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A B S T R A C T   

The finite deformation displacement-based and hybrid-mixed four-node quadrilateral elements using the sam-
pling surfaces (SaS) technique are developed. The SaS formulation is based on choosing inside the plate N not 
equally spaced SaS parallel to the middle surface to introduce the displacements of these surfaces as basic plate 
unknowns. Such choice of unknowns with the consequent use of Lagrange polynomials of degree N–1 in the 
thickness direction permits the presentation of the plate formulation in a very compact form. The SaS are located 
at only Chebyshev polynomial nodes that allows one to minimize uniformly the error due to the Lagrange 
interpolation. To circumvent shear locking and have no spurious zero energy modes, the assumed transverse 
shear strain field is employed. Both plate quadrilaterals pass patch tests and exhibit superior performance in the 
case of coarse distorted mesh configurations. However, the hybrid-mixed element allows the use of load in-
crements, which are much larger than possible with existing displacement-based elements. The developed finite 
elements can be useful for the 3D stress analysis of thin and thick plates, since the SaS solutions asymptotically 
approach the solutions of elasticity as N→∞.   

1. Introduction 

A conventional way of developing the higher order plate theory is to 
expand the displacements into power series with respect to the trans-
verse coordinate, which is referred to the direction normal to the middle 
surface. For the approximate representation of the displacement field, it 
is possible to use the finite segments of power series because the purpose 
of the plate theory is to derive approximate solutions of elasticity. The 
idea of this approach can be traced back to Cauchy [1] and Poisson [2]. 
However, its implementation for thick plates is not straightforward, 
since it is necessary to retain a large number of terms in corresponding 
expansions to obtain the comprehensive results. 

To build the simplest first-order theory accounting for thickness 
stretching, we have to retain two terms in power series that leads to the 
so-called 6-parameter model, which has been widely used [3–13] for 
developing the finite elements for plates and shells undergoing finite 
rotations and displacements. It is well known that the 6-parameter 
model based on the complete constitutive equations is deficient 
because thickness locking occurs [4,5]. The errors caused by thickness 
locking do not decrease with the mesh refinement because the reason of 

stiffening lies in the shell theory itself rather than the finite element 
discretization. To prevent thickness locking, the constitutive equations 
can be modified by using the generalized plane stress conditions [3,6,9, 
11,13]. In order to utilize the complete constitutive equations, the 
enhanced assumed strain method [4,5,10,12], in which the transverse 
normal strain is enriched in the thickness direction by a linear term, and 
the hybrid stress method [7,8], in which the transverse normal stress is 
assumed to be constant through the thickness, can be applied. An 
effective way of using the 3D constitutive equations is to employ the 
geometrically nonlinear 7-parameter model based on retaining addi-
tionally the third term in a power series for the transverse displacement. 
Such a model is optimal with respect to a number of DOF [14–26]. The 
more general 9-parameter model can be developed retaining three terms 
in power series for the in-plane and transverse displacements as 
described in Refs. [22,27,28]. 

However, the 7- and 9-parameter models cannot be used to evaluate 
the transverse components of the second Piola-Kirchhoff stress tensor. 
To solve the problem, the higher-order sampling surfaces (SaS) formu-
lation [29,30] can be applied, which allows satisfying boundary con-
ditions on the outer surfaces for the transverse stress components with a 
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high accuracy. The SaS formulation is based on choosing inside the plate 
N SaS parallel to the middle surface to introduce the displacements of 
these surfaces as plate unknowns, where N � 3. Such choice of un-
knowns with the consequent use of Lagrange polynomials of degree N–1 
in through-thickness distributions of the displacements, strains and 
stresses yields a very compact higher order plate formulation, in which 
all basic variables including strains and stresses are related to SaS. It is 
apparent that here we deal with the 3N-parameter model. 

Recently, the SaS formulation has been utilized to develop the 
nonlinear rectangular four-node solid-shell elements for the 3D stress 
analysis of homogeneous and laminated plates and shells with the SaS 
located at Chebyshev polynomial nodes [31] and interfaces as well [32]. 
It should be noted that the SaS formulation with equally spaced SaS does 
not work properly with the Lagrange polynomials of high degree owing 
to Runge’s phenomenon [33]. The use of only Chebyshev polynomial 
nodes inside the plate significantly improves the behavior of the 
Lagrange polynomials of high degree [29,30] because such a choice 
allows one to uniformly minimize the error due to the Lagrange inter-
polation. This means that the solutions based on the SaS technique 
asymptotically approach elasticity solutions as a number of SaS N→∞. 
Thus, we can calculate the displacements, strains and stresses with a 
prescribed accuracy employing a sufficient number of SaS. 

It is well-established that the isoparametric low-order plate elements 
are sensitive to shear locking. To circumvent shear locking and have no 
spurious zero energy modes, the assumed natural strain (ANS) method 
[34–36] can be used. According to the ANS method, the assumed 
transverse shear strain field is employed to represent the pure bending 
deformation without parasitic transverse shear strains. The efficient 
ANS solid-shell elements for the analysis of nonlinear thin-walled 

structures have been developed in papers [4,5,7,8,10,12,14–17,19, 
20]. In the present paper, we propose nonlinear ANS quadrilateral plate 
elements for the 3D stress analysis using the SaS formulation, which 
show the excellent convergence characteristics. 

To improve the computational efficiency of geometrically nonlinear 
ANS plate elements, a hybrid-mixed method can be applied. This 

Fig. 1. Geometry of the plate.  

Fig. 2. Quadrilateral plate element.  

Fig. 3. Plate patch test.  

Table 1 
Displacements at interior nodes in the bending patch test.  

Formulation Node 106 � uþ1  106 � uþ2  � 104 � uþ3  

Exact values P5  2.500000 2.000000 1.400000 
P6  9.750000 6.000000 19.35000 
P7  10.00000 8.000000 22.40000 
P8  6.000000 6.000000 9.600000 

SaSD4 with N ¼ 3  P5  2.499999 1.999999 1.399999 
P6  9.750000 5.999999 19.34999 
P7  10.00000 8.000000 22.39999 
P8  5.999999 5.999999 9.599999 

SaSD4 with N ¼ 5  P5  2.499999 1.999999 1.399999 
P6  9.750000 5.999999 19.34999 
P7  10.00000 7.999999 22.39999 
P8  5.999999 5.999999 9.599999 

SaSH4 with N ¼ 3  P5  2.499999 2.000000 1.399999 
P6  9.750000 6.000000 19.34999 
P7  9.999999 8.000000 22.40000 
P8  6.000000 6.000000 9.600000 

SaSH4 with N ¼ 5  P5  2.500000 1.999999 1.400000 
P6  9.749999 6.000000 19.35000 
P7  9.999998 7.999999 22.40000 
P8  6.000001 5.999999 9.600001  
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method pioneered by Pian [37] is based on the robust interpolation of 
displacements on the element boundary to provide displacement 
compatibility between elements, whereas the internal stresses are 
assumed to satisfy the differential equilibrium equations. The Pian’s 
hybrid stress element was originally based upon the principle of the 
stationary complementary energy. Later, the assumed stress element 
was proposed applying the Hellinger-Reissner variational principle that 
simplifies the evaluation of the element stiffness matrix [38]. Alterna-
tively, the assumed strain element [39] and assumed stress-strain 
element [40] were developed. The former is based on the modified 
Hellinger-Reissner functional, in which displacements and strains are 
utilized as basic plate variables, whereas the latter departs from the 
Hu-Washizu functional depending upon displacements, strains and 
stresses. Here, however, we do not follow this terminology because a 
general term "hybrid-mixed" element covers all hybrid and mixed finite 
elements, which are "formulated by multivariable variational func-
tional, yet the resulting matrix equations consist of only the nodal values 
of displacements as unknowns" [41]. The implementation of the 
hybrid-mixed method for plates and shells undergoing finite rotations 
and displacements can be found in many publications (see, e.g. Ref. [3, 
6–9,11–13,18,22,23,27,28]). 

