), Q2(k) and its kinematic charac- 
teristics 8~, Eli, EI~, K., RII (h), RI~ (k) , entering into the right sides of system (4.2)-(4.3), 
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must be expressed through the components of the vector Y. For this, we use Eqs. (3.5), 
(3.7), (1.4), and (2.2). 

We augment normal system of equations (4.2) with 2N + 4 boundary conditions on each end 
of the closed shell of revolution: 

Y~(a*l)lrn+ Y2N+4+m (c~'1) (1 - l m )  =0;  
Ym (a**l) 122v+4+m + Y2N+4+~ (a** l) ( 1 -- 12,'~+4+m) -- 0. 

(4.4) 

In (4.4), the characteristics of the boundary conditions l~, 12N+4+m (m=l, 2 ..... 2N+4) take 
values of 0, 1 and establish any combination of homogeneous kinematic and static boundary 
conditions on the ends of the shell ~i=~'i, ~i=~**i- 

In concluding this section, we note that nonlinear boundary-value problem (4.2), (4.4) 
can be reduced to a sequence of linear boundary-value problems and can be realized on a 
computer in accordance with algorithms developed to numerically solve nonlinear problems of 
the statics of multilayered anisotropic shells of revolution [I, 5, 8]. Realization of the 
given algorithm will of course have special features connected with the high order of the 
system of resolvent equations, but in concept the algorithm differs little from those used in 
[I, 5, 8]. The algorithm to solve nonlinear boundary-value problem (4.2), (4.4) was realized 
in the form of a set of standard procedures written in the programming language PL/I(O). All 
of the numerical calculations were performed on an ES-1060 computer. 

5. As a numerical example, we will examine a reinforced two-layer cylindrical shell 
loaded by a normal load ~=-q0sinS(m=i/[) , where i is the length of the shell. The layers of 
the shell are arranged antisymmetrically, with the angles of lay of the fibers Y~= (-I)h-I~ 
(k=l,2). The geometric parameters of the shell were taken from [9]: I=2; h=0,1; RI=I , where 
R I is the distance from the axis of rotation to the inside surface of the shell. The initial 
characteristics of an elementary reinforced layer of 0.05 thickness were also given in [9]. 
The boundary conditions on the ends of the shell a I - 0 and a I - ~ are assigned by means of 
the characteristics of the boundary conditions 2 m - 0 and /8+m=0 (m= 1,2 ..... 8). 

The solid lines in Figs. 1 and 2 show the distribution of the transverse shear stresses 
ai3 through the thickness of the packet in the shell section with the coordinate a I - 0.8. 
For comparison, the circles show the results obtained in [9], where the shell was examined 
from the viewpoint of the linear theory of elasticity. In connection with this, the curves 
in Figs. i and 2 were obtained by integration of linear boundary-value problem (4.2), (4.4). 
The diagrams of the transverse shear stresses a13 were constructed with 7 - ~/6, ~/4, ~/3 
(curves 1-3 in Fig. I, respectively), while the diagrams of a23 were constructed with 7 - ~/6 
(curve i in Fig. 2). The broken curve in Fig. 2 corresponds to calculations performed on the 
basis of a Timoshenko-type shell theory [8], while the dot-dash curve corresponds to a refined 
theory of the Timoshenko type [5] based on static hypothesis (I.i). However, the order of 
the normal system of equations in this theory is equal to 12 and does not depend on the 
number of layers. 

Let us use geometrically nonlinear theory to analyze the distribution of the tangential 
and transverse shear stresses in a fixed, cross-reinforced cylindrical shell. We realize the 

541 



o, o2 

-0,02 

-0,04 

- ~ l u o  

? 
I I I I 

06 1jZ 1,S 2,4 

Fig. 3 

0~06 -~131uo 

0~065 

O, O3 

O,O~S 

0 0,6 1,z 1,8 24 

Fig. 4 

1,5 

-3  

-12 
0 

"~;,2/Uo I 

I T f Z~ 
0~6 1,2 1j8 2./.. 

Fig. 5 

problem numerically for a shell tensioned in the axial direction and having the geometric 
parameters h - 2.4 mm, i - 100 mm, R I - 50 mm. The shell is made of a rubber-cord composite. 
The mechanical characteristics of the composite were presented in [i]. 

We will assume that the ends of the shell are displaced an identical distance u 0. 
Figures 3 and 4 show the distribution of the transverse shear stresses through the thickness 
of the packet in a cross section of the two-layer shell located 10 mm from the right end. 
The angle of reinforcement 7 - 30 ~ �9 Figure 5 shows the distribution of the tangential shear 
stresses through the thickness of the packet on the right end of the shell. The solid lines 
show results of solution of the problem using the geometrically nonlinear theory of shells 
with u 0 - 2 mm, and u 0 - 1 mm, and u 0 - 0.5 mm (curves 1-3). The dashed curves were obtained 
on the basis of the linear theory of shells (any values of u0). It can be seen that allowing 
for geometric nonlinearity has a significant influence on the effect of anisotropy in a 
cross-reinforced rubber-cord shell. It should also be noted that the tangential stresses are 
distributed through the thickness of the layers in accordance with a law differing from the 
linear law in [I]. 

CONCLUSIONS 

i. A kinematic hypothesis which generalizes the broken line hypothesis was used to 
construct a variant of the theory of multilayered anisotropic shells with allowance for local 
effects, making it possible to study the actual law of distribution of components of the 
stress and strain tensors through the thickness of the layers. 

2. The combined effect of anisotropy and geometric nonlinearity on the stress state of 
cross-reinforced shells was studied. It was found that failure to allow for anisotropy leads 
to serious errors in the design of composite shells with a small number of layers. 
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3. It was established that in the short edge-effect region near the ends of the shell, 
the tangential forces are distributed through the thickness of the layers in accordance with 
a law which is nonlinear. 
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