In this paper, the nonlinear ANS displacement-based and hybrid- 
mixed quadrilateral elements are developed for the 3D stress analysis 
of plates using the extremely distorted meshes. Note also that both of the 
developed SaS quadrilaterals allow the use of load increments, which 
are much larger than possible with the ANSYS SOLID45 element 
employed here for comparison. 

2. Displacement-based ANS quadrilateral plate element 

Consider a plate of the thickness h. The plate can be defined as a 3D 
body of volume V bounded by two outer surfaces Ω� , Ωþand the edge 
surface Σ. Let the middle surface Ωbe described by Cartesian coordinates 

Fig. 4. Cantilever plate strip modeled by regular 4n� 1meshes with n ¼ 1; 2;
4; 8; 16. 

Table 2 
Convergence study for the cantilever plate strip under tip load F ¼ 4 using the displacement-based criterion with ε ¼ 10� 4.   

SaSD4 with three SaS SaSH4 with three SaS SOLID45 a 

Mesh 4� 1  8� 1  16� 1  32� 1  64� 1  4� 1  8� 1  16� 1  32� 1  64� 1  64� 1� 2  

u3ðAÞ 4.876 6.353 6.667 6.697 6.700 4.876 6.353 6.667 6.697 6.700 6.698 
� u1ðAÞ 1.735 2.987 3.260 3.287 3.289 1.735 2.987 3.260 3.287 3.289 3.286 
NStep 1 1 1 1 1 1 1 1 1 1 11 
NIter 20 16 17 16 16 6 6 6 6 6 76 
CPU time 1 1 1 1 1 2.4 2.4 2.4 2.4 2.5 –  

a Two elements are used across the strip thickness that corresponds to a selected number of SaS. 

Table 3 
Displacements of the middle surface at point A of the cantilever plate strip under tip load F ¼ 4with three SaS using 64� 1mesh and displacement-based criterion with 
ε ¼ 10� 4.  

Element NStep ¼ 1 NStep ¼ 5 NStep ¼ 10 

u3ðAÞ � u1ðAÞ NIter u3ðAÞ � u1ðAÞ NIter u3ðAÞ � u1ðAÞ NIter 

SaSH4 6.700 3.289 6 6.700 3.289 20 6.700 3.289 39 
SaSD4 6.700 3.289 16 6.700 3.289 40 6.700 3.289 65  

Table 4 
Euclidean norm of displacement and residual vectors during equilibrium itera-
tions for the cantilever plate strip under tip load using 64� 1mesh when the 
total load F ¼ 4is applied in one single step.   

�
� U½nþ1� � U½n�

�
� k r½n�k

Iteration SaSD4 SaSH4 SaSD4 SaSH4 

0 1.29Eþ02 1.29Eþ02 2.83Eþ00 2.83Eþ00 
1 3.77Eþ01 5.34Eþ01 4.59Eþ06 4.59Eþ06 
2 18.9Eþ01 1.41Eþ01 1.25Eþ06 5.49Eþ05 
3 7.22Eþ00 1.54Eþ00 2.98Eþ05 4.54Eþ04 
4 2.55Eþ00 4.64E-02 4.81Eþ04 8.39Eþ02 
5 1.66Eþ00 1.06E-04 2.73Eþ03 6.15E-01 
6 1.28Eþ00 9.82E-08 5.02Eþ02 3.72E-06 
7 1.43Eþ00 8.09E-08 9.60Eþ02 1.81E-06 
8 1.16Eþ00 2.07E-08 2.79Eþ02 1.82E-06 
9 1.40Eþ00 8.44E-08 1.27Eþ02 1.85E-06 
10 5.54E-01 2.07E-07 1.92Eþ02 1.68E-06 
11 1.19Eþ00 1.77E-07 2.57Eþ01 1.73E-06 
12 1.45E-01 4.65E-08 1.41Eþ02 1.82E-06 
13 4.02E-01 1.90E-07 1.81Eþ00 2.36E-06 
14 1.15E-02 4.72E-08 2.03Eþ01 2.17E-06 
15 6.00E-03 7.49E-09 1.68E-02 1.78E-06 
16 3.03E-06 2.07E-07 5.69E-03 2.11E-06  

Fig. 5. Displacements of the middle surface at point A of the cantilever plate 
strip versus tip load F: SaSH4 element using three SaS and 16� 1mesh (○) and 
SOLID45 element using 16� 1� 2mesh ( ). 
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x1and x2, whereas the coordinate x3is oriented in the thickness direction 
(Fig. 1). Introduce inside the plate N not equally spaced SaS parallel to 
the middle surface in order to accept the displacements of these surfaces 
as basic plate unknowns. The coordinates of SaS ΩIare given by 

zI ¼ �
h
2

cos
�

π 2I � 1
2N

�

; (1)  

where the indices I; J; Kidentify the belonging of any quantity to the SaS 
and run from 1 to N, whereas the tensorial indices i; j; k; lrange from 1 to 
3 and indices α; βrun from 1 to 2. 

As can be seen, the coordinates of SaS coincide with the Chebyshev 
polynomial nodes. This fact has a great meaning for a convergence of the 
SaS method as proved in Ref. [29,30]. 

Fig. 6. Through-thickness distributions of the longitudinal displacement and second Piola-Kirchhoff stresses for a cantilever plate strip under tip load F ¼ 4at points 
B and C: SaSH4 element using five SaS and 128� 1mesh and SOLID45 element using 128� 1� 4mesh (○) and ( ). 

Fig. 7. Cantilever plate strip modeled by distorted 4n� 1meshes with n ¼ 1; 2;
4; 6; 8defined by the distortion parameters dn ¼ δ L=4n, where δ2 ½0; 1Þ. 

Fig. 8. Deformed configurations of the cantilever plate strip under load F ¼ 4modeled by SaSH4 elements with regular and distorted 16� 1meshes with δ ¼ 0and 
δ ¼ 0:5. 
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The first fundamental assumption of the SaS plate formulation [42] 
can be written as follows: 

ui¼
X

I
LIuIi ; uIi ¼ ui

�
zI
�
; (2)  

where uI
iðx1; x2Þare the displacements of SaS; LIðx3Þare the Lagrange 

basis polynomials of degree N � 1defined as 

LI ¼
Y

J 6¼I

x3 � zJ

zI � zJ
: (3) 

The following step consists in a choice of the consistent approxi-
mation of strains through the plate thickness. It is apparent that the 
strain distribution should be chosen similar to the displacement distri-
bution (2): 

εij¼
X

I
LIεIij; εIij ¼ εij

�
zI
�
; (4)  

where εI
ijðx1; x2Þare the components of the Green-Lagrange strain tensor 

of SaS [31] given by 

2εIαβ ¼ uIα;β þ uIβ;α þ
X

i
uIi;αu

I
i;β; (5)  

2εIα3 ¼ uI3;α þ β
I
α þ

X

i
uIi;αβ

I
i ; 2εI33 ¼ 2βI3 þ

X

i
βIi β

I
i ;

βIi ¼
X

J
MJ � xI3

�
uJi ;

(6)  

where MI ¼ LI
;3are the polynomials of degree N � 2. Their values on SaS 

are 

MJ � zI
�
¼

1
zJ � zI

Y

K 6¼I; J

zI � zK

zJ � zK
for J 6¼ I;

MI � zI
�
¼ �

X

J 6¼I

MJ � zI
�
;

(7)  

where the symbol ð:::Þ;istands for the partial derivatives with respect to 
coordinates xi. 

Using constitutive equations and strain distribution (4), we obtain 
the following stress distribution: 

Sij¼
X

I
LISIij; SIij ¼ Sij

�
zI
�
; (8)  

where SI
ijðx1; x2Þare the components of the second Piola-Kirchhoff stress 

tensor of SaS defined as 

Fig. 9. Convergence study due to mesh refinement and mesh distortion for a cantilever plate strip using five SaS under tip load F ¼ 4modeled by SaSH4 elements; the 
reference solution is provided by using five SaS and regular 128� 1mesh. 

Fig. 10. Cantilever plate modeled by regular 4n� 4nmeshes with n ¼ 1; 2; 4;
8; 16. 

Table 5 
Convergence study for a cantilever plate under tip load F ¼ 2500using the displacement-based criterion with ε ¼ 10� 4.   

SaSD4 with three SaS SaSH4 with three SaS SOLID45 a 

Mesh 4� 4  8� 8  16� 16  32� 32  64� 64  4� 4  8� 8  16� 16  32� 32  64� 64  64� 64� 2  

� u1ðAÞ 1.003 1.960 2.317 2.425 2.462 1.222 2.080 2.352 2.435 2.464 2.463 
u2ðAÞ 2.020 3.523 4.078 4.244 4.299 2.372 3.698 4.130 4.258 4.303 4.303 
� u3ðAÞ 14.33 18.26 19.48 19.83 19.94 15.51 18.70 19.60 19.86 19.95 19.96 
NStep 1 1 1 1 1 1 1 1 1 1 15 
NIter 22 32 35 23 23 7 7 7 7 7 84 
CPU time 1 1 1 1 1 2.2 2.2 2.2 1.5 1.2 –  

a Two elements are used across the plate thickness that corresponds to a selected number of SaS. 
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SIij¼
X

k

X

l
Cijklε

I
kl; (9)  

where Cijklare the elastic coefficients of the material. 
Substituting Eqs. (2), (4), (8) and (9) into the principle of virtual 

work and introducing the weighted coefficients 

ΛIJ ¼

Z h=2

� h=2
LILJdx3; (10)  

the following variational equation in terms of SaS variables is obtained: 
ZZ

Ω

X

I

X

J
ΛIJδ

�
εI
�TCεJdx1dx2 ¼ δW;

W ¼
ZZ

Ω

�
ðuþÞTpþ � ðu� ÞTp�

�
dx1dx2 þWΣ;

(11)  

where  

εI ¼
�
εI11 εI22 εI33 2εI12 2εI13 2εI23

�T
; (12)  

u� ¼
�
u�1 u�2 u�3

�T
; uþ ¼

�
uþ1 uþ2 uþ3

�T
;

p� ¼
�
p�1 p�2 p�3

�T
; pþ ¼

�
pþ1 pþ2 pþ3

�T
;

C¼

2

6
6
6
6
6
6
4

C1111 C1122 C1133 C1112 0 0
C2211 C2222 C2233 C2212 0 0
C3311 C3322 C3333 C3312 0 0
C1211 C1222 C1233 C1212 0 0

0 0 0 0 C1313 C1323
0 0 0 0 C2313 C2323

3

7
7
7
7
7
7
5

;

where u�i and uþi are the displacements of outer surfaces Ω� and Ωþ; 
p�i and pþi are the tractions on outer surfaces; WΣ is the work done by 
external loads applied to the edge surface. 

The finite element formulation is based on a simple interpolation via 
SaS four-node quadrilateral plate elements 

xα ¼
X

r
Nrxαr ; (13)  

uIi ¼
X

r
NruIir; (14)  

Nr ¼
1
4
�
1þ n1rξ1� � 1þ n2rξ2� ;

n1r ¼

(
1 for r ¼ 1; 4

� 1 for r ¼ 2; 3
;

n2r ¼

(
1 for r ¼ 1; 2

� 1 for r ¼ 3; 4
;

(15)  

where Nrðξ1; ξ2Þare the bilinear shape functions of the element; xαr are 
the nodal coordinates; uI

irare the displacements of SaS at element nodes; 
the index r denotes the number of nodes and runs from 1 to 4. The local 
numbering of the corner nodes and middle side nodes are shown in 
Fig. 2. 

To overcome shear locking, the assumed interpolation of SaS trans-
verse shear strains with four sampling points [42] are utilized 

εIα3¼ℓ1
αbε

I
13 þ ℓ2

αbε
I
23; (16)  

bεI13¼
1
2
ð1 � ξ2Þ bε

I
13ðBÞ þ

1
2
ð1þ ξ2Þ bε

I
13ðDÞ;

bεI23¼
1
2
ð1 � ξ1Þ bε

I
23ðAÞ þ

1
2
ð1þ ξ1Þ bε

I
23ðCÞ ;

where bεI
α3are the covariant components of the Green-Lagrange strain 

tensor of SaS in the contravariant basis aidefined by an orthogonality 
condition ai⋅aj ¼ δj

i; ℓ
β
αare the elements of the inverse Jacobian matrix 

given in Appendix A. 
By introducing the displacement vector of the quadrilateral plate 

element 

q¼
�
qT

1 qT
2 qT

3 qT
4

�T
; qr ¼

�
u1

1r u
1
2r u

1
3r u

2
1r u

2
2r u

2
3r ::: u

N
1r u

N
2r u

N
3r

�T

(17)  

and using Eqs. (5), (6), (14)–(16), the following nodal strain- 
displacement equations are obtained: 

εI ¼ BIq þ АIðqÞq ; (18)  

where BIand АIðqÞare the matrices of order 6� 12Ncorresponding to 
linear and non-linear strain-displacement transformations defined as 
�
AIðqÞ

�T
¼
�
ΠI

1q ΠI
2q ΠI

3q ΠI
4q ΠI

5q ΠI
6q
�
; (19)  

where ΠI
sare the symmetric matrices of order 12N� 12Ngiven in Ap-

pendix A, where s ¼ 1; 2; :::; 6. 
Substituting interpolations (13), (14) and (18) in Eq. (11) and taking 

into account that 

δεI ¼
�
BI þ 2АIðqÞ

�
δq; (20)  

we arrive at nonlinear equilibrium equations of the ANS quadrilateral 
plate element 

KSðqÞq¼F  ; (21)  

where KSðqÞis the secant stiffness matrix given by 

KSðqÞ ¼
X

I

X

J
ΛIJ
Z 1

� 1

Z 1

� 1

�
LIðqÞ

�TC
�
LJðqÞ � АJðqÞ

�
� detðJÞ dξ1dξ2;

(22)  

where 

LIðqÞ¼BI þ 2АIðqÞ : (23) 

To solve the element equilibrium equation (21), the incremental 
total Lagrangian formulation can be applied. As usual, the left 

Fig. 11. Displacements of the middle surface at point A of the cantilever plate 
versus tip load F: SaSH4 element using three SaS and 16� 16mesh (○) and 
SOLID45 element using 16� 16� 2mesh ( ). 
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superscripts t and tþ Δtindicate in which configuration at time t or time 
tþ Δta quantity occurs. Owing to this agreement, we have 

tþΔtq¼ tq þ Δq; tþΔtF ¼ tF þ ΔF; (24)  

where Δq and ΔFare the incremental variables. 
Substituting (24) in equilibrium equation (21) and taking into ac-

count that the external loads and internal stresses constitute the self- 
equilibrated system in a configuration at time t, we obtain incremental 
equations 

KS
� tqþ Δq

�� tqþ Δq
�
� KS

� tq
�tq ¼ ΔF; (25) 

Due to non-linear terms in incremental equation (25), the Newton- 
Raphson iteration process can be applied 

Δq½nþ1� ¼ Δq½n� þ Δ~q½n�; n ¼ 0; 1; :::; NI; (26)  

where NIis the number of iterations. As a result, the linearized equilib-
rium equations are written as 

KTΔ~q½n� ¼ ΔF½n�; (27)  

where KT ¼ KD þ KHis the tangent stiffness matrix of order 12N� 12N; 
ΔF½n�is the right-hand side vector given by 

KD ¼
X

I

X

J
ΛIJ
Z 1

� 1

Z 1

� 1

�
LI � tqþ Δq½n�

� �TC LJ � tqþ Δq½n�
�

� detðJÞ dξ1dξ2; (28)  

KH ¼ 2
X

I

X

J
ΛIJ
Z 1

� 1

Z 1

� 1
НI�C

�
BJ þ АJ � tqþ Δq½n�

� �� tqþ Δq½n�
� �

� detðJÞdξ1dξ2; (29)  

Fig. 12. Through-thickness distributions of the second Piola-Kirchhoff stresses for a cantilever plate under tip loads F ¼ 1000and F ¼ 2500at point C (a/2, b/4): 
SaSH4 element using five SaS and 64� 64mesh (solid lines) and SOLID45 element using 64� 64� 4mesh ( ) and (□). 
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ΔF½n�¼ΔF�
X

I

X

J
ΛIJ
Z1

� 1

Z1

� 1

n�
LI � tqþΔq½n�

��TC
�
LJ � tqþΔq½n�

�
� AJðΔq½n�Þ

�

þ2НI�C
�
BJþАJ � tq

��tq
��

Δq½n�detðJÞdξ1dξ2:

(30)  

Remark 1. As expected, the tangent stiffness matrix KTis symmetric. 
This is due to the symmetry of matrices KDand KH. The symmetry of the 
latter matrix follows directly from the symmetry of matrices 
НIaccording to Proposition 1 in Appendix B. 

Remark 2. To calculate the weighted coefficients ΛIJfrom Eq. (10), we 
utilize the N-point Gaussian quadrature rule in order to fulfill exact 
integration, since LIare the Lagrange basis polynomials of degree N � 1. 

The equilibrium equation (27) for each element are assembled by a 
standard technique to form the global equilibrium equations. These in-
cremental equations should be performed until the required accuracy of 
the solution is reached. Here, two convergence criteria are employed to 
assess the potential of the proposed ANS quadrilateral element: 
�
� ΔU½nþ1� � ΔU½n�

�
� < ε k ΔU½n�k ; (31)  

k r½n� k < ε
�
� r½0�

�
� ; (32)  

where k:::kstands for the Euclidean norm; ΔUis the global vector of 
displacement increments; ris the residual vector; εis the prescribed 
tolerance. 

3. Hybrid-mixed ANS quadrilateral plate element 

To improve the computational efficiency of the nonlinear 

displacement-based ANS quadrilateral plate element developed in the 
previous section, the hybrid-mixed stress method can be employed [7, 
38,43,44]. Substituting SaS distributions (2), (4) and (8) in the 
Hellinger-Reissner variational principle and using Eq. (10), the 
following variational equation in terms of SaS variables is obtained: 
ZZ

Ω

X

I

X

J
ΛIJ
h
δ
�
SI
�T� εJ � C� 1SJ

�
þ δ
�
εI
�TSJ

i
dx1dx2¼ δW; (33)  

where SI ¼ ½SI
11 SI

22 SI
33 SI

12 SI
13 SI

23�
Tare the stress vectors of SaS. 

To fulfill a patch test, the stresses of SaS are interpolated throughout 
the element as suggested in Refs. [42]: 

SI ¼PΦI ; (34)  

where ΦI ¼ ½ΦI
1 ΦI

2 … ΦI
12�

Tare the vectors of the stress parameters of 
SaS; Pis the matrix of order 6� 12given by 

P¼

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

t11t
1
1ξ

2 t12t
1
2ξ

1 0 0 0 0

t21t
2
1ξ

2 t22t
2
2ξ

1 0 0 0 0

0 0 ξ1 ξ2 0 0

t11t
2
1ξ

2 t12t
2
2ξ

1 0 0 0 0

0 0 0 0 t11ξ
2 t12ξ

1

0 0 0 0 t21ξ
2 t22ξ

1

3

7
7
7
7
7
7
7
7
7
7
7
7
5

; (35)  

where tβαare the elements of the Jacobian matrix evaluated at the 
element center; ξαare the transformed coordinates defined as 

tα1 ¼
1
4
�
xα1 � x

α
2 � x

α
3 þ x

α
4

�
; tα2 ¼

1
4
�
xα1 þ x

α
2 � x

α
3 � x

α
4

�
; (36)  

ξα ¼ ξα � ξαc ; ξαc ¼
1
Ael

Z1

� 1

Z1

� 1

ξαdetðJÞ dξ1dξ2;

Ael ¼

Z1

� 1

Z1

� 1

detðJÞ dξ1dξ2:

(37)  

The purpose of introducing ξαlies in the simplicity of some elemental 
matrices of the hybrid-mixed method [43,44] because a useful formula 
holds.  
Z 1

� 1

Z 1

� 1
ξαdetðJÞ dξ1dξ2¼ 0 (38) 

Fig. 13. Cantilever plate modeled by distorted 4n� 4nmeshes with n ¼ 1; 2; 4; 6; 8defined by distortion parameters cn ¼ γ a=4nand en ¼ γ b= 4n, where γ 2 ½0; 0:6�.  

Fig. 14. Deformed configurations of the cantilever plate under load F ¼
2500modeled by SaSH4 elements with regular and distorted 16� 16meshes 
with γ ¼ 0and γ ¼ 0:4. 
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Remark 3. Due to the stress interpolation (34) and (35), we introduce 
12 assumed stress parameters ΦI

1; Φ
I
2; :::; Φ

I
12for each SaS, i.e. 12 N for 

all SaS. It seems to be excessive for the four-node quadrilateral plate 
element with 12 N displacement DOF. However, there exist six depen-
dent modes, which provide a correct rank of the element stiffness matrix 
[42]. 

Substituting interpolations (13), (14), (18) and (34) in the mixed 
variational equation (33) and using Eq. (20), we arrive at nonlinear 
equilibrium equations of the hybrid-mixed ANS quadrilateral plate 
element 
X

J
ΛIJ
��

RJðqÞ � GJðqÞ
�

q � QΦJ�¼ 0; (39)  

X

I

X

J
ΛIJ
�
RIðqÞ

�TΦJ ¼F; (40)  

where 

Fig. 15. Convergence study due to mesh refinement and mesh distortion for a cantilever plate using five SaS under load F ¼ 2500modeled by SaSH4 elements; the 
reference solution is provided by using five SaS and regular 64� 64mesh. 

Fig. 16. Slit ring plate: geometry and deformed configuration for F ¼
3:2(modeled by 12� 60mesh). 

Table 6 
Convergence study for the ring plate under lifting load F ¼ 3:2using the displacement-based criterion with ε ¼ 10� 4.   

SaSD4 with three SaS SaSH4 with three SaS SOLID45 a 

Mesh 4� 20  8� 40  12� 60  16� 80  24� 120  4� 20  8� 40  12� 60  16� 80  24� 120  24� 120� 2  

u3ðAÞ 11.921 13.290 13.534 13.619 13.684 12.749 13.555 13.660 13.694 13.718 13.677 
u3ðBÞ 15.467 16.891 17.136 17.220 17.287 16.300 17.156 17.262 17.296 17.320 17.277 
NStep 4 4 22 22 22 1 1 1 1 1 72 
NIter 77 95 203 205 214 11 9 10 10 10 377  

a Two elements are used across the plate thickness that corresponds to a selected number of SaS. 

G.M. Kulikov et al.                                                                                                                                                                                                                             



Thin-Walled Structures 155 (2020) 106918

10

Q¼
Z 1

� 1

Z 1

� 1
PTC� 1 P detðJÞ dξ1dξ2; (41)  

RIðqÞ¼
Z 1

� 1

Z 1

� 1
PTLIðqÞdetðJÞ dξ1dξ2;

GIðqÞ¼
Z 1

� 1

Z 1

� 1
PTAIðqÞdetðJÞ dξ1dξ2:

Due to the fact that det½ΛIJ� 6¼ 0[32], the equilibrium equation (39) 
can be simplified 
�
RIðqÞ � GIðqÞ

�
q¼QΦI : (42) 

Next, we implement the incremental total Lagrangian formulation 

tþΔtq ¼ tq þ Δq; tþΔtΦI ¼ tΦI þ ΔΦI ; tþΔtF ¼ tF þ ΔF; (43)  

where Δq ; ΔΦIand ΔFare the incremental variables. 
Substituting (43) in equilibrium equations (40) and (42) and ac-

counting for that external loads and stresses constitute the self- 
equilibrated system in a configuration at time t, the following incre-
mental equations are obtained: 
�
RI � tq þΔq

�
� GIðΔqÞ

�
Δq¼QΔΦI ; (44)  

X

I

X

J
ΛIJ
h�

RI � tq þ Δq
��TΔΦJ þ 2

�
GIðΔqÞ

�T tΦJ
i
¼ΔF: (45) 

Because of non-linear terms in incremental equations (44) and (45), 
the Newton-Raphson iteration process should be employed 

Δq½nþ1� ¼ Δq½n� þ Δ~q½n�;ΔΦI½nþ1� ¼ ΔΦI½n� þ Δ ~ΦI½n�
: (46) 

As a result, the linearized equilibrium equations are written as 

RI � tq þΔq½n�
�
Δ~q½n� � QΔ ~ΦI½n�

¼QΔΦI½n�

�
�
RI � tq þΔq½n�

�
� GIðΔq½n�Þ

�
Δq½n�; (47)  

X

I

X

J
ΛIJ
h�

RI � tq þ Δq½n�
��TΔ ~ΦJ½n�

þ 2
�
GIðΔ~q½n�Þ

�T
�
tΦJ þΔΦJ½n�

�i

¼ ΔF �
X

I

X

J
ΛIJ
h�

RI � tq þ Δq½n�
��TΔΦJ½n� þ 2

�
GIðΔq½n�Þ

�T tΦJ
i
: (48) 

Eliminating incremental stress parameters Δ ~ΦI½n�from Eqs. (47) and 
(48), we arrive at the system of linear algebraic equations 

KTΔ~q½n� ¼ ΔF½n�; (49)  

where KT ¼ KD þ KHis the tangent stiffness matrix of order 12N� 12N; 
ΔF½n�is the right-hand side vector given by 

KD¼
X

I

X

J
ΛIJ �RI � tq þ Δq½n�

��TQ� 1RJ � tq þΔq½n�
�
; (50)  

KH¼ 2
X

I

X

J
ΛIJTI

�
tΦJ þΔΦJ½n�

�
; (51)  

ΔF½n� ¼ΔF �
X

I

X

J
ΛIJ
h�

RI � tq þ Δq½n�
��TQ� 1�RJ � tq þΔq½n�

�

� GJðΔq½n�Þ
�
þ 2TI

�
tΦJ
�i

Δq½n�;
(52)  

where TIðΦJÞare the symmetric matrices of order 12N� 12Ndefined as 

TI �ΦJ�¼

Z 1

� 1

Z 1

� 1
HI � PΦJ�detðJÞ dξ1dξ2: (53) 

The symmetric matrices HIðwÞare given in Appendix B. 

Remark 4. It is seen that the hybrid-mixed ANS plate element 
formulation requires numerical inversion of the matrix Qof order 12�
12. As we remember, in the displacement-based ANS plate formulation 
the element matrices (28)–(30) are evaluated with no numerical matrix 
inversion. 

For computing the incremental stress vectors ΔΦI½n�from Eq. (51), we 
employ an advanced finite element technique based on the use of line-
arized equilibrium equation (44) at the previous nth iteration: 

ΔΦI½n� ¼Q� 1�RI � tq þΔq½n� 1��Δq½n� � GI � Δq½n� 1��Δq½n� 1�� : (54) 

These equations hold for n � 1and at the beginning of each iteration 
process should be set 

Δq½0� ¼ 0; ΔΦI½0� ¼ 0 : (55) 

The proposed incremental approach allows the use of load 

Table 7 
Displacements of the middle surface at points A and B of the ring plate under load F ¼ 3:2with three SaS using 8� 40mesh and displacement-based criterion with ε ¼
10� 4.  

Element NStep ¼ 1 NStep ¼ 4 NStep ¼ 10 

u3ðAÞ u3ðBÞ NIter u3ðAÞ u3ðBÞ NIter u3ðAÞ u3ðBÞ NIter 

SaSH4 13.555 17.156 9 13.555 17.156 21 13.555 17.156 41 
SaSD4 – – failed 13.290 16.891 95 13.295 16.897 157  

Fig. 17. Transverse displacements of the middle surface at points A and B of 
the ring plate versus load F: SaSH4 element using three SaS and 12� 60mesh 
(○) and SOLID45 element using 12� 60� 2mesh ( ). 

G.M. Kulikov et al.                                                                                                                                                                                                                             



Thin-Walled Structures 155 (2020) 106918

11

increments, which are much larger than possible with the displacement- 
based finite element formulation. This is because of the fact that the 
additional load vector due to compatibility mismatch (54) at the nth 
iteration step is present in linearized equilibrium equation (49) and 
disappears only at the end of the iteration process as discussed in con-
tributions [45–48]. 

The equilibrium equation (49) for each element are assembled by a 
standard technique to form the global equilibrium equations. These in-
cremental equations should be performed until the required accuracy of 
the solution is reached by using the convergence criteria (31) and (32). 

Fig. 18. Through-thickness distribution of the second Piola-Kirchhoff stresses for a ring plate at point C under load F ¼ 3:2: SaSH4 element using 3, 4 and 5 SaS and 
36� 180mesh and SOLID45 element using 36� 180� 4mesh ( ). 

Fig. 19. Through-thickness distribution of the second Piola-Kirchhoff stresses for a ring plate with h ¼ 0:1at point C under load F ¼ 3:2: SaSH4 element using 3, 4 
and 5 SaS and 36� 180mesh and SOLID45 element using 36� 180� 4mesh ( ). 

Fig. 20. One half of William’s toggle frame modeled by 4n� 1meshes with 
n ¼ 1; 4; 16; 64. 
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4. Numerical examples 

The performance of the ANS plate quadrilaterals denoted by the 
SaSD4 (displacement-based) and SaSH4 (hybrid-mixed) elements are 
evaluated by using the ANSYS SOLID45 element employed here for 
comparison. The obtained results are compared with those based on 
using the identical node spacing and the same convergence criterion and 
tolerance. In all numerical examples, NStep denotes the number of load 
steps employed to equally divide the maximum load, whereas NIter 
stands for the total number of iterations. 

4.1. Patch test 

The plate patch tests for the membrane behavior and out of plane 
bending behavior of quadrilateral elements confirm that the finite 
element formulation is able to reproduce the constant stress-strain states 
for distorted mesh configurations. Here, we consider a patch of five plate 
elements [49] with four external and four internal nodes depicted in 
Fig. 3. 

4.1.1. Membrane patch test 
To achieve the constant membrane stress-strain state [42], the dis-

placements of SaS are prescribed as 

uI1 ¼ e
�

x1 þ
1
2
x2
�

; uI2 ¼ e
�

1
2
x1 þ x2

�

; uI3 ¼ 0: (56) 

This displacement distribution leads to a constant in-plane strain 
field, that is, 

εI11¼ εI22 ¼ e; 2εI12 ¼ e; εIi3 ¼ 0: (57) 

Note that in the case of zero Poisson’s ratios the outer surfaces of the 
plate are free of transverse normal stresses. 

The numerical experiments show that both ANS elements pass the 
membrane plate patch test. 

4.1.2. Bending patch test 
To fulfill the constant 3D bending stress-strain state [42], the dis-

placements of SaS are prescribed as 

uI1 ¼ ezI
�

x1 þ
1
2
x2
�

; uI2 ¼ ezI
�

1
2
x1 þ x2

�

;

uI3 ¼ �
1
2
e
h�
x1� 2

þ x1x2 þ
�
x2� 2

i
:

(58) 

Substituting (58) in the linear strain-displacement equations (5) and 

Table 8 
Convergence study for a toggle frame with three SaS.  

Element Mesh Δℓ  Upper critical load Lower critical load 

F � u2ðAÞ NIter F � u2ðAÞ NIter 

SaSD4 4� 1  1� 10� 2  – – failed – – failed 

16� 1  2� 10� 2  – – failed – – failed 

64� 1  3� 10� 2  – – failed – – failed 

256� 1  4� 10� 2  34.35 0.236 314 32.10 0.387 517 

SaSH4 4� 1  1� 10� 2  37.19 0.257 178 35.40 0.399 276 

16� 1  2� 10� 2  33.99 0.234 189 31.36 0.394 324 

64� 1  3� 10� 2  33.80 0.232 236 31.14 0.393 405 

256� 1  4� 10� 2  33.78 0.231 311 31.11 0.392 532  

Fig. 21. Vertical displacement of the middle surface at point A of William’s 
toggle frame versus load F: SaSH4 element using three SaS and 16 � 1 mesh (○), 
numerical results [54] ( ) and experimental results [53] ( ). 

Fig. 22. Perforated rectangular plate: geometry and deformed configuration for F ¼ 5� 104modeled by SaSH4 elements with mesh parameter n ¼ 6.  
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(6), we arrive at the constant strain field in each SaS 

εI11¼ εI22 ¼ ezI ; 2εI12 ¼ ezI ; εIi3 ¼ 0 (59) 

Using Eq. (59) in constitutive equations, one can verify that the 
equilibrium equations of elasticity are satisfied exactly for zero Poisson’s 
ratios and the outer surfaces are again traction-free. 

Applying prescribed displacements (58) to the external nodes, we 
obtain that the displacements and strains at the interior nodes are 
identical to the analytical answer. This is confirmed by displacements of 
the top surface uþi at the interior nodes listed in Table 1 using three and 
five SaS. Thus, the SaSD4 and SaSH4 elements pass the bending plate 
patch test. 

4.2. Cantilever plate strip under transverse tip load 

This problem has been extensively treated for numerical testing of 
non-linear finite elements (see e.g. Ref. [6,17,20,25,50]). The plate strip 
with geometric parameters L ¼ 10, h ¼ 0:1and b ¼ 1is subjected to the 
end shear load F as shown in Fig. 4. The material properties are E ¼
1:2� 106and ν ¼ 0. 

Table 2 lists the results of the convergence study by means of lon-
gitudinal and transverse displacements of the middle surface u1and u3at 
point A in the case of three SaS inside the strip using regular 4n�
1meshes with n ¼ 1; 2; 4; 8 and 16. The orders of linear systems 
corresponding to both developed elements are 6Nð4n þ 1Þ. A compari-
son with the ANSYS SOLID45 element [51] is also given. As can be seen, 
only one loading step and six iterations are needed to find the converged 
solution with the chosen criterion and tolerance using the SaSH4 
element. On the contrary, the displacement-based elements SaSD4 and 

especially SOLID45 require much more iterations. Note that both ANS 
elements allow the use of coarse meshes, since four and eight elements 
provide respectively 72.8% and 94.8% of the reference value for the 
transverse displacement found by the SOLID45 element. Table 2 addi-
tionally shows the time taken by the PC to execute one iteration for the 
SaSH4 element normalized with respect to the time required by the 
SaSD4 element. Table 3 lists the displacements of the middle surface at 
point A for a different number of loading steps using three SaS and 64�
1mesh. It is seen that both SaS-based elements are insensitive to a 
number of loading steps. Table 4 demonstrates the monotonic conver-
gence of the Newton-Raphson method (see columns corresponding to 
the SaSH4 element) through the Euclidean norm of displacement and 
residual vectors during equilibrium iterations for the plate strip using 
64� 1mesh when the total load is applied in one step. 

Fig. 5 shows the displacements of the middle surface at point A of a 
plate strip versus the tip load F using the SaSH4 element with three SaS 
and 16� 1mesh compared with the SOLID45 element. It is seen that 
corresponding results agree closely. Fig. 6 presents the through- 
thickness distribution of the longitudinal displacement and second 
Piola-Kirchhoff stresses at points B and C using five SaS and 128�
1mesh. The results are compared to those obtained by the SOLID45 
element with 128� 1� 4mesh that corresponds to a selected number of 
SaS. These results demonstrate convincingly the high potential of the 
SaSH4 element because the boundary conditions on the bottom and top 
surfaces for transverse stresses are satisfied with a high accuracy. 
Conversely, the SOLID45 element leads to a poor prediction of these 
stresses. It should be mentioned that it is impossible to satisfy the 
boundary conditions for transverse stresses choosing more SOLID45 
elements across the plate thickness. 

To assess the effect of mesh distortion on the convergence charac-
teristics of the SaSH4 element, the cantilever strip is modeled by skewed 
meshes depicted in Fig. 7. Here, we consider the distorted 4n� 1meshes 
composed of 4n� 1rectangular meshes defined by a mesh parameter n ¼
1; 2; 4; 6; 8. The mesh distortion inside each rectangle is specified by 
distortion parameters dn ¼ δ L=4n, where δ2 ½0; 1Þ. The deformed 
configurations of the middle surface for the mesh parameter n ¼ 4using 
regular and distorted meshes with δ ¼ 0:5are plotted in Fig. 8. Fig. 9 
shows the results of the convergence study due to mesh refinement and 
mesh distortion through the use of normalized displacements at point A 
choosing five SaS inside the strip. The reference solution is provided by 
the SaSH4 element employing five SaS and the fine regular 128�
1mesh. It is seen that the SaSH4 element behaves practically insensitive 
with respect to high mesh distortion including δ ¼ 0:9. 

4.3. Cantilever plate under two couples of tip forces 

Consider a cantilever rectangular plate subjected to two couples of 
opposite forces at the free end [52] depicted in Fig. 10. It is selected to 
test the effect of warping on the performance of SaSD4 and SaSH4 ele-
ments. The geometric parameters and material properties are taken as 
a ¼ b ¼ 100, h ¼ 1and E ¼ 2� 106, ν ¼ 0:3. 

Table 5 lists the results of the convergence study for a plate through 
displacements of the middle surface uiat point A using three SaS and 

Table 9 
Convergence study for the perforated rectangular plate under point load F ¼ 5� 104using the displacement-based criterion with ε ¼ 10� 4.   

SaSD4 with three SaS SaSH4 with three SaS SOLID45 a 

n 2 4 6 8 10 2 4 6 8 10 10 

u3ðAÞ 5.294 6.133 6.382 6.485 6.539 5.518 6.409 6.539 6.585 6.610 6.572 
u3ðBÞ 3.379 3.931 4.098 4.165 4.200 3.539 4.143 4.219 4.242 4.253 4.223 
u3ðCÞ 1.862 2.195 2.290 2.327 2.347 1.978 2.329 2.365 2.376 2.381 2.361 
NStep 1 1 1 1 1 1 1 1 1 1 6 
NIter 16 18 17 17 17 7 7 7 7 7 38  

a Two elements are used across the plate thickness that corresponds to a selected number of SaS. 

Fig. 23. Transverse displacements of the middle surface at points A, B and C of 
the perforated rectangular plate versus load F: SaSH4 element using three SaS 
and mesh parameter n ¼ 8(○) and SOLID45 element using two elements across 
the thickness and n ¼ 8( ). 
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different regular meshes chosen for the whole plate with no symmetry 
conditions applied along a central line. The load at each corner is F ¼
2500, i.e., the full load is 4F ¼ 10000. Table 5 shows also the time taken 
by the PC to execute one iteration for the SaSH4 element normalized 
with respect to the time required by the SaSD4 element. One can see that 
the SaSH4 element requires only one loading step and seven iterations to 
find the converged solution with the chosen criterion and tolerance. 
Note that the element SaSD4 is stiffer in the case of coarse meshes and 
requires three or four times more iterations. 

Fig. 11 shows displacements uiof the middle surface at point A versus 
the load F using the SaSH4 element with three SaS and 16� 16mesh 
compared with the SOLID45 element. Fig. 12 displays the through- 
thickness distribution of the second Piola-Kirchhoff stress tensor at 
point C (a/2, b/4) for two load values using five SaS and a regular 64�
64mesh. The results are compared with those derived by the SOLID45 
element using a fine 64� 64� 4mesh that corresponds to a selected 
number of SaS. These results demonstrate that the SaSH4 element again 
is the best performer, since the boundary conditions on outer surfaces 
for transverse shear stresses are fulfilled properly. Note also that both 
finite elements describe worse boundary conditions for the transverse 
normal stress especially for a larger load. 

To evaluate the effect of mesh distortion on performance of the 
SaSH4 element, we consider distorted 4n� 4nmeshes composed of 
rectangular 2n� 2nmeshes with the mesh parameter n ¼ 1; 2; 4; 6;
8via the following algorithm. The distorted 2� 2meshes inside each 
rectangle are generated by moving the inner node along the diagonal as 
shown in Fig. 13. This means that the distorted meshes can be specified 
by distortion parameters cn ¼ γ a=4nand en ¼ γ b=4ndependent on a 
single distortion parameter γ 2 ½0; 0:6�. The deformed configurations of 
the middle surface employing regular and distorted 16� 16meshes with 
γ ¼ 0and γ ¼ 0:4are displayed in Fig. 14. Fig. 15 shows the results of the 

convergence study due to mesh refinement and mesh distortion through 
the use of normalized displacements at point A choosing five SaS inside 
the plate. The reference solution is provided by the SaSH4 element using 
five SaS and a fine regular 64� 64mesh. It is seen that the SaSH4 
element is insensitive to mesh distortion including the case of γ ¼ 0:6. 

4.4. Slit ring plate under line load 

This example has been considered by many researchers to test the 
plate and shell elements for thin-walled structures undergoing finite 
rotations (see e.g. Refs. [7,13,18,21,25,28,31,48,50]). The ring plate is 
subjected to a line load F applied at the free edge of the slit, whereas the 
other edge is fully clamped as shown in Fig. 16. The geometric param-
eters and material properties are R� ¼ 6, Rþ ¼ 10, h ¼ 0:03, E ¼ 2:1�
107and ν ¼ 0:3. 

Table 6 lists the results of the convergence study through the trans-
verse displacement of the middle surface u3at points A and B taking 
three SaS. One can see that only one loading step and 10 iterations are 
needed to find the converged solution with the chosen criterion and 
tolerance using the SaSH4 element. On the contrary, the SaSD4 element 
and the SOLID45 element require much more loading steps and Newton 
iterations. Table 7 shows the displacements of the middle surface at 
points A and B for a different number of loading steps using three SaS 
and 8� 40mesh. It is seen that again the SaSH4 element is insensitive to 
a number of loading steps. 

Fig. 17 shows the load-displacement curves using the SaSH4 element 
with three SaS and 12� 60mesh compared with the SOLID45 element. 
Fig. 18 displays the through-thickness distribution of the second Piola- 
Kirchhoff stress tensor at central point C employing the SaSH4 
element with a different number of SaS inside the plate body and a fine 
36� 180mesh. A comparison with the SOLID45 element using 36�

Fig. 24. Through-thickness distribution of the second Piola-Kirchhoff stresses for the perforated rectangular plate at point D(5, 20) under load F ¼ 5� 104: SaSH4 
element using three and five SaS and mesh parameter n ¼ 32and SOLID45 element using four elements across the thickness and n ¼ 32( ). 
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180� 4mesh is also presented. It is seen that the use of four SaS is 
enough to describe well the transverse shear components of the second 
Piola-Kirchhoff stress tensor. Note that both elements describe worse 
boundary conditions for the transverse normal stress. This is due to the 
fact that the plate is very thin with the slenderness ratio h= Rþ ¼
0:003and it is hardly possible to estimate this stress well using finer 
meshes. However, for a thicker plate with h=Rþ ¼ 0:01it is possible to 
correctly describe the transverse normal stress distribution even for 
three SaS (see Fig. 19). 

4.5. Toggle frame under concentrated load 

In this section, we consider a popular test for the nonlinear frame 
analysis to demonstrate that the developed SaS-based elements can be 
used to detect instability points. The toggle frame with clamped edges is 
subjected to a concentrated load as shown in Fig. 20. The geometric and 
material parameters of the frame are taken as L1 ¼ 12:943, L2 ¼ 0:386, 
b ¼ 0:243, h ¼ 0:753, E ¼ 10:3� 106and ν ¼ 0. The analytical and 
experimental results for the frame are presented by Williams [53], 
whereas the numerical results are given in many papers (see e.g. 
Ref. [54]). Due to symmetry of the problem, we consider one half of the 
frame, which is modeled by rectangular elements except for the last 
trapezoidal element. 

To implement the arc-length method into the Newton-Raphson 
method, we utilize the Riks formulation [55] based on the Crisfield 
modification [56]. The results of the convergence study are given in 
Table 8, where Δℓis the incremental length parameter [56]. It is seen 
that the SaSH4 element converges very fast and allows the use of coarse 
meshes to achieve reasonable results. On the contrary, the SaSD4 
element with the same parameter Δℓrequires the use of only fine 
meshes. Fig. 21 displays the load-displacement curves using the SaSH4 
element with three SaS and 16� 1mesh compared with the results of 
experimental and finite element studies [53,54]. 

4.6. Perforated rectangular plate under concentrated load 

Finally, we study a perforated plate. Such thin-walled structures are 
widely used in many branches of engineering, in particular in nuclear 
technology. A rectangular plate with geometric paramerters a ¼ b ¼
80and h ¼ 1is perforated by four symmetrically arranged circular holes 
with a diameter of 20. The material properties are taken as E ¼ 2�
106and ν ¼ 0:3. The plate edges are considered movable and simply 
supported that corresponds to zero transverse displacement of the 
middle surface (u3 ¼ 0). The plate is subjected to a concentrated load F. 
The initial geometry and deformed configuration of the plate are shown 
in Fig. 22. Due to the symmetry, only one quarter of the plate is modeled 
by distorted meshes characterized by a mesh parameter n, which defines 
the number of elements along the edges and diagonal directions, that is, 

the total number of elements is 4n2. 
Table 9 lists the results of the convergence study using transverse 

displacements of the middle surface at points A, B and C. As can be seen, 
both developed ANS quadrilaterals allow the use of coarse meshes, since 
16 elements already provide 80.6% and 84.0% of the reference value for 
the transverse displacement at the central point provided by the 
SOLID45 element. Fig. 23 shows load-displacement curves using the 
SaSH4 element with three SaS and mesh parameter n ¼ 8. Fig. 24 dis-
plays the through-thickness distribution of the second Piola-Kirchhoff 
stress tensor at point D (5, 20) using three and five SaS and a fine 
mesh with n ¼ 32. The results are compared with those derived by the 
SOLID45 element using four elements across the thickness and the same 
mesh parameter n. It is seen that the SaSH4 element again is the best 
performer, since the boundary conditions on the outer surfaces for 
transverse shear stresses are fulfilled properly. 

5. Conclusions 

The paper describes the ANS displacement-based (SaSD4) and 
hybrid-mixed (SaSH4) quadrilateral elements based on the SaS formu-
lation for the 3D stress analysis of plates undergoing arbitrarily large 
displacements and rotations. In a SaS formulation, we introduce dis-
placements of SaS as basic plate unknowns. It is worth noting that SaS 
are located at only Chebyshev polynomial nodes that makes it possible 
to minimize uniformly the error due to Lagrange interpolations of dis-
placements, strains and stresses through the plate thickness. The SaSD4 
and SaSH4 elements pass 3D membrane and bending patch tests and 
exhibit the superior performance in the case of coarse distorted mesh 
configurations. Moreover, the SaSH4 element allows the use of load 
increments, which are much larger than possible using nonlinear 
displacement-based finite elements available in the literature. As a 
result, a number of Newton iterations can be significantly reduced. This 
finite element can be recommended for the modeling and analysis of 
nonlinear plates in various thickness ranges including thin, moderately 
thick and even thick plates, since the numerical SaS solutions asymp-
totically approach the elasticity solutions when the number of SaS tends 
to infinity. 
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Appendix A 

Using Eq. (14), the strain derivatives and strain parameters (6) are represented as 

uIi;α ¼
X

r

∂Nr

∂xαu
I
ir;

βIi ¼
X

J
MJ � xI3

�X

r
NruJir :

(A1) 

The derivatives of shape functions are given by 
2

6
6
4

∂Nr

∂x1

∂Nr

∂x2

3

7
7
5¼ J� 1

2

6
6
4

∂Nr

∂ξ1

∂Nr

∂ξ2

3

7
7
5 ; (A2) 
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where J ¼ ½ tβα�is the Jacobian matrix and J� 1 ¼ ½ℓβ
α�is the inverse Jacobian matrix; their elements are defined as 

tα1 ¼
1
4
�
1þ ξ2� � xα1 � x

α
2

�
þ

1
4
�
1 � ξ2� � xα4 � x

α
3

�
;

tα2 ¼
1
4
�
1þ ξ1� � xα1 � x

α
4

�
þ

1
4
�
1 � ξ1� � xα2 � x

α
3

�
;

ℓ1
1 ¼

1
Δ
t22; ℓ2

1 ¼ �
1
Δ
t21; ℓ1

2 ¼ �
1
Δ
t12; ℓ2

2 ¼
1
Δ
t11;

(A3)  

where Δ ¼ t11 t22 � t2
1 t12. 

The use of Eqs. (5), (15) and (16), (A1) and (A2) yields the presentation of SaS strains inside the quadrilateral plate element 

εI ¼

2

6
6
6
6
6
6
6
6
6
6
6
6
4

ВI1
ВI2
ВI3
ВI4
ВI5
ВI6

3

7
7
7
7
7
7
7
7
7
7
7
7
5

q þ

2

6
6
6
6
6
6
6
6
6
6
6
6
4

ΨI
1ðqÞ

ΨI
2ðqÞ

ΨI
3ðqÞ

ΨI
4ðqÞ

ΨI
5ðqÞ

ΨI
6ðqÞ

3

7
7
7
7
7
7
7
7
7
7
7
7
5

; (A4) 

where ВI
sqand ΨI

sðqÞare the linear and nonlinear parts of strain-displacement equations, where s ¼ 1; 2;:::; 6. The matrices ВI
sare given in Ref. [42]. 

The matrices ΠI
sused in Eq. (19) are 

�
ΠI
s

�

κλ ¼
1
2

∂2ΨI
sðqÞ

∂qk∂qλ
; κ; λ ¼ 1; 2; :::; 12N: (A5) 

It is apparent that matrices ΠI
sare symmetric. 

Appendix B 

Proposition 1. For any vector w ¼ ½w1 w2 w3 w4 w5 w6�
Tthe identity 

�
AIðqÞ

�Tw¼HIðwÞq (B1)  

holds, where HIðwÞare the symmetric matrices of order 12N� 12Ngiven by 

HIðwÞ¼
X

s
wsΠI

s: (B2)   

Proof. The symmetry of matrices HIðwÞfollows from the symmetry of matrices ΠI
s(see Appendix A). Due to Eq. (19), we have 

�
AIðqÞ

�Tw¼
�
ΠI

1q ΠI
2q ΠI

3q ΠI
4q ΠI

5q ΠI
6q
�

w¼HIðwÞq (B3)  

that completes the Proof. 
